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Basic Theory of Rings and their Ideals

In an introductory course on linear algebra, one usuallyk&ower fields. In commutative
algebra, fields are replaced by more general objects, naraeiynutative rings with iden-
tity element. In linear algebra, you rarely talk about th&dBehemselves. Certainly, you
can do some explicit computations over the field of rationahhers or finite fields, and,
for the theory of the Jordan normal form, you need the groueld fo be algebraically
closed. Apart from that, you don’t worry much about the “mi” structure of the field.
In various respects, rings have a much richer structure fietds. To begin with, you
should think of the ring of integer® or the polynomial rind[x] over a fieldk. In these
rings, you may investigate when a number or a polynomialdéisianother one. This
leads you to certain “indivisible” objects which you callippe numbers or irreducible
polynomials. In fields, there are no counterparts to theseequts, because any non-zero
element is a unit. During the development of algebra, iteédraut that it is more useful
to work with ideals than with the ring elements themselvésthis section, we will first
define rings and look at some basic examples. Then, we widldpithe notion of ideals
and explain how to compute with them. As a motivation in Kumstespirit, we will also
look at prime factorization. In that context, we will seefadure in some rings and the
class of factorial rings in which prime factorizations dasex

.1 Rings

A ringis atuple R 0, +, -) which consists of an abelian grouR, O, +) (see [29], Defini-
tion1.1.1 and 11.1.4) and a map

< RXR — R
(ab) — a-b

1The term ideal goes back to Kummer’s notion of “ideale Zaati extension of the concept of number
or ring element that permits to generalize the prime faz&tion in the ring of integers to some rings such
asz[V-5] (see Section I.5).

2Ernst Eduard Kummer (1810 - 1893) was a German mathematician
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Chapter I. Basic Theory of Rings and their Ideals

which isassociativei.e.,
Ya,b,ceR: a-(b-c)=(a-b)-c,
such that thalistributive laws hold, i.e.,

Ya,b,ceR: a-(b+c) = a-b+a-c,
(@+b)-c = a-c+b-c

We will refer to “+” as theadditionand to “” as themultiplication In the sequel, we
will write Rrather thanR, O, +, -) for the datum of a ring.
Aring Ris calledcommutativeif

YabeR: a-b=Db-a
An element 1 in arindR is anidentity elementf
VaeR: l-a=a=a-1

[.1.1 Note.A ring R can have at most one identity element. For,,it’le R are identity
elements, we have
1=1-1=17.

LetRbe aring. Form € R, we let—a be the additive inverse & i.e., the element for
whicha + (—a) = 0 holds.

1.1.2 Properties. Let R be a ring.
i) Forae R,we havea0=0-a=0.
i) Fora,be R, we havé-a)-b = —(a-b) = a- (-b). In particular,(-a) - (-b) = a-b.

Proof. i) We use 0= 0+ 0, so that
0-a=(0+0)-a=0-a+0-a
Add —(0 - a) to both sides to get
0=0+0-a=0-a

Similarly, one shows - 0 = 0.
i) Using i), we see

a-(-b)+a-b=a-(-b+b)=a-0=0.
Thus,a: (-b) = —(a- b). In the same vein, one showsd) - b = —(a- b). |

1.1.3 Examplesi) R = {0} with the only possible addition and multiplication is a ringh
identity element 1= 0. (It is not a field (compare [29], Definition 111.1.1.)!) NethatR
is the only ring with identity element in which4 0 holds. Indeed, IeR # {0} be a ring
with identity element 1 and picik € R\ {0}. Then,

l-a=a#0=0-a
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Hence, 1 0.
i) Let (R, 0, +) be an abelian group and define
RxR — R
(ab) — 0

Then, R 0, +,-) is aring. IfR # {0}, thenR has no identity element.
iii) The integers form the rin@.
iv) Fields are rings, €.0Q, R, C, Fy, g = p", n > 1 andp a prime number.
V) Supposdris a ring andX is a set. We introduce

Map(X,R) :={ f: X — R| f is a set theoretic magp
For f,g € Map(X, R), we form
f+g: X — R
X — f(X)+g(X)
and
f-g0-X — R
X —  f(X) - g(x).
Moreover, we set

0: X — R

X +— 0.

The tuple (MapX, R), 0, +, ) is a ring. Observe that Mal(R) is commutative ifRis so
and that MapX, R) possesses an identity elemerRifloes. In fact, if 1€ Ris the identity
element ofR, then

1: X — R

X — 1

is the identity element in MapX{( R). Note, however, that Map( R) will, in general, not
be a field, even iR is one (see Example 1.3.1, iv).
vi) SupposeX is a topological space. Then,

¢(X, R) :={f: X — R]|f is continuoug

together with 0, 14+, - as in v) is a commutative ring with identity element.
vii) SupposeX c C is an open subset (compare [30], Definition 111.2.1, ii), and
[11.3.10, i). Then,
0(X):={f: X— C|f is holomorphid

together with O, 1+, - as in v) is a commuative ring with identity element.
viii) Let (G, 0, +) be an abelian group. We look at

End@G) :={ f: G— G| f is a group homomorphisim
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and define

0:.G—G
gr—0

and, forf,h e End@G),

f+h:G — G
g — f(g)+h(g).
Composition of maps provides us with the multiplicationr Foh € EndG), we set

foh:G — G
g — f(h(g)).

We leave it to the reader to verify that (E@J(O, +, -) is a ring with identity element il
It is, in general, not a commutative ring (see Exercise ).1.4

ix) Let k be a field. The vector spadé, (k) of (nxn)-matrices with entries ik forms a
ring with respect to componentwise addition and matrix iplitation (see [32], Kapitel
[I1). The unit matrix E, is the identity element. Note thal,(k) is non-commutative if
and only ifn > 2.

X) SupposeRy, ..., R, are rings. The cartesian produgt x - -- x R, equipped with
componentwise addition and multiplication is again a ritigs called thedirect product
of the ringsRy, ..., R,.

I.1.4 Exercise.Describe Endf x Z) in terms of (2x 2)-matrices and give two elements
of that ring which do not commute with each other.

Let Rbe a ring with identity element. A subs®tc Ris asubring if S is a subgroup
of (R, +,0) (see [29], Definition 11.4.1), E Sanda-be S,ifa,be S.

From now on, all rings are supposed todmnmutative and to possess an
identity element.

LetR, S be two rings. Ahomomorphisnfrom Rto S is a mapf: R— S, such that

* Ya,be R: f(a+b) = f(a) + f(b), i.e.,, f is a homomorphism of the underlying
abelian groups,

* Ya,beR: f(a-b) = f(a)- f(b),
* f(1)=1.

[.1.5 Remark.One may be tempted to believe that the third condition is aequence
of the second. However, the proof for the analogous statemegroup theory ([29],
Lemma 11.3.4, i) requires the existence of inverse elemehiss cannot be assumed for
multiplication. Indeed, choosing = {0} andS # {0}, we see that it may be false. A more
sophisticated example, using the construction in Exampl8,1x), is the following:

p:Z — ZIXZ
k — (k0).
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I.1.6 ExerciselLet f: R— S be a homomorphism of rings. Check that
Im(f):={beS|JdaeR:b=1(a)}

is a subring ofS.
Is
Ker(f) :={aeR|f(a) =0}
a subring oR?
Supposd&Ris aring anca € R. We set

*x a =1,
* a*t:=a-a", neN.
As usual, theexponential rule
Yae RYmneN: a™=a".-a"

holds true.

Polynomial Rings

Let R be a ring. ApolynomialoverR in the indeterminate should be an expression of
the form
Pp=a+a;-X+---+a,-X with ag,..a,e€R

We have natural rules for adding and multiplying two polynalsy They are based on the
multiplication inR, the distributive laws and

m N m+n
=X

YymneN: X'-X

In this way, we obtain th@olynomial ring R[X]. This description is not satisfactory,
because it uses the mathematically undefined terms “indetate” and “formal expres-
sion”. In the following definition, we will characterize tip@lynomial ring by its (univer-
sal) property rather than by a construction. We advise thdaeto pay special attention
to this procedure as this kind of approach will become moreraare important during
the course.

A polynomial ringoverR in the indeterminate is a triple (T, x, t) which consists of a
ring T, an elemenk € T, and a homomorphism R — T, such that the followingini-
versal property holds: For every ring, every elemens € S, and every homomorphism
¢: R— S, there exists anique homomorphisn®: T — S, such that

* Do =y,
* (X)) =s.

The stated property may be best remembered by the diagram
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Notation. We setR[x] :=T.

1.1.7 Remark Given two polynomial ringsT, x,¢) and (T’, X, /"), there are, by definition,
uniguely determined homomorphisms

* @: T — T’ witha)® o= and b)®(X) = X;

* @ T — Twitha)® o/ =cand b)®’(X) = X.
Observe that, fo’ o @, we have

*x (@ od)or =1,

*x (@D o D)(X) = X

The uniqueness statement in the definition of a polynonmig, rappliedtd&S =T, ¢ =«
ands = x shows
D o= |d'|'

Similarly, we verify
do @’ = idT/.

We do not only see thdtandT’ are isomorphic, there is also a distinguished isomorphism
betweenl andT’ that respects the extra data andx/,/’, respectively. One says

The tuplegT, x,¢) and(T’, X, ¢’) are canonicallyisomorphic.

This means that, in dealing with a polynomial ring, we neest jo remember its uni-
versal property as it is completely determined by it. Thigems will be very useful in
other situations, e.g., the tensor product ([1], p. 24f)ha fibered product of schemes
([11], Chapter 11.3) are usually remembered by their uréaéproperties and not by their
(involved) constructions.

1.1.8 Theorem. Let R be a ring. Then, there exists a polynomial r{igx,¢) over R.
Furthermore, the homomorphisnis injective.

Proof. We define

T:={f: N— R|f(n) =0 forall but finitely manyn € N },

X:N — R

n o 0, ifn#1l
1, ifn=1"

and
R — T
a — [ne 0, ifn+0
a ifn=0 ]
We define addition as before, i.e., fiirg e T, we set

f+goN — R
n +— f(n)+g(n).



I.1. Rings

The product off, g € T is defined in the following way:
f-go-N — R

n — Zn: f(K) - g(n - K).
k=0

The reader should verify thdt+ gandf - g do belong tar, i.e., vanish in all but finitely
many points,f,g e T. Furthermore, the following properties are readily vedfie

* T is a commutative ring with identity elemext).

* ¢ is an injective ring homomorphism.
Let us write a mafd : N — Ras a sequenced, a;, &, ...) with a, = f(k), ke N. Then,

* x=(0,1,0,..),

* (@ =(a0,0,..),aeR

* (89,84, 8y, ...) + (Do, b1, 2, ...) = (80 + bo, &1 + by, 8 + by, ...),

* (89,84, 8, ...) - (Do, by, by, ...) = (80 - bo, 8 - by + & - by, ...),

* X<=(0,...,0,1,0,..) with 1 at the k + 1)-st placek € N, i.e.,

X:N — R

N 0, ifnk
1, ifn=Kk -

Let f = (ag,a,a,...) € T. If ax = O for allk € N, we simply writef = 0. Otherwise, let
n:=maxke N|a#0}.
Then, using the above formulae, we have the identity
fzap+a - X+a - X+---+a, X

This representation is unique.
Using the above notation, we find, for a given homomorphistR — S, s€ S, and
a homomorphisn®: T — S, satisfying® o« = ¢ and®(x) = s, that

P(ag+ay-X+---+a,-X") = p(ag) +¢(as)-s+---+p(an)-s’, nNeN, ag,....,a, € R (1.1)

This shows thaip is uniquely determined, if it exists. On the other hand, fareg
¢: R— S ands € S, Equation (I.1) defines a set theoretic mapT — S, and itis
readily checked that it is a ring homomorphism wiix) = sand® o« = ¢. O

We can now recursively define the polynomial ring in the iedetinatess, ..., X,,1 as

RIX1, ..o X1l = RIXe, -oos Xn] [ Xnia]- (1.2)

[.1.9 Exercise Characterizdy[ Xy, ..., X,11] by a universal property which is not recursive.
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Let S be aring,R c S a subring, and, ...,y € S. By the universal property of the
polynomial ring, there is a unique homomorphism

R[Xl,...,Xn] — S
X +— Yy, 1=1..,n

We say thaly;, ..., ¥, arealgebraically independeriver R, if this homomorphism is in-
jective.

.2 Ideals and Quotient Rings

LetRbe aring. A subsdtc Ris called andeal, if
* | is a subgroup ofR, 0, +),
* YaelVreR:r-ael,or forshortR-1 cl.

The role of ideals in ring theory is somewhat similar to thie i@ normal subgroupsin
group theory (see [29], Abschnitt I11.9). We will come backhas below.

1.2.1 Examples and propertie§.For any ringR, the subsetf)} andR are ideals.
i) Let Rbe aring and c Ran ideal. Then,

=R < 1¢€l.

The implication =" is clear. For =", let a € R. Sincea = a- 1, it follows thata
belows tol.

iii) Supposek is a field. Then, the only ideals af@} andk. For, if | # {0} is an ideal
of k, there exists an elemeate | \ {0} c k\ {0}. Since 1= a™!- a, we see that & I, and
i) implies | = k.

iv) If Ris aring anda € Ran element, then

(@ :={r-alr e R}

is an ideal ofR. It is called theprincipal idealgenerated by and is the smallest ideal of
R which contains.

V) SupposeR = Z. We first recall that, for integedls m € z, the relationmk means
that there is an integére Z with k = | - mwhich is equivalent t& € (m). Now, suppose
| c Zis an ideal. The zero ideal is the principal idé@). If | is a nonzero ideal, it
contains some integér# 0. By the definition of an ideal, it also contair& = (-1) - k.

It follows that| contains a positive integer. By the least element princj[#6], Satz
1.3.22), we can define
m:=minfneN|n>0AnNnel}.

We claiml = {m). Suppose € | is a nonzero element. There are integense Z (see
[29], Satz 1.4.4, ii), such that

X-k+y-m=gcdk, m).

This shows gcd(,m) € |. By definition of m, we havem < gcdk, m). This means
m = gcdk, m) and is equivalent tak, i.e.,k € (m).

8



I.2. Ideals and Quotient Rings

vi) Let Rbe aring anK a set. In Example 1.1.3, v), we introduced the ring Maj).
LetY c X be a subset. Then,

l:={f: X— R|VyeY: f(y)=0}

is an ideal of MapX, R).
vii) Let R, S be rings andr: R — S a homomorphism. Then, thernel

Ker(p) 1= {x € Rlp(X) = 0}

is an ideal ofR. More generally, for every ideal c S, the preimage1(J) c Ris an
ideal. (Note Kerg) = ¢~1({0}).)

viii) The inclusionz c @ is a ring homomorphism. Its image is not an ideal, i.e., the
image of an ideal is, in general, not an ideal.

iX) Let R, S be rings andp: R — S asurjective homomorphism. Then, the image
of an ideal inRis an ideal inS. In fact, letl ¢ Rbe an ideal. Theny(l) is a subgroup
of (S,0,+) ([29], Lemma 1l.4.4). Now, les € S andb € ¢(I). Then, there exist elements
r e Randa € | with ¢(r) = sandg(a) = b. We see

s-b=¢(r) - (@) = ¢(r - a) € ¢(l).
x) If I,J c Rare ideals, thehn J and
| +J={a+blacl AbeJ}
are ideals, too. In particular, we have, for elemenis.., as € Rthe ideal
(ag,....,as) = (1) +--- +{(ag).

It is the smallest ideal dR which containsy, ..., as.

Part iii) and v) illustrate how ideals reflect the algebraimsture of the respective
ring. We will see many more examples of this kind.

Let us spend a few words why ideals are important. For thi$ e a ring and c R
an ideal. Then, the s&/I of residue classes inherits the structure of an abelianpgrou
(see [29], Satz 11.9.4).

Notation. Write [a] for the class
a+l={a+r|rel}eR/l, aeR
Now, we try the following multiplication or/I:

S RIIXR/I — R/
(&, [b]) +— [a-b].

We need to verify that this is well-defined. Givayg’,b, b’ € R, such that§] = [a'] and
[b] = [b], there exist elements y € | with

a=a+x and b'=b+y.
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We get
a-b=a-b+a-y+b-x+x-v.

By definition of an ideal, we have
a-y+b-x+x-yel and Q| -b]=[a-b].
Note that

m: R — R/
a — [a]

is a group homomorphism which satisfies
Ya,beR: n(a-b)=[a-b] =[a]-[b] =x(a) - x(b).

This shows that the multiplication iR/1 satisfies associativity and that the distributive
laws hold. SoR/I inherits a ring structure, such thais a surjective ring homomorphism.

1.2.2 Lemma. The assignment 3— #~1(J) induces an inclusion preserving bijection
between the set of ideals ofIRand the set of ideals of R that contain |.

1.2.3 Exercise.Prove this lemma. In particular, give the map from the setleals inR
that containl to the set of ideals db that is inverse to the map described in the lemma.

|.2.4 Exercisesi) Let Rbe aring and c Ran ideal. Show that the paiR(l, 7), consist-
ing of the quotient rindr/l and the surjection: R — R/I, a+— [a], has the following
universal property (compare [29], Satz 11.9.7): For evang S and every homomorphism
¢: R— S, such that

| c Ker(p),

there is a unique homomorphisim R/l — S with

p=gom
R
7 X
RI---2 35

i) Let f: R— S be a homomorphism of rings. Prove thrst isomorphism theo-
rem (compare [29], 11.10.1): We have Imh[ = Im(f) (compare Exercise 1.1.6}, being
the induced homomorphism from Part i), and

f: R/Ker(f) — Im(f)

is an isomorphism.
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I.3. Zero Divisors, Nilpotent Elements, and Units

1.3 Zero Divisors, Nilpotent Elements, and Units

LetRbe aring. An elemerd € Ris called azero divisor if there exists an elemebt# 0,
such thata- b = 0. The ringR s called anintegral domainif R # {0} and O is its only
zero divisor.

[.3.1 Examplesi) The ringZ of integers is an integral domain.

i) Fields are integral domains.

i) If Ris an integral domain, then the polynomial riRfx] is also an integral domain.
In particular, ifRis a field, then the polynomial rirk x4, ..., X,] in nvariables is an integral
domain.

iv) Assume thaiX contains at least two distinct elements# x, andR # {0} is a ring.
Then, Map¥, R) contains non-trivial zero-divisors. For example, we l@bk

fi:X — R

0, if X#Xx .
X — {1, if x=x ° i=12.

Then,f; #0,i = 1,2, butf, - f, = 0.

Let Rbe aring. An elemerd € Ris nilpotent if there exists a natural numbemvith
a'=0.

1.3.2 Remark.Obviously, a nilpotent element is a zero divisor. The coseatoes not
hold. E.g.,f; and f, in Example 1.3.1, iv), are zero divisors but not nilpotent.

1.3.3 Example Let k be a field andh > 2 a natural number. We look at the principal ideal
(x"y c k[x] and the quotient rindR := k[X]/(x"). Then, k¥ = [x] # 0, for 1< k < n, but
[X]" = [x"] =0, i.e., [X] is a nilpotent element dR.

[.3.4 Exercise.Letn > 2 be a natural number. Describe the zero divisors and nifppote
elements in the residue rirgy(ny in terms of the prime factorization (see [29], Kapitel I)
of n.

Let Rbe aring. An elemerd € Ris called aunit, if there exists an elemebte R,
such thata- b = 1. Observe that the elemehtis uniquely determined. (Indeed, for
b, e Rwitha-b=1=a-b,wefindb=b-1=b-(a-b)=(b-a)-b'=1-b/=b'))

Notation. We writea™ := b.
[.3.5 Remarksi) The set
R* :={ae R|ais a unit ofR}

of units in the ringR is an abelian group with respect to multiplicatiorRrwith identity
element 1.
i) An elementa € Ris a unitif and only if(a) = R.

[.3.6 Examplesi) The units of the ringz of integers form the groug* = {+1}.
i) Let Rbe an integral domain, theR|(X])* = R* (compare Exercise 1.3.10).

[.3.7 Exercise.Describe the units af/(n) for n > 1 (compare [29], Abschnitt 111.2).

11
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1.3.8 ExercisegUnits and nilpotent elementsi)) Let R be a ring anch € R a nilpotent
element. Show that 4 nis a unit.
if) Deduce that the suma + n of a unitu € Rand a nilpotent elememte Ris a unit.

1.3.9 Lemma. Let R+ {0} be a ring. The following conditions are equivalent:
i) Ris a field.
i) The subsetf)} and R are the only ideals of R.
iii) Every homomorphisg: R — S to a nonzero ring & {0} is injective.

Proof. For the implication “i}=ii)”, see Example 1.2.1, iii).

“ii) =iii)”: If S # {0}, then 1¢ Ker(y) (see Example 1.2.1). So, Kei)is a proper
ideal ofR. The assumption yields Kes] = {0}. As for group homomorphisms (see [29],
Lemma 1l.4.5), this implies that is injective.

“lii) =>1)": For an element € R\ {0}, we defineS := R/(a). Then;m: R— Sisa
surjective ring homomorphism with(a) = 7(0) = 0. So,x is not injective. This implies
S = {0} or, equivalently{(a) = R In view of Remark 1.3.5, ii), this shows thatis a
unit. |

1.3.10 ExerciséUnits in polynomial rings)LetRbe aringand = ag+ayX+---+apX" €
R[X] a polynomial. Show that is a unit if and only ifag is a unit anday, . . . ,a, are
nilpotent elements.

Instructions.

e For“=", use Exercise |.3.8.

e For“<" letg = by + byx+--- + byX™ € R[X] be a polynomial withf - g = 1.
Prove by induction om that

at -bp,=0 r=0,..m (1.3)

To this end writef - g = Co + C1 - X+« -+ + Cmyn - X™" and look atal™ - Cenr_1.
Finally, deduce from (I.3) tha&, is nilpotent and conclude by induction on

1.4 Prime lIdeals and Maximal Ideals

LetRbe aring. Anideal c Ris called aprime ideal if | # Rand
YabeR: a-bel = (aclvbel),
and amaximal idealif | # Rand there is no ideal of Rwith | C JC R.
Notation. It is customary to use gothic letters for prime and maximeéid, e.g.p, m.

1.4.1 Proposition. Let R be aring and £ R an ideal, then
i) I is a prime ideal if and only if Rl is an integral domain.
i) 1is a maximal ideal if and only if R is a field.

Proof. i) This is immediate from the definitions.
i) “=": Let | # Rbe a maximal ideal. According to Lemma 1.2.2, the idealRAf
correspond to the ideals Rwhich containl. These aré andR. So,{0} andR/I are the

only ideals ofR/I. By Lemma 1.3.9R/I is a field. The converse implicatior=="is
obtained by a similar reasoning. |
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[.4. Prime ldeals and Maximal Ideals

1.4.2 Corollary. A maximal ideal is a prime ideal.

[.4.3 Remarksi) Let Rbe aring. The zero idedD} is a prime ideal if and only iR is an
integral domain.

i) Let ¢: R — S be a homomorphism of rings. f c S is a prime ideal, then
p = ¢ Y(q) is a prime ideal oR. Indeed, we have

l1¢qg = 1¢nv,

so thatp is a proper ideal. By Exercise 1.2.4, ii), there is the indlicgective homomor-
phismg: R/p — S/q, [r] — [¢(r)]. SinceS/q is an integral domain, the same holds
for R/p. Now, apply Proposition 1.4.1, i).

iii) Let ¢: R— S be, as before, a ring homomorphismuifc S is a maximal ideal,
thenq := f~1(m) needsnot be maximal. Look for example at the inclusign Z c Q.
Then,{0} c Q is a maximal ideal, becausgis a field, buf{0} = ¢~1({0}) is not a maximal
ideal of z.

[.4.4 Theorem. In every ring R+ {0}, there exist maximal ideals.

1.4.5 RemarkThe axiom of choice)i) The proof of this theorem requires th&iom of
choice Like the theorem that every vector space has a basis, tbesdm is actually
equivalentto the axiom of choice (see, e.g., [3]).

i) Since, by Corollary 1.4.2, maximal ideals are prime ided&heorem 1.4.4 shows
that every non-zero ring contains a prime ideal. It mightrgeresting to know that the
statement “Every rindR # {0} possesses a prime ideal.” is actualgaker than the
axiom of choice. It is equivalent to the axiom (BPI) that gveon-zero boolean ring (see
Exercise 1.4.16) contains a prime ideal. We refer the retal¢éne paper [24] for more
details and references.

The axiom of choice, in turn, is equivalentZorn’s® lemmathat we shall now for-
mulate. Let §, <) be apartially ordered set. This means th&® is a set and£” a relation
on S which satisfies the following properties:

* Reflexivity: Yse S:s<s.
* Antisymmetry: V5, €S (< SHSASHL<G) = S =S
* Transitivity: Vs, $,SE€ES S <HSAS<S= 5<%
[.4.6 Note.The relation <” corresponds to a subsetc S x S, such that
VS5, €S: §< & (s,9)eU

A chainin S is a subseT c S, such that, fot;,t, € T, one hag; <t,ort, <tj, i.e., “<”
induces aotal ordering onT.

An upper boundor a chainT is an elementi € S, such that < u holds forallt € T.
Observe that it isiot required thati belongs tor .

A maximal elementf S is an elemenm € S, such that, fors € S, m < simplies
m=s.

3Max August Zorn (1906 - 1993) was a German mathematician wiigrated to the USA because of
the Nazi policies.
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Chapter I. Basic Theory of Rings and their Ideals

1.4.7 Zorn’s lemma. Let (S, <) be a nonempty partially ordered set, such that every chain
T in S has an upper bound. Then, S contains at least one magiemént.

Proof. See [34], Satz 5.13. O
Proof of Theoreni.4.4. We look at the set

S:={I cR|l # Randl is an idea}.

This set containg0} and is therefore nonempty, and it is partially ordered byuision
“c”. Let T be a chain ir5 and define

J::UI.

leT
Claim. The set J is an upper bound for T, i.eB.

We first verify that] # R. This follows, because ¢ I, | € T. Next, we show thal is
an ideal. To see thakis a subgroup oR, note first that G= J, because @ | forall | € T.
Next, assume@y, a, € J. Then, there are ideals, |, € T with a; € |1, anda, € |,. Since
T is a chain, we have, c |1 orl; c |,. We assume the latter. Thesm,+ a, € |, c J.
Finally, leta € Jandr € R. Then, there is an ideale T with a € |. Sincel is an ideal,
r-ael and, thusy -ae J. Forr = -1, this gives-a € J (see Property 1.1.2, ii) and

completes the proof. v
By Zorn’s lemma 1.4.7S contains a maximal element. By definition,m is a maxi-
mal ideal. O

1.4.8 Corollary. i) Every ideal Ic R is contained in a maximal ideal.
i) Every element & R which is not a unit is contained in a maximal ideal.

Proof. i) We may apply the theorem to the rify| and use Lemma 1.2.2 or modify the
above proof.
i) If ais not a unit, thea) ¢ R. Hence, we may conclude by i). O

A ring R with exactly one maximal ideal is calledlacal ring. In this case, the
field R/m is called theresidue field A ring with only finitely many maximal ideals is a
semilocal ring

1.4.9 Example A field is a local ring with maximal idedl0}.

1.4.10 Proposition. i) Let R+ {0} be a ring andm ¢ R an ideal, such that every element
ae R\ misaunit. Then, R is a local ring with maximal ideal

i) Let R# {0} be aring andn c R a maximal ideal, such thdt+ m c R*. Then, R
is a local ring.

Proof. i) Let | ¢ Rbe an ideal. Then, no element afe | is a unit. By assumption,
| cm.
i) Let a € R\ m. Then,(a) + m = R, becausen is a maximal ideal. So, there exist
r e Randb € m, such that
r-a+b=1.

We see that - a € 1+ m, so thatr - ais a unit. It follows that is a unit. (To see this, note
((r-a)t-r)-a=1.) We now conclude by i). O
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[.4.11 Examplesi) In zZ, every ideal is principal, i.e., of the forgm) for some integer
m € Z. Here,(m) is a prime ideal if and only ifn = 0 or mis a prime number. For a
prime numbem, F, = Z/(p) is the field withp elements. In particular, every non-zero
prime ideal inZ is a maximal ideal.

i) An integral domainR in which every ideal is principal is calledgincipal ideal
domain Examples for principal ideal domains include the ring dkegersz and the
polynomial ringk[x] over a fieldk (see Exercise 1.4.15, i). In a principal ideal domain,
every nonzero prime ideal is maximal. Indeed, |éa) be a nonzero prime ideal, i.e.,
a # 0, and({b) be an ideal with

(@) < (D).

Thus, there exists an elemane Rwithr -b = a. If b ¢ (a), we must have € (a).
Choosese Rwithr =s-a. So,b-s-a=a,i.e.,, o-s—1)-a=0. Sincea # 0 andRis
an integral domain, we infdr- s= 1. So,bis a unitandb) = R

i) Power series rings Let Rbe a ring. We look again at

Map(N, R) = { Sequencesa), a;, @, ...) |ax € R ke N }.
The arithmetic operations are as follows:

* As addition, we use again componentwise addition:

(ao, dp, do, ) + (b(), bl, bz, ) = (a() + b(), a; + b]_, A + bz, )

* As multiplication, we use, as for polynomial rings, tGauchy product:

(80, @1, @, ...) - (Do, by, by, ...) = (Co, €1, C2, ...)

with ]
Cri= > acbhe NeEN. (1.4)

Notation. We write a sequenceq, a;, &, ...) in Map(N, R) asz a - X, Such an expres-

sion is called dormal power seriegverR. The ring of all formal power series overis
denoted byR[ X].

Remark.Note that the polynomial rin&[x] is a subring (see Page 4) B X].

Proposition. A formal power serieQE a, - X<is a unit in [ x] if and only if & is a unit

, k=0
inR.
We leave it to the reader to verify this easy consequence4 (I

Corollary. If kis afield, then kx] is a local ring with maximal ideal

(x):{iai-xi‘ai ek, i :1,2,3,...}.
i1
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Chapter I. Basic Theory of Rings and their Ideals

Assumek = C. A formal power serieS’ a; - X' is convergentif its radius of conver-
i=0
gence (see [30], Definition 11.3.8) is positive. We set

i=0

C{x} := { p= Z a-XeC[x]|pis convergen}.

Proposition. i) C{x} c C[[X] is a subring.
i) C[X] c C{x].
i) C{x} is a local ring with maximal idea{x).

iv) Let k be a field. Fom € k, the principal idealx — a) is a maximal ideal ok[X].
If a; # ap, then{Xx — a;) # (X — a;). This means thak[x] is not a local ring. Ifk is
algebraically closed(see [30], Satz 1V.5.11), then all maximal ideals are of ttverf
(x—a),aek

Note. If k is algebraically closed, a non-constant polynonpiat k[x] is irreducibl¢ if
and only if its degree is 1.

1.4.12 Exercises The ringC{x} may be interpreted in terms of complex functions. Let
S:={(U,f)|UcCopenOe U, f: U— Cholomorphig.
We introduce the following relation o&:
(U, f)~(Vg) &= F0eWcUnVopen: fiy=gw.

i) Prove that ~” is an equivalence relation o&.

The equivalence classes germsof holomorphic functions at 0. We write the equiv-
alence class o, f) e S as U, f].

i) Show that addition and multiplication of complex furmtis endow the se® of
germs of holomorphic functions at 0 with the structure ofrggrand that

ev: — C
[U.f] — £(0)
is a ring homomorphisrf. B
iii) Foragerm U, f] € S, let T be its Taylor series with expansion point 0. Show
that

T: — C{x
[Ua f] — Tf,O

is an isomorphism of rings, such that

TH(x) ={[U, f] € S|ev(f) = 0}.

4See Page 20 for the definition of an irreducible element imsagral domain.
5The necessary prerequisites for these exercises are met{80], especially Kapitel IV
6Note that 0 is the only point at which it makes sense to evalaagerm.
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This exercise illustrates the name “local”: It comes exafittm the context of such
rings of germs of functions at a point, here the origin. Geamgs roughly speaking, the
local functions at the given point.

1.4.13 ExercisegPrime ideals) Determine all prime and maximal ideals of the following
rings: i) R, ii) Z, ii)) C[x], and V) R[X].

1.4.14 ExerciselLet R # {0} be a ring. Show that the s&tof prime ideals ofR has a
minimal element with respect to inclusion.

1.4.15 ExercisesLet k be a field.

i) Prove that the polynomial ring] x] overk is a principal ideal domain.

i) Prove thatk is algebraically closed if and only if, for every maximal et c k[X],
there exists an elemeate k with m = (x — a).

1.4.16 Exercise¢Boolean rings)i) Let Rbe a ring such that every elemet¢ R satisfies
X" = x for somen > 1. Show that every prime idealof Ris a maximal ideal.

ii) A ring Ris calledboolean if every elementx € R verifiesx? = x. Show that
2X = X+ X = 0 holds true for every elememtin a boolean rindgR.

iii) Let R # {0} be a boolean ring angd c R a prime ideal. Show thatis a maximal
ideal and thaR/p is a field of two elements.

The Spectrum of a Ring

The following set of exercises contains the first steps ad@asing with a ring a geometric
object which contains all the information about the ring.

1.4.17 ExercisegThe spectrum of a ring)Let R # {0} be a ring. We define
SpecR) ;= {p c R|pis a prime idea).

For an ideal c R, we set

V(I) :={p e SpecR) |l cp}.

Establish the following properties:
i) V(0) = SpecR), V(R) = 2.
i) Let Iy, k € K, be a family of ideals irR. Theirsum } Iy is the ideal of all linear

keK
combinations}’ a, with a € Iy, k € K, almost all zero (see also Page 32). Then,

V(Z |k) = MVw.

keK keK

iii) For two idealsl andJ of R,
V(I nJ)=V(I)uVQ).

Remark.Call a subseZ c SpecR) Zariski closedif there is an ideal c Rwith Z = V()
and a subsdt)l c SpecR) Zariski open if the complemenZ = SpecR) \ U is Zariski
closed. The above properties say:

i) The empty set and SpeR) are Zariski open.

17
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ii") The union of an arbitrary family of Zariski open subsé&Zariski open.
iii") The intersection of two Zariski open subsets is Zariggen.
So,

7 :={U c SpecR) | U is Zariski oper}

is a topology (see [17], Section 1.2) on Sg&c¢theZariski topology
iv) Let f: R— S be a homomorphism of rings. Define

f#: Spec6) — SpecR)
po— 7).
Show thatf# is continuous in the Zariski topology.
1.4.18 ExercisegPrincipal open subsets)et R be a ring andX := SpecR). Forf € R,
setXs 1= X\ V((T)).
i) Show that theXs, f € R, form abasisfor the Zariski topology, i.e., for every Zariski
open subsdt) c X, there is a subsét c R, such that

U:Um.

Hint: For anideal c R, one had = > (f).

fel
ii) Prove thatX; N Xy = X4, f,ge R
iii) Check thatX; = X holds if and only iff is a unit.
iv) Show thatX is quasi-compagti.e., every open covering of possesses fnite
subcovering.

1.4.19 ExercisesLet Rbe a ring anX := SpecR).
i) Show that, for an idedl € R, one had/(1) = V(VI).
i) For a subse¥ c X, define the ideal

@)= ()

peZ

Show that
V() = VI

holds for every ideal c R.
iii) Let Z c X be a closed subset. Prove that

V((2) = Z

1.4.20 Exerciseg¢Boolean rings) Let R be a boolean ring (see Exercise 1.4.16). $et

SpecR).
i) Show that, forf € R, the setX; is both open and closed (in the Zariski topology).
i) Let fy,....f, e Rand

| = ( oy £ ) 1= (F1) + -+ (o).

Prove that is a principal ideal.
i) Supposefy,...,f, € R Demonstrate that there is an elemért R, such that

Xs :ZXfIU"'Uan.
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1.4.21 Exercise$¢The spectrum oZ[X]). The aim of this exercise is to determine all prime
and maximal ideals of[X].

i) Show that a prime ideal which isnot principal contains twarreducible polyno-
mials f; and f, with f; 4 f, andf, 1 f;.

i) Explain why the greatest common divisor fifand f, in Q[X] is 1, so that there are
polynomialsgy, g, € Q[X] with fy- g, + f,- g = 1.

i) Deduce from ii) that the intersectior N p is non-zero and therefore of the form
(p)y for some prime numbep € Z.

iv) Infer that a non-principal prime idealc Z[x] is of the form( p, f ) wherepe Zis
a prime number and € Z[X] is a primitive polynomial (see Page 27) of positive degree,
such that its clas$ € Fpo[X] is irreducible. Is such an ideal maximal?

V) Now, describe all prime and all maximal idealszji].

Remark.A picture of SpecZ[x]) may be found in the books [20], Example H, page 74f,
and [6], Section 11.4.3.

1.4.22 ExercisgThe spectrum of a product)et R;, R, be non-zero rings. Describe the
spectrum oR; X R, in terms of the spectra &; andR,. (Don’t forget to think about the
topology of the respective spaces.)

1.5 Irreducible Elements and Prime Elements

In this sectionR is assumed to be antegral domain. The prime factorization in the
ring of integers ([29], Kapitel 1) is the most important tadlelementary number theory.
To state it, we just need the relation of divisibility amomgptintegers. This can equally
well be defined and studied in any integral domain.

[.5.1 Question. Is there a prime factorization iR?

We will see that the answer i®, in general. This motivates two developments. First,
we may single out the class of rings for which the answer isg@€alledactorial rings,
and study some examples and properties of these rings. Geeencan generalize the
concept of prime factorization by allowing also ideals ie tactorization. This will lead
to theprimary decomposition of ideals (see Section 11.4).

Leta, b e R We say thab divides aif there exists an elemente R, such that

a=b-c.
[.5.2 Notation. bla.

The reader may check the following properties of the divligybrelation (see [29],
Eigenschaften 1.2.2, for the corresponding statementsamihgz.)

[.5.3 Properties. i) Let ae R. Thenlja and ga.
i) Letab,ceR. If db and ka, then also [a.
i) Leta,...,a,,b e Rbe elements withdy, i = 1,....n. Forallrq, ...,r, € R, we have

bl(re - @ + -+ + Iy - @)

iv) Let be R be an element withh Then, b is a unit of R.
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V) Let a€ R and ue R* be a unit. For every & R, the relation ka implies(b - u)|a
and H(a - u).
vi) Leta b € R. Then,
ba < (a)c(b).

Two elements, b € R areassociatedif there exists a uniti € R*, such that
a=b-u
[.5.4 Notation. a ~ b.

I.5.5 Lemma. i) The relation “~” is an equivalence relation.
i) Leta b € R. Then, the following conditions are equivaler).a ~ b, xx) albAbja,
andx x x) (a) = (b).

Proof. i) This is very easy to check directly. It is also an immedaiasequence of ii).

if) Condition x) clearly impliesxx). Conditionxx) andx % %) are equivalent by
Property 1.5.3, vi). So, assume thailb andbja and letr,s€ Rbe such thaa = b-r and
b=a-s Then,

a=(-9-a
This is equivalent to
(1-r-9-a=0.
SinceRis an integral domaifnwe havea = 0 or 1=r - s. In the first caseh = a- s= 0.
In the second caseands are units ofR. In both casesa andb are associated. O

We have now two options to generalize the notion of a primelmemmn the ring of
integers (compare [29], Definition 1.3.1 and Satz 1.4.5): édlementp € R is called a
prime elementf p # 0, p ¢ R*, and

Ya,be R pl(a-b)= plaorplb.
An elementg € Ris irreducible ifp # 0, p ¢ R*, and
YabeR g=a-b=aeR*orbeR".

In other words, the only divisors @fare units or associated elements.

1.5.6 Examplesi) Let k be a field. Then, there are no prime or irreducible elemerks in

i) An integerm € Z is an irreducible element if and only if it is a prime number. A
prime number is a prime element, by [29], Satz 1.4.5. Sinceragelement is irreducible
(Proposition 1.5.7, i), every prime elementzns a prime number.

1.5.7 Proposition. Let pe R be an element.
i) If pis a prime element, then p is irreducible.
i) The element p is a prime element if and onkpif is a prime ideal
i) The element p is irreducible if and only if there is no elengeatk with

me@cR

i.e., if (p) is maximal among the prop@rincipal ideals of R.

"Here, our general assumption becomes important.
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Proof. i) Let a,b € Rbe such thap = a- b. Sincep|p, we havep|(a - b) andpla or p|b.
Let us assumel|a and letc € Rbe such thaa = p-c. We findp = (b-c) - p. Sincep # 0
andRis an integral domain, it follows thé&t- ¢ = 1 and thab is a unit.

i) “=": For a,bwith a- b € (p), we havep|(a- b). Sincep is a prime element, this
impliesplaor plb, i.e.,a € (p) orb € {(p). The converse is similar.

i) “ =" Supposea € Ris an element witkp) c (a), i.e.,alp. Letb € R be such
thata-b = p. Then,ae R* orb € R*, thatis(a) = Ror(a) = (p).

“<=": For a,b € Rwith p = a- b, we have(p) c (a). By assumption{a) = (p) or
(a) = R. In the first casd € R*, and, in the second caseg R*. |

1.5.8 Corollary. Suppose R is a principal ideal domain. Then, any irreducdhkament
p € R is a prime element.

1.5.9 Important exampleWe look at the ring
R:=z[V-5|:={k+I-V-5eC|klez}.

It is a subring of the fieldC of complex numbers and therefore an integral domain. In
order to study divisibility among elementsi) we introduce th@orm map

N:R — Z
k+!l-V=5 — Kkl+5-12

It satisfies
Ya,be R: N(a-b)=N() - N(b). (1.5)

We can list elements of small norm:
* An element ofa e Rhas norm 1 if and only i& = +1.
* There are no elemengse Rof norm 2 or 3.
* The elements of norm 9 age8 and+(2 + V-5).
This has already several interesting consequences:
Claim. The units of R are-1.

The elements:1 are clearly units oR. Conversely, (1.5) shows that a unite R
satisfiedN(u) = 1. Our previous observation says that this is equivalentta:1. v

Claim. The elements3 and+(2 + V-5) are irreducible.

We explain the argument for 3. Equation (1.5) shows that &dna of 3 has norm 1
or 9, because there is no element of norm N(&) = +1, thena = +1. If N(a) = 9, then
a=+3ora= +(2 + V-5). The elements(2 + V-5) do not divide 3. v

Claim. The elements3 and+(2 + V-5) are not prime.

Again, we show the assertion for 3. We use the equation
9=3.3=(2-V-5)-(2+ V-5). (1.6)
It shows 39. By our previous discussion {32 + V-5). v
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1.5.10 Exercise Prove that every elemeate R which is neither zero nor a unit can be
written as a product of irreducible elements.

1.5.11 Remarki) There are several related observations resulting frondmecussion, in
particular, Equation (1.6). Every elementimay be written as a product of irreducible
elements, but this factorization is, in general, not unigpdo associated element. For
example, 9 has two essentially distinct factorizationst &@ry irreducible element is
a prime element. There are elements such as 9 which cannotitbenvas products of
prime elements. We will clarify these matters in the follog/isection.

i) The fact that there are numbers which cannot be writtepraducts of prime el-
ements led to the idea of “ideal numbers” and eventually e&isl which may be used
to obtain such a factorization nevertheless. An examplked@s follows (see Exercise
1.8.9): The ideals

p1:=(3,2+V-5) and p,:=(3,2-V-5)

are prime ideals iR with
(9) = »7-p3=pinps.

iii) The ring R is thering of integers in the number field Q(V-5). Every number
field K has such a ring of integers. The question whether there is a prime factorization
or not in & is of great importance for algebraic number theory. It is gioample, related
to the famous equatior® + y? = z°, p a prime number, of Fermé&t.Chapter | of [22]
contains detailed information on these topics.

1.6 Factorial Rings
In this sectionR will be anintegral domain. We will study the following properties:

(F1) Foreveryelemerte R\({0}JUR*), there are a natural numbrer 1 andirreducible
elementgy, ..., g € Rwith

(F2) For every elemerd € R\ ({0} U R*), there are a natural number 1 andprime
elementyy, ..., pr € Rwith

(F3) If we are given natural numbarg > 1 and irreducible elements, ..., g, Si, ..., & €
R with

thenr =t and there is a permutation: {1,....,r} — {1,...,r}, such that
Vi e{l,..r}: G ~ Ss(j)-

(F4) Every irreducible element &is a prime element.

8Pierre de Fermat (1601 or 1687 1665) was a French lawyer and mathematician.
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[.6.1 Theorem. The following conditions on the integral domain R are eqlaust
i) The propertiegF1) and(F3)hold in R.
i) The propertiegF1) and(F4) hold in R.
iii) Property(F2) holds in R.

Proof. “i) =ii)". Let g be an irreducible element amgb € Rring elements witlgla - b.
If a=0orb =0, there is nothing to show. # € R*, it follows thatqglb, and, ifb € R*,
we havegla. So, we may assunmgeb € R\ ({0} U R*). Letc € Rbe such that

a-b=q-c

Sinceq is irreducible, we must have ¢ R* and, obviouslyc # 0. By (F1), there are
natural numbers, t,v > 1 and irreducible elements, ...,q, S, ..., S, Uy, ..., Uy, € Rwith

The identity

and (F3) show that there is an indigx { 1,...,r } or an indexjo € {1, ...,t} with
q~0, Or g~ Sj,
so that
ga or qb.
“ii) =iii)". This is trivial.
“iif) =i)”. By Proposition 1.5.7, i), every prime element &fis irreducible. This
implies that (F1) holds true IR.

Claim. Property(F4)is verified by R.

In fact, letq € R be an irreducible element. There are a natural numkerl and
prime elementy, ..., pr with

Since prime elements aren’t units, the irreducibilitygompliesr = 1 andq = p;. v
Now, letq, ..., O, S, ..., & € Rbe irreducible elements with

We proceed by induction an If r = 1, thent = 1, because) is irreducible. In general,
thereisan indeke { 1, ...,r } with s;|g;, because, according to (F4),is a prime element.
Sinceq; is irreducible, this implies; ~ g. We may clearly assumie= 1. There is a unit
ue Rwith s; = u- g;. We infer

and we may conclude by induction. m|
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A factorial ring is an integral domain which satisfies Conditions (F1) - (F4).

1.6.2 Exercisg(Chains of ideals in principal ideal domaind)et R be a principal ideal
domain.
i) Let
(ry) €(rz) € -+ C(re) C{resa) C -+
be an ascending chain of (principal) ideals. Show that #tsience becomesationary®
i.e., there is an indek, € N, such that

(r) = (rg,y forall k> ko.

i) Use Part i) to show that (F1) (see Page 22) holds in a gvalalomain (compare
[8], Chapter Il, Lemma 4.3.4) and conclude that a princidebl domain is factorial.

1.6.3 Example.Let k be a field. By Exercise 1.4.15, i), the polynomial rikfx] is a
principal ideal domain and, therefore, by the previous@&@sera factorial ring.

The next aim is to prove the existence of more factorial rings

1.6.4 Theorem (Gaul3) Let R be a factorial ring. Then, the polynomial ringxXR is
factorial, too.

By Example 1.6.3, the theorem is true Rfis a field. We would like to use this result.
This is possible, because we may associate withirrbegral domain in a canonical way
a field.

Quotient Fields

In order to define what a quotient field is, we will recur agaimatuniversal property.
Let R be an integral domain. Auotient fieldof R is a pair Q(R), ) which consists of
a field Q(R) and an injective homomorphism R — Q(R) and satisfies the following
property: For every fiel& and every injective homomorphisgt R — K, there is a
unigue homomorphisi®: Q(R) — K with

Do =¢.

The corresponding diagram looks as follows:

The universal property expresses tQ¢R) is the smallest field that contaifs In order to
construct it, we obviously have to invert the element®af{0}. The formal construction
proceeds along the lines of the construction of the f@ldf rational numbers from the
ring Z of integers ([26], Abschnitt 1.5).

For (@, b), (c,d) e Rx (R\ {0}), we write

(ab)~(c,d) = a-d=b-c

9This property will be studied in detail in Chapter I1.1.
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1.6.5 Proposition. The relation “~” is an equivalence relation on R (R {0}).
Proof. We leave this as an exercise. O

In the following, we write
a

b

for the equivalence clasg,[b] of (a, b) € Rx (R\ {0}). We will also abusively writa for
the class/1,a € R. In this notation, we declare ttagldition

+: QR X QR — QR
ac a-d+b-c
(B’a) ™ Thd

and themultiplication

QR XQR) — QR
a

( C) a-c
— — l_) —_—
b’ d b-d
[.6.6 Theorem. i) The tuple(Q, 0, +, -, 1) is a field.
i) The map
iR — QR
a — a=-

is an injective ring homomorphisti.
iii) The pair(Q(R), ) is a quotient field of R.

Proof. Everything works as foz andQ. So, we leave the proof as an exercise. O

Greatest Common Divisors

We need some more concepts in factorial rings which gezer#iieir counterparts in the
ring Z of integers in order to compare factorizations in the riRfjg and Q(R)[X].
For ring elementsy, ...,a, € R, acommon divisoof a, ..., a, is an element € R
with
da, i=1,..,n,

and
cd@y, ..., a,) := {d € R|dis a common divisor 04, ..., a, }

is theset of common divisosf ay, ..., ag.

1.6.7 Properties. Let n> 1 be a positive natural number; a.., a, € R ring elements and
ue R* aunit.
i) For every ring element & R we have

decd@,...a) < (do>@)+---+{(an).

10T his justifies our abusive notation.

25



Chapter I. Basic Theory of Rings and their Ideals

i) Itis always true that R c cd(ay, ..., a,).

iii) We havecd(ay, ..., an, U) = R*.

iv) We havecd(ay, ..., a,, 0) = cd(@y, ..., an).

V) The property0 € cd(ay, ..., a,) holds ifand only ifa=--- = a, = 0.

Proof. For i), observe that, foa € R, dja holds if and only if(d) > (a) (Property 1.5.3,
vi). So,
decd@,...a) < (d)Dd>(a)U---Uaw).

The fact thatd) is an ideal implies
d>o(apu---ufa)) < (d)d(@)+- - +@).

The rest of the asserted properties is straightforwardribyyand we leave the proofs
to the reader. ]

The elementsy, ..., a, € Rarecoprime if
cd@, ...,an) C R*.

By Property 1.6.7, i), this condition is equivalent to egl(..., a,) = R*.
Givenay, ..., a, € R, agreatest common divisaf a, ..., &, is an elemendl € cd(a, ...,
a,) with the property
vd € cd@y, ...,a,) : d|d.

We let
gcd@y, ..., a,) = {d € R|d is a greatest common divisor af, ..., a, }

be theset of greatest common divisabay, ..., a,.

1.6.8 Properties. Let &, ..., a, € R be ring elements.

i) Let d d’ € R be elements with d gcd@, ...,a,) and d~ d’. Then, d € gcd@y, ...,
an)-

i) Ifd,d” € gcd@y, ..., &,) are greatest common divisors of,a., a,, then d~ d’, i.e.,
a greatest common divisor is determined up to units.

iif) Suppose there is anindexd {1, ...,n} with g, # 0 and de gcd@y, ..., &,). Then,
the elements’a...,a, € R with a = d - a/ are coprime.

Proof. i) This is obvious. ii) This is a direct consequence of Propéb.3, v). iii) Let
t € cd(@,, ..., a;) and writea/ = & - t for a suitable ring elemer®’ e R, i = 1,...,n. It
follows thatd - t € cd(ay, ..., a,). By definition of a greatest common divisod, -(t)|d. As
usual, we infer that € R* is a unit. So, we have shown &j(..., a;) c R* asrequired. O

The concept of a greatest common divisor has been defined ini@gral domain. In
general, it need not exist.

1.6.9 Example We look again at the ring[V-5]. The elemen& = 9 has the divisors1,
+3, +(2+V-5), £9, and the elemeft:= 3-(2+V=5) has the divisors1, +3, +(2+V-5)
and+3- (2 + V-5). Since the elements 3 and4{2/-5) are not associated, it follows that
the elements andb do not have a greatest common divisor.
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[.6.10 Proposition. Assume that R is &actorial ring. Then, for n> 1, ring elements
ay, ..., a, Which are not all zero do have a greatest common divisor.

Proof. By Property 1.6.7, iv) and v), we may suppage- 0,i = 1, ...., n, and by Property
1.6.7, iii), we may assume; ¢ R*, i = 1,...,n. SinceRis factorial, we may find prime
elements, ..., pr with p; » p; for 1 <i < j <r and natural numbeis(a), j = 1,...,r,
i=1,..,n,with

Now, set
m; ;= min{kj(&)|i=1,...,n}, j=1..,r.

It is readily verified that

is a greatest common divisor af, ..., a,. O

[.6.11 Lemma. Let R be aactorial ring. Then, every elementx Q(R) can be written
as x= a/b with ae R and be R\ {0} coprime.

Proof. We picka € Randp € R\ {0}. By Proposition 1.6.10¢ andg have a greatest
common divisor. Let be one,a € Randb € R\ {0} be elements witlh = a- d and
B = b-d. According to Property 1.6.8, iii)a andb are coprime. It is also clear that
X=a/B = a/b. O

Primitive Polynomials

For the rest of this section, we assume tRas afactorial ring. We need to compare
irreducible elements in the rindy x] and Q(R)[X]. The key concept for doing so is the
one of aprimitive polynomial : A polynomial f € R[X] is primitive, if its coficients are
coprime.

[.6.12 Examplelf ks a field, then every polynomidl € k[X] \ {0} is primitive.

1.6.13 Lemma. i) Let f € R[X] be a polynomial of positive degree. If f is irreducible,
then f is primitive.

i) If f € R[X] is a primitive polynomial and f is irreducible in @)[X], then f is
irreducible in Hx].

In i), we need to assume thétis non-constant, because the element Z[X] is
irreducible but not primitive. Part ii) does not work, if werlt assume that is primitive.
In fact, the polynomial 2+2 € Q[X] isirreducible. Inz[x], the equation Ax+1) = 2x+2
expresses»@+ 2 as a product of two non-units, so that22 is not an irreducible element
of Z[X]. (This is the only subtlety of the lemma.)

Proof of Lemmd.6.13 i) Let d be a greatest common divisor of the ffagents of f.
(This exists by Proposition 1.6.10.) By Property 1.6.8),ithere is a primitive polynomial
g € RIx]with f = d-g. Sincef is irreducible andy € R[X] is not a unit, because
deg@) = deg(f) > 0, d must be a unit.

i) Let g, h € R[X] polynomials withf = g- h. This is also an equation Q(R)[X]. By
assumptiong € Q(R)[X]* = Q(R) \ {0} or h € Q(R)*. It suffices to treat the first case. We
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haveg € R\ {0}, andg clearly is a common divisor of the cfiients off. Sincef is
primitive, we havegg € R* = R[X]* as required. ]

1.6.14 Lemma (Gaul?) Let f,g € R[X] be primitive polynomials. Then,-fg € R[X] is
primitive, too.

Proof. For every prime elemeri € R, we have the surjection

op: RIXI —  (RIP)IA
a+ar X+ +an X' > [ag] +[a] - X+ +[a] - X"

Formally, it is associated with the homomorphignt R — R/(p) and the element
x € (R/{p))[X] (see Page 5). Using prime factorizationRnwe have the following:

VfeR[X: fisprimtive = VprimeelementpeR: op(f)#0. (1.7)

By assumption, we have,(f) # 0 ando,(g) # O, p € Ra prime element. Now(p) is
a prime ideal (Proposition 1.5.7, ii). S&/(p) and R/{p))[X] are integral domains. The
inequality

¥ prime elementp e R:  op(f - 9) = 0p(f) - 0p(9) # O

gives the result. |

1.6.15 RemarkWe can rephrase the above proof also in terms of ideals. Timekeof
op is a prime ideal (see Proposition 1.4.1,p)¢ Ra prime element. In the proof, we have
exploited the property

fepngep = f-gép

of the prime ideab.

1.6.16 Lemma. i) For every polynomial ¢ Q(R)[X] \ {0}, there is a number & Q(R),
such that the polynomial &g belongs to Rx] and is primitive.

i) If f,g € R[X] are polynomials, g is primitive, and a Q(R) is a humber with
f =a-g,thenaeR.

Proof. i) We writeg = ag + @1 - X+ - - - + ap - X" With ay, ..., @, € Q(R) and pick elements
rreR s eR\{0O}witha; =r1i/5,i =0,..,n Sets:= 5 -----s,. Then, we obviously
haves- g € R[X] \ {0}. SinceRis factorial, we may find a greatest common dividaf
the codficients ofs- g. There exists a polynomidl e R[x] with s-g = d- f. By Property
1.6.8, iii), f is primitive. Altogether, we may choose= s/d.

i) The casef = 0 is trivial. Otherwise, we may writa = r/swith r, s € R coprime
(see Lemma 1.6.11). The equatidr= a- g may be rewritten as

s-f=r-g.

This shows thas divides all the cofficients ofr - g. Sinces is coprime tor, prime
factorization inR implies thats divides all the cofficients ofg. The primitivity of g
implies thatsis a unit. Soa =r/s e Ras asserted. O

The following result finally relates the irreducible elerteeaf R[x] and Q(R)[X].
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1.6.17 Proposition. i) Let f € R[X] be a non-constant primitive polynomial ancdr[X].
If the relation fig holds in GR)[X], then it holds in RX], too.

i) If f € R[X] is a non-constant irreducible polynomial, then f is irrechle as an
element of QR)[X].

Proof. i) If g = 0, there is nothing to show. Otherwise, there is a polynom&RQ(R)[X] \
{0} withg = f - h. By Lemma 1.6.16, i), there is a numbare Q(R), such thata- his a
primitive polynomial inR[x]. Now, we look at the equation

1
g_a-f-(a-h).

By Lemma l.6.14f - (a- h) is primitive. According to Lemma 1.6.16, ii),/A € R, so that
h=(1/a)-(a-h) e R[X].

i) Suppose we could writé = g- hwith g, h € Q(R)[X]. We picka € Q(R), such that
a- h e R[X] is a primitive polynomial, and look at the equation

f:(ég)(a-h).

By Part i), we have (1a) - g € R[x]. Sincef is irreducible as an element &x], we
conclude that (1a) - g € R* ora- h € R*. This impliesg € Q(R)* or h € Q(R)*. O

Proof of Theorenm.6.4. We will verify Conditions (F1) and (F3) (see Page 22f).

Step 1. We show that (F1) holds, i.e., that every elemenRp{ \ ({0} U R*) may be
written as a product of irreducible elements. We do this lojation on the degree

n=0.Letf € RX \ ({0} UR*) be a non-zero constant. SinBas factorial, f can be
written as a product of irreducible elementRnFinally, every irreducible element &
is an irreducible element & x].

n— n+ 1 Let f € RX] be a polynomial of degree + 1. There are a ring element
a € R and a primitive polynomiagj € R[x] with f = a- g. Since the assertion holds
for a, it suffices to factorizey. If g is irreducible, there is nothing to show. dfis not
irreducible, there exist elemengs, g, € R[X] \ ({0} U R*) with g = g; - @». Sinceg is
primitive andg,, g, aren’t units g, andg, cannot be constant. It follows deg} < deg@)
and degg,) < deg@). By induction hypothesigy; andg, may be written as products of
irreducible polynomials. The same is true &£ g; - go.

Step 2. Here, we check (F3). Let, ..., Cy, dy, ..., d, € Rbe irreducible elements and
P1, ..., Ps, 01, ..., Gt € R[X] \ R be irreducible polynomials of positive degree, such that

Cp----- Cm-Pr---- ps = dl ..... dn “Qp-c-ce G- (|8)

By Lemma 1.6.13, i), the polynomialg, ..., ps andda, ..., g; are primitive. By Lemma
[.6.14, the polynomialg, - - - - psandq;----- g: are primitive, too. It is easy to infer from
Equation (1.8) that

SinceR is a factorial ring/m = n and there is a permutatien: {1,...,n} — {1,...,n}
with
G ~ do‘(i)7 i = 1..n
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We conclude
P Ps~ G G (1.9)

Now, we look at this relation in the rin@(R)[X]. By Proposition 1.6.17, ii), the poly-
nomialspy, ..., Ps, O, ..., G are irreducible inQ(R)[x]. We already know thaQ(R)[X] is
factorial (see Example 1.6.3). From (1.9), we now infer tlsat t and that there is a
permutationr: {1,....,t} — {1,...,t} with

P ~ Oy INQR[X], i=1,..t
With Lemma 1.5.5, ii), we rewrite this as
Pl andg.lp in QR)[X], i=1,..,t
Next, Proposition 1.6.17 shows
PilG-) anda.)lp; in R(X],
and, thus, by Lemma 1.5.5, i),
Pi ~ 0 INR[X], 1=1,..,t

This gives the assertion and concludes the proof. |

.7 The Nilradical

1.7.1 Proposition. Let R be a ring and
9 :={a € R|ais nilpotent.

i) The subselt of R is an ideal.
i) The quotient ring Rt has no nilpotent element other th@n

Proof. i) Clearly, 0€ 9t. Suppose, b € 9t and choose exponents> 1 andn > 1 with
a"=0andb"=0. ForO<i <m,we havem+n—1-1i > n. This shows that every
summand of the right hand sum in

(a+ b)m+n—l _ Z I

-1
e (m +n-1
=0

) . al . bm+n—1—i

is zero, so thatg+ b)™"! = 0 anda+ b € M. Assume € Randa € % and letn > 1
be an exponentwith" = 0. Then, (-a)" =r"-a" = 0 andr - a € 9. In the special case
r=-1, we get-a e .

i) Let a € Rbe such thatd] € R/9 is nilpotent. Lein > 1 be such thad"] = [a]" = 0.
This mean®&" € . Hence, we may find an exponant> 1 with

am™n — (an)m - 0.
This showsa € 9t and fg] = 0. ]
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The ideabt is called thenilradical of R.

[.7.2 Proposition. Let R # {0} be a ring. Then, the nilradical is the intersection of all
prime ideals in R:
N = ﬂ p.

pcR
prime ideal

Proof. We first show that the nilradical is contained in every pricheal. To this end, let
a € N be a nilpotent elementy > 1 an exponent witl" = 0, andp c R a prime ideal.
We obviously hava" € p. So, we may define

l:=minfm>1|a" € p}.

Assumd > 1. Thena = a-a ! € p. By definition,a € p ora~* € p. Both conclusions
contradict the choice df The only way out i3 = 1 anda € ».

Now, leta € R be an element which is not nilpotent. We will prove the existeof
a prime ideal which does not conta@n Denote by the set of ideald c R with the
property thaa” ¢ | for all n > 1. This set contains the zero idgé} and is, therefore,
non-empty. By Zorn’s lemma 1.4.7 (compare the proof of Tleaoi.4.4), it contains a
maximal element. Lep € 2 be a maximal element. If we can show theils a prime
ideal, we are clearly done. Suppdse € R\ p. Then,p € p +(b) andp < p + {c). By
definition of p, there are exponents > 1 andn > 1 witha™ € p + (b) anda" € p + {c).
We infer

a™ep+(b-c).

So,p+(b-cy¢ 2 andp ¢ p+<(b-c). Thisshowsd-c ¢ p as required. O

[.7.3 Remark.In the above proof, we have used Zorn’s lemma, i.e., the axibamoice
in its full strength. In Section 11.3, we will see that thetst@ent that Proposition 1.7.2
holds for every non-zero ring is equivalent to the fact thvatrg non-zero ring has a prime
ideal (compare Remark 1.4.5). Note the fact that, in a nawn-gag, 1¢ 9%, so thatR must
contain a prime ideal, if Proposition 1.7.2 holtls.

1.8 Operations on Ideals

Here, we will discuss various ways to construct new ideamfgiven ones. These con-
structions and their properties will be used throughoutfaliewing text.

Intersections, Sums, and Products

Let R be a ring,S an index set andl{)s.s a family of ideals inR indexed by the se$.
Then, itis a straightforward task to verify that the intetsan

(s
seS

is also an ideal. This basic observation makes possibletlmving important construc-
tion:

The intersection over an empty index set is, by definitioa viinole ringR.
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[.8.1 Lemma. Let R be aring and Xc R. The ring R possesses one and only one ideal
I (X) which contains X and is contained in any ideal containing X.

I(X):= () 1

IcR ideal
Xcl

does the trick. O

Proof. Obviously, the ideal

The reader should compare this to the corresponding caristnuin group theory
([29], Satz 11.4.10). The idedkX) is theideal generated by X

Definition. We will often write (X) for I (X).

1.8.2 Remark.The ideall (X) is identical to the ideal of all finit&-linear combinations of
elements inX:

1(X) = {Z Fa- a| ra € R ae X all but finitely many are zer}:

aeX

1.8.3 Examplesi) The ideal generated by the empty set is the zero ideal= {0}.

i) For a € R, the ideall ({a}) agrees with the principal ideé&h) generated by (see
Example 1.2.1, iv).

iii) More generally, for finitely many elements, ..., a, € R, we have (compare Ex-
ample 1.2.1, x)

l({ag, ... @) = (@1, s @a) = (@) + -+ + (@)

We say that an idedl c Ris finitely generatedif there are a natural numbarand
elementsy, ...,a, € Rwith | = (ay, ..., a,).

The above construction has an important special caseS Barindex set and a family
of ideals (s)ss in Rindexed by the se$, thesumis the ideal

Z ls = <U IS> = {Z:as|as € ls,s€ S, all but finitely many zer<}.
seS seS

€S

1.8.4 Examplesi) For a subseX c R, we findI(X) =  (a).

aeX
if) The union of ideals is, in general, not an ideal. This nmeetdrat we get, in general,

e 2
€S seS

For example{2) U (3) c Z is not an ideal. We have 2 ((2) U (3)) and 3€ ({2) U (3)),
but5¢ ((2) U (3)). Note also that

(2)+Q) =17,

because E -2 + 3 € (2) + (3).
Foridealsl, J c R, theproductis the ideal

n
|.J=1({a-blac |,beJ}):{Za-bi|neN,a elb el :1,...,n}.

i=1

Thepowersof an ideall c R are defined recursively via
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* 19:=R,
*x I™L:=].1" neN.

1.8.5 Examplesi) Let R = Z anda, b € Z integers. We find the following description of
the above constructions:

* (a) + (by = (c) with c thegreatest common divisorof a andb.

* (ay N (b) = (c) with c theleast common multipleof a andb (see [29], Definition
1.4.12).

* (ay-(b) =(a- b).

i) Let k be a field k[ X, ..., X,] the polynomial ring inn variables (see Equation (I.2)
and the following exercise) and= ( X4, ..., X, ). Then, form> 1,

Im

{ polynomials which contain only monomials of degree at |eajst

i i
{ Z ail ’’’’’ in'Xll ..... Xﬁ’

(igsermin)eNXM:
ig+-+in=m

Note thatR/I™ contains nilpotent elementsftirent from zero, iftn > 2.
1.8.6 ExampleLet Rbe aring and, J c Rideals. We always have

[-JcInd

In general, this inclusion is strict. For example, the déston in Example 1.8.5, i), shows
that, for integers, b € Z, the equation

(@) -(b) = (ayn(b)

holds if and only ifa andb are coprime.
We say thatl andJ arecoprime if | + J = R, and claim that, for coprime ideals
I,J c R, we have
[-J=1nJ

We have to verify the inclusior”. Pickr e | andse Jwithr + s=1andletae | N J.
Then, the equations
a=a-l=a-(r+9=a-r +a-s
el-J el-J
shows thaa is an element of - J.

[.8.7 Remarksi) The operations of taking intersections, sums, and prtsdofddeals are
commutative and associative, and the followthstributive law holds:

Foridealsl, JKcR: [1-(J+K)=1-J+1 K.

The reader may verify this as an exercise.
i) Let 1, J, K be ideals of the ringR and assumd c | or K c |. Then, we also have

NI +K)=(1nJ)+(NnK).

Here, the inclusion®” is obvious. For the converse inclusion, we assuine |. Let
b € Jandc € K be elements witlh + ¢ € |. Together withb € I, this impliesc € I.
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1.8.8 Examplesi) Let k be a field andR = K[X, y, Z] the polynomial ring in three variables
overk. We assert

(XY, X-ZY-Z) =(XY)N{XZ)NY,Z).

The inclusion €” is immediate. For the converse, we apply the rules from R&ha.7.
We have

(X +<{Y)) N(X,Z)
() N{X,2)) + () N (X 2)).

(Xy)N{(xz)

Since(y) and( x,z) are not coprime, the rules do not give the intersectym ( x, z).
Here, we apply prime factorization. Léte ( x,z). Write f as a product of irreducible
factors. Since is irreducible, it must be associated with one of these urcédale factors,
providedf € (y). We seef € (x-y,y-z) and, thus{y) N (X,z) c {(X-y,y-z). The
converse inclusion is obvious. We continue as follows:

(X N(XZ)+ (W NIXZ) =X +(X-Y,y-Z) =(XY-Z).

Next

(X +<y-2)N(Y. 2)

(X NCY.2) + (Y- 2 N(Y,2))
(X-y,X-2) +(y-2)
(X-Y,X-ZY-Z).

<X,Y'Z>m<y,z>

i) If we have two finitely generated ideals= ( fy, ..., fs) andJ = (0, ..., gt )y inaring
R, then one easily sees

1-J= < f]_ 015 -ees fl <Ot -ees fs 01, o0y fs - O >

A similar result holds, if the ideals are specified by pogsibfinite sets of generators.
We may apply this to the setting of the previous example:

(XYY X2y (Y,Z) = (X -y, ZX- Y, X-y-ZX- Y- 2y 2.

We infer
(X,Y>‘<X,Z>'<y,z>g<X,Y>0<X,Z>m<y,z>-

1.8.9 Exercis€A primary decomposition iZ[V-5]). Define
p1:=(3,2+V-5) and p,:=(3,2-V-5)
i) Show thatp,; andp, are prime ideals.
i) Verify that the idealsp? andp3 are coprime.

iii) Demonstrate that9) = p2 - p3 = p2 N pa.
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The Chinese Remainder Theorem
We generalize Example 1.8.6.

[.8.10 Lemma. Let R be aring and4l ..., I, ¢ R ideals, such thafland | are coprime
forl1 <k <|<n. Then'?

Proof. We proceed by induction on. The casen = 2 has already been dealt with in
Example 1.8.6.
n—1-— n.We set

By induction hypothesis, we have

It suffices to show thal andl,, are coprime. By assumption, there are elements Iy
ands € |, with
n+sx=1 k=1,..,n-1

There is an elemerste |,, with

n-1 n-1
nrk: 1l-s)=1-s
k=1 k=1
Since the element on the left hand side belongs tee see that &€ J + I, O

Now, we would like to generalize the Chinese remainder #mmoirom elementary
number theory in the formulation [29], 111.1.4. We place seives in the situation of the
lemma. To make the notation more precise, we denote thealass R in the quotient
ring R/l by [a]x, k =1, ...,n. Fork = 1, ..., n, there is the canonical surjection

mn: R — R/|k
a — [a]k.

Using the cartesian product of rings (Example 1.1.3, x), @k

n
¢:R — ><R/|k
k=1

a — ([:51]1,...,[a]n).
Note that .
ker@):ﬂlk.
k=1

12The associativity of the product shows that the definitiand@pendent of the brackets one implicitly
has to insert into the middle term, or, in other words, grémas the middle term is well-defined.
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By the isomorphism theorem, we get an induced injective hmorphism

7. R/ ﬁ l —s >n< R/l
k=1 k=1

Next, we would like to study whegq or, equivalently is surjective. Let
n
6:=(0,...0,1,0,...00e X R/l
k=1

be the element which has the entry 1 at ttib place,i = 1,...,n. Then, it is readily
checked that
pissurjective < Vie{l, ..,n}:geim(p).

Let us look at the conditior; € im(y) in more detail. If it is satisfied, then there is an
elementae Rwith[a]; = 1,i.e.,1-a€ |, and g]x = 0, thatisae I, fork=2,...,n. In
particular, we have

l=(1-a+acl+1, k=2,..,n

Conversely, assume thiatandly are coprime, fok = 2,...,n. Then, there are elements
re € Iy andsg € I with
l=rc+s, k=2 ..n

a:.= ﬁsk: ﬁ(l—rk).
k=2 k=2

The second description efshows f]; = 1 and the firstd]x = 0,k = 2,...,n. It follows
(@) = ;. Our discussion shows:

Set

1.8.11 Lemma. The homomorphism is surjective if and only if the idealg Bnd | are
coprime, forl <k <l <n.

We combine this observation with Lemma 1.8.10:

1.8.12 Chinese remainder theorem.Let R be aring andjl ..., I, ¢ R ideals, such that!
and | are coprime forl < k < | < n. Then,

R/C]lk:R/ljlng%R/lk.

1.8.13 ExampleLeta € Z be an integer and

V1

a= pl ..... p;’]n
its prime factorization. Then,
Z[{@a)y = Z[{py) X - X Z/{p).

1.8.14 Exercis€ The Chinese remainder theorem))What is the smallest (positive) mul-
tiple of 10 which has remainder 2 when divided by 3, and renir3 when divided by
7?

i) Let k be a field. Describe the rinkfx] /(x> — 1).
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Ideal Quotients
LetRbe aring and, J c Rideals. Then, th&leal quotientof | by J is set to be

(I:J):={aeRla-Jcl}.

It is straightforward to check that ¢ J) is an ideal. For an idedlc R, we call {0) : I)
theannihilatorof I.

Notation. x Ann(l) := (<0) : I).
* Fora e R, we set Anng) := Ann((a)).

1.8.15 Remark.The union
D := U Ann(a)

acR\{0}
is the set of zero divisors of the ririg)

1.8.16 ExampleLet R = Z anda, b € Z be integers. We look at the prime factorizations

a= l_[ p» and b= l_[ p’r.

p prime number p prime number

There exists a positive integemwith

((a) : (b)) = (C).

c= 1—[ e

p prime number

Its prime factorization

is determined by
Yp=MmaX up — vp, 0} = up — Min{up, vp}, paprime number

We see
a

Cc= .
gcd@, b)

1.8.17 Properties. Let R be aring, S and T index sets, and I, J, K,de€ S, and {
t e T, ideals in R. Then, the following properties are verified:

)1 c(:J).

i (:J-Jcl.

i ((1:N:K)=0:3-K)=((:K):J.

iv) (Qs(ls : J)) - Q(Is L ).
v)(l :ZJt) = ("= 2.

teT teT

The verifications are left as an exercise to the reader.
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Radicals of Ideals
LetRbe aring and c Ran ideal. Theadical of | is
Vi:={aeR|3k>1:a€el}

Note thatv1 is the preimage of the nilradicail of the ringR/I under the canonical pro-
jectionz: R — R/I. Proposition 1.7.2, therefore, gives the following

1.8.18 Corollary. The radicalVl is the intersection of all prime ideals which contain .

1.8.19 Properties. Let R be aring, ]J c R ideals, and c R a prime ideal of R. Then,
we have the following properties:

i) I cVI.

ii)ﬁzw.

iii) VI = Rifand only if I= R.
V) VI-Jd=vVinJd=vInvJ.

V) VI +J = VI +VJ.

vi) For every n> 0, one has\/p" = p.

The proof is again left to the reader.

1.8.20 Examplesi) Let R = Z anda € Z an integer. As usual, we look at the prime
factorization

a= p‘il ..... p;’]n
This means, in particular, that > 0,i = 1,...,n. Then, it is readily checked that

V(@ = (pr- -+ pn).
i) We return to Example 1.8.8, ii). More precisely, we lookthe ideal
| = (XY, -2 XY, X-y-2Y - 2y- 7).
Notex-y ¢ I, but (x-y)? = x- (x-y?) € I.

Anideall c Rwhich is its own radicall = V1, is aradical ideal Radical ideals play
an important role in algebraic geometry (see Section 1.9).

Extension and Contraction of Ideals

LetR, S berings andr: R — S a homomorphism. It is important to compare the ideals
of RandS.*2 Recall from Example 1.2.1, viii), that the imag#l) of an ideall ¢ Rneed
not be an ideal. For this reason, we have to resort to the wmtisin in Lemma 1.8.1: Let
| ¢ R Then, the ideal

19 := 1(e(1))

of S generated by the imag#l) of | is theextensiorof | via ¢. We have

n
Ie:{ZS.f(ai)|neN,seS,aiel,izl,___,n}_
i=1

BIn Exercise 1.4.17, iv), you have already encountered theded continuous mag*: Specf) —
SpecR).
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1.8.21 Remarkslf p ¢ Ris a prime ideal, them® c S need not be a prime ide4.

For example, for the inclusion Z — @, the extension ofp), p a prime number,
is always@ which is not a prime ideal. Another example is the canonicajgation

KXyl — KX y]/(X-y), kafield. Sincek[x,y] is an integral domair0) is a prime

ideal ofk[x, y]. Obviously,(0)¢ = (0). But the quotient ring[x, y]/{x-y) has zero divisors,
e.g., K] and [y]. Therefore(0) c k[x,y]/{X-y) is not a prime ideal.

In the above setting, let c S be an ideal. Then,
J¢ = o 1(J)

is always an ideal 08. It is called thecontractionof J via ¢. Recall thats® is a prime
ideal of R, if q is a prime ideal of.

1.8.22 RemarkBy Exercise 1.2.4, we can factorize R— S as
R-5 T := R/ker(p) < S.
Here,n is the canonical projection and= ¢ is injective. Regarding the surjection
. R— T,

we have
* If | c Risanideal, them(l) c T is an ideal (Example 1.2.1).

* The mapK c R/ker(p) — n~1(K) c Rinduces an inclusion preserving bijection
between the set of ideals Bf ker(p) and the set of ideals & containing kerg).®

The above discussion reveals that most of the complicaéinosuntered in the exten-
sion and contraction of ideals show up for injective ring loonorphisms. Here is a nice
classical example from number theory.

1.8.23 ExampleWe look at the ring ofSaul3ian integers
Z[i] ={k+1-ieClklezZ}

This ring is euclidean (see [8], Chapter II, Definition 2,2at the definition of a euclidean
ring and [8], Beispiel 2.2.5, 3), or [22], I.(1.2), for thequf of the above-mentioned fact).
In particular, it is a principal ideal domain ([8], Satz BR. The prime elements daf[i]
are described in [22], 1.(1.4).

Lety: Z — Z[i] be the natural inclusion. Using the classification of prielements
in Z[i], one finds the following:

* (2)°=((L+1)?).

* If p =1 mod4, thenp)® is the product of two prime ideals. For examp(g)® =
@2+1iy-(2-1).

1430, there is, in general, no induced map SpecR) — SpecB).
15Be aware that, for distinct idealsand!’ which do not both contain keg}, it may very well happen
thate(l) = ¢(1”). Can you think of an easy example?
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* If p=3 mod4, thernp)®is a prime ideal.

This is just the ideal theoretic description of the cladsieault of number theory that an
odd prime number can be written as the sum of two squares ibalydf it is congruent
to 1 modulo 4 (see [22], Chapterd]).

We list further rules for the extension and contraction efild which the reader should
prove on her or his own.

1.8.24 Properties. Let R, S be rings, I,1| I, be ideals in R, J, 4 J, ideals in S, and
f: R— S aring homomorphism. Then:

i)l cle J> J%.

“) |e — |ece JC JCEC

i) (la+ 1) =17+ 15, (Js + J2)° D I + J5.

|V)(|1ﬂ|2)eC|eﬂ|e (JlﬂJz)C JCHJC.

V) (I )6 =15-15,(J1- J2)° D JF - JC

vi) (11 : )¢ (Ie 15), (J1: Jp)° C (Jf 2 J5).

vil) (VI)® c VIE, (VI)© = Ve,

1.9 Algebraic Sets

So far, we have developed the calculus of ideals. In additvmnstudied the problem
of prime factorizations in integral domains. The failureitoded to Kummer’s idea that
ideals are generalizations of numbers which should helpte the prime factorization.
This is a strong motivation for introducing ideals. The maintivation to study ideals
in this course comes, however, from algebraic geometry. \llenaw illustrate how
basic notions concerning systems of polynomial equaticegime elegantly treated in the
language of ideals. To do this, we will need some of the oferaibn ideals that we have
discussed. This is why we treat this material at such a latgest

Roughly speaking, algebraic geometry is the study of smhstof systems of polyno-
mial equations over a field or even a ring. Let us formalize.thietk be a field. The
n-dimensional fine space over ls'®

Ap={(a,...an)|laeki=1..,n}
LetF c K[xy, ..., X,] be a subset. The set
V(F)={p=(ag,...an) € AY|Vf eF: f(p) = f(ay,...,a,) =0}

is thevanishing locus of Flts points are those which simultaneously solve all the/jpol
nomial equations = 0, f € F. Note thatF may be an infinite set.
A subseZ c A} is algebraig if there is a subsdt C K[y, ..., X,] with

Z = V(F).
For a subse$ c A}, we introduce

1(S) :={f ek[X,... %] |IVYpe S: f(p)=0}.

160ne uses this notation rather thdrto indicate that we are not interested in kagector space structure
of that set.
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Note thatl (S) is an ideal (compare Example 1.2.1, vi). It is tideal of regular functions
vanishing on Sor simply theideal of S

1.9.1 Properties. Let SY,Z c A and F G, H c K[xq, ..., X,] be subsets. Then, one has:
i) The ideal [S) of S is a radical ideal.
i) 1(YUZ)=1(Y)nI1(2).
i) IfY c Z, then (Y) 2 1(2).
iv) If G c H, then (G) > V(H).
V) Let(F) be the ideal generated by F (see Lemin8al). Then,

V((F)) = V(F).

Proof. i) Let f € K[Xy, ..., X,] andl > 1 be such that' € 1(S). This means that'(p) =
(f(p)) = 0 forall p e S. Since the fielk has no nilpotent element besides 0, this
condition is equivalenttd(p) = O forallpe S, i.e., tof € I(S).

i), iii), and iv) are trivial.

v) SinceF c (F), we haveV(F) o> V((F)). Now, letp € V(F) andh € (F). We
have to show thalb(p) = 0. There are a natural numbgrelementsf,, ..., f € F and

r1,....,T's € K[Xg, ..., Xo] With
S
h= Z r- fi.
i=1

S

h(p) = > ri(p) - fi(p) = 0,

i=1

It follows that

becausdi(p) =0,i=1,...,s O

Property 1.9.1, v), tells us that, when dealing with algébsets, we may restrict to
vanishing loci of ideals. The set theoretic operations geladaic sets reflect very nicely
in the operations on ideals.

1.9.2 Properties. i) The empty seb and the gine spaceA; are algebraic sets.
i) Let 1, J Cc K[Xq, ..., X,] be ideals. Then,

VIHuV@Q) =V(InJd=V(-J).
i) Let K be an index set andi)kx be a family of ideals in[k, ..., X,]. Then,

MV = V(Z |k).

keK keK

Proof. i) We havez = V((1)) andA] = V({0)).

i) SincelnJ clandl nJ c J, we haveV(l nJ) > V() U V(J), by Property
1.9.1, iv). We also have - J c | n J, so thatV(l - J) > V(I n J). Let us show that
V(I -J)cV()uV(@J). Tothisend, lep € V(I - J) and assume ¢ V(I). Then, we find a
polynomialf € | with f(p) # 0. For everyg € J, we obviously have - g€ | - J, so that

vgeJd: f(p)-g(p) =(f-g)(p) =0.
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Sincef(p) # 0 andk is a field, this means

Yged: 9g(p)=0

and shows thap € V(J).
iii) It is readily verified that

MV = V(U |k).

keK keK

By definition (see Page 1.8)3, Ik is the ideal generated byJ Ix. So, we conclude by
keK keK

Property 1.9.1, v). O

Property 1.9.2 tells us that the algebraic subset&ofullfil the axioms of the closed
subsets of a topological space (see [17], Abschnitt 1.3grdfbre, we say that a subset
Z c A} is Zariski closed if it is algebraic. A subseU c A} is Zariski open if its
complemenfA} \ U is Zariski closed.

By Property 1.9.2

7 :={U c A}|U is Zariski open

is a topology om?, theZariski topology

1.9.3 Remark.i) We already see some of the nice features of algebraic gepemerge:
the subtle interplay of topological, geometric and alg&btaols. The reader should be
careful about the topology. It is very distinct from, e.dpe usual topology oR" or C"
(see the following exercise).

i) In Property 1.9.2, ii), we give two ideals which yield thmionV(l) U V(J), I,J C
K[Xq, ..., Xn] ideals, namely] N J andl - J. The first description has the advantage that
| N J will be a radical ideal, it andJ are radical ideals (Property 1.8.19, iv). The second
description allows to determine easily equations\@r) U V(J) from known generators
for I andJ. In fact, if (fy)wek generaté and @ ). generatel, then (fi- 9i) ek« gENErate
| - J (compare Example 1.8.8, ii).

1.9.4 Exercisesi) Describe the Zariski open subsetsajf (Recall thak[X] is a principal
ideal domain.)

ii) Check that the Zariski topology ah? is not the product topology (see [17], Section
2.1) onA} x A, the factors being endowed with the Zariski topology.

Let (X, 7") be a topological space aglc X a subset. Recall ([17], Definition, p. 11)
that theclosureS of Sis the smallest closed subsetthat contains, i.e.,

s= () z
ZcX closed:
Scz

1.9.5 Lemma. i) For every ideal Ic K[Xq, ..., X,], one has
VI c 1 (v(1)).
i) Let Sc A} be a subset. Then,

S = V(I(S)).
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Proof. i) Clearly,| c 1(V(l)). Hence,

VI {J1(V()) = 1L (V().

For the last equation, we used Property 1.9.1, i). _

i) We clearly haveS c V(I(S)). SinceV(I(S)) is closed, we also fin& c V(I(S)).
LetS c Z c A} be a closed subset. There is an ideal K[ X1, ..., X,] with Z = V(). We
see

Z=V()>V(I(2) > VI(S)).

The first inclusion is a consequencelaf |(Z) and the second one 6Z) c 1(S) which,
in turn, follows fromZ > S. O

We have maps

D {Algebraic sets imﬂ} — {Radical ideals irk[xq, ..., xn]}
Z — (2

and

V. {Radical ideals irk[ X, ..., xn]} — {Algebraic sets imﬂ}
I — V().

Lemma 1.9.5, ii), shows
Yod=id.

In particular,® is injective and? is surjective.
Hilbert’'s Nullstellensatz 111.3.4 asserts thatkifs algebraically closed then also

Po ¥ =id.

Then, we have translated the theory of algebraic sets ietthory of ideals in rings.

If k is not algebraically closed we cannot expect such a result. Look, for example,
at the prime ideadl | := (x? + y? + 1) c K[x,y]. Obviously,V(I) = @ andl(V(I)) = (1).
1.9.6 Examplesi) We look at the ideals$y = (y,z), I, = (X, z), andl, = (X, y) inside
k[X Yy, z]. Then,V(l,) is thex-axis,V(ly) they-axis, andV(l,) thez-axis. The ideal$,-1-I,
andly N1y N1, were computed in Example 1.8.8. By Property 1.9.2, ii), bt - 1, - 1)
andV(ly N1y N I,) consist of the union of the coordinate axes.

17x2 + y? + 1 is an irreducible polynomial, because, if it could be \eritas the product of two linear
polynomials, it would have zeroes.
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Note that
Ix' Iy' IZ g Ixm Iym IZ C I(V(Ixm Iym Iz)) = I(V(IX * Iy' Iz)).

We remark thaty - I, - 1, # I(V(Ix - |y - |,)) is already implied by the fact thét - 1y - I, is
not a radical ideal (see Example 1.8.20, ii).

ii) We look at the ideals; = (y* — x3,z) andl, := (X, y) in the ringk[x,y, 7. The
vanishing locus/(l,) is Neil's parabola ([27], Beispiel 4.1.2, iv) inside the ¥)-plane
andV(l,) is, as before, the-axis. The union of these two objectsél; - 1,). By Example

1.8.8, ii),
i la=(x-z2y-zx- Y -X,y¥*=x-y).
Again, |1 - I, is not a radical ideal. For examplg,— x3 ¢ 1, - |, but

OF =30 =y-y- 0 =) = x- (2 =) = y- (F =R y) = (x- P =) € - Lo
We sed; -1, ¢ |(V(|1|2))

1.9.7 RemarkLetZ c A} be an algebraic set an@Z) c k[x4, ..., x,] its ideal. The ring
K[Z] := K[X1, ..., %] /1(Z)

is called thecoordinate algebraf Z. It describe<Z as an “abstract object”, i.e., without
reference to the inclusion Z — A]. We will elaborate on this later (see, e.g., the
following exercise).

1.9.8 ExercisegMaps between algebraic setet k be a field andZ c A} an algebraic
set. Itsalgebra of regular functions

K[Z] := K[Xq, ..., Xa] /1(2).

Note that an elementt € k[Z] defines indeed a functioh: Z — k. LetW c A7 and
Z c A} be algebraic sets arfl: W — Z a map. Write the induced mdp: W — Z C
AR asw +— (fy(w), ..., fo(w)). We say thaf is regular, if f; is a regular function ofw,
i=1,..n.

i) Show that a regular map: W — Z induces a homomorphism

F*: k[Z] — K[W]

of k-algebras.
i) Supposep: k[Z] — k[W] is a homomorphism of-algebras. Show that there is a
unique regular map: W — Z with F* = ¢.
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Letl c K[Xq, ..., Xxy] be an ideal. Then, we have its vanishing lo&($). As a subset
of A}, it is endowed with an induced Zariski topology. On the ofand, we introduced
SpecK[x, ..., X,]/1). It carries a topology that was also called the Zariski togg. It is
important not to confuse these two objects.

1.9.9 Remark.By Lemma |.2.2 and Exercise 1.2.3, the surjection

7o K[Xg, ..oy Xa] — K[Xq, ..., Xn] /I

induces an injective map

7 Speck[Xq, ..., %] /1) — Speck[X4, ..., X)),

and the Zariski topology on Spdgk, ..., X,] /1) agrees with the subspace topology (see
[17], Section 2.1).

In order to get an idea about theférence of these two objects, let us first relate them
to each other. First, note that, for a pop& (ay, ..., a,) € A7,

mp = <Xl_al,---,xn_an>
is a maximal ideat® This provides us with the map

&: A, — Speckxq, ..., Xn])

p — mp
1.9.10 Lemma. For every point p= (ay, ..., &,) and every ideal kc k[x, ..., X,], we have
peV(l) = Ilc{(xx—ay..,%X —a).

Proof. Letp e V(I). Then{x;—a, ..., Xa—an) C I({p}) < (1). Since( X, —ay, ..., Xn—an )
is a maximal ideal, we must have equality. Thus, we see

(X1 =@y, ... X% — @) = I({ph) 2 I(V(1)) > I.

Conversely] c (x; — ay, ..., X, — @y ) yields

{p} = V(X1 - ay, ..., %o —an)) c V(I).
This completes the proof. O

For any ideall c K[X, ..., X], the setsV(l) c A} andV(l) c Speck[x,, ..., X)) are,
thus, related by
V(1) = o7 HV(1)). (1.10)

In particular,® is continuous in the Zariski topology.

1.9.11 ExerciseLet R be a ring. A pointp € SpecR) is closed if {p} is a Zariski closed
subset of Spe&). Show thatp € SpecR) is a closed point if and only if is a maximal
ideal.

18The canonical map (see Page 5 and Exercise IK[X9)..., x)] — k that sends to &, i = 1,....n,
factorizes over an isomorphiskfixs, ..., Xa] /{ X1 — a1, ..., Xn — @& ) — k.
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In order to get a precise understandingfofnd, therefore, of the relation betwegh
and Sped(xy, ..., Xn]), we need to understand the maximal ideal&[od, ..., X].

If k is algebraically closed Hilbert’'s Nullstellensatz 111.3.4 shows that all maximal
ideals ofk[ x4, ..., X,] are of the form( x; —ay, ..., Xo—an ), (as, ..., &,) € A;. So,® identifies
A} with the set of closed points of Sp&fXy, ..., X,]). Note that Sped(xq, ..., X,]) contains
non-closed points, e.g(0P), and, ifn > 2, (x), i = 1,...,n and, more generally f ),

f € K[Xq, ..., X,] @n irreducible polynomial.

If k is not algebraically closed then Sped(x, ..., X,]) contains in some way the
points of AT, K/k a finite extension field. Let us look at the extensiofR. The set
{ (i, 1) € A2} corresponds to the maximal idgat® + 1,y — 1) c R[x, y]. Indeed,

RIXY]/{X*+1,y—1)=R[X]/(X*+1)=C.

The fact that x*> + 1,y — 1) gives two points is reflected by the fact that we have two
R-linear isomorphisms betwedjx]/(x? + 1) andC, namely, we may mag either toi or
to —i.

The above discussion carries oveM() and Sped(xy, ..., X,] /1), | € K[Xg, ..., X,] @an
ideal. If k is not algebraically closed, it may happen tNgt) is empty (see Page 43).
For a non-zero rindR, the set Spe®) is not empty, becausk contains a prime ideal
(Theorem 1.4.4).
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Noetherian Rings

In this chapter, we present the concept of a noetheriantriNgetherian rings are char-
acterized by a finiteness condition which may be phrasedvieraeways. Each of the

characterizations is given in terms of ideals of the ringedérings are the most impor-
tant ones appearing in algebraic geometry. For examplepahdinate algebras of alge-
braic varieties are noetherian rings. We also introduce jama@ol for constructing new

rings, namely localization. The main theorem of this chapt¢he existence of primary
decompositions of ideals in noetherian rings which hasadliyebeen alluded to several
times. It vastly generalizes prime factorizations and Has a geometric flavour: It is

closely related to the decomposition of an algebraic setitstirreducible components.
Primary decompositions are not unique, in general, but nrapprtant ingredients in a

primary decomposition are determined by the respectival.ide order to prove these
uniqueness statements, we carefully investigate the sxterand contraction of ideals
under localization.

1.1 Chain Conditions

A ring Ris noetherianif every ideall c Ris finitely generated, i.e., there are a natural
numbem > 1 and elementay, ..., a, € |, such that

| =<(ay,...,an).

Let R be a ring. Anascending chainn R is a sequencel).y Of ideals with the
property
Yke N : I C lkeq.

Likewise, adescending chaim Ris a sequencd ).y Of ideals, such that

Yke N : I« D lisq.

IEmmy Noether (1882 - 1935), german mathematician.
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Let (Iy)ken be an ascending or descending chaiRirit is stationary if there is an index
ko with
Yk>Ky: = s -

Here are two alternative characterizations of noetherragsr

[I.1.1 Theorem. Let R be aring. Then, the following conditions on R are edeivia

i) The ring R is noetherian.

i) The ring R satisfies th@scending chain conditiofACC), that is, every ascending
chainin R is stationary.

iii) Every non-empty subsgtof ideals in R contains an element which is maximal
with respect to inclusion.

Let R # {0} be a notherian ring. Then, we can defXias the set of all proper ideals
of R. Thus, the theorem asserts, in particular, that every moo-aoetherian ring has
a maximal ideal. This statement is weaker than Theorem Whidh asserts that every
non-zero ring has a maximal ideal. In the proof of Theoreth1l. we use the following:

[1.1.2 Axiom of dependent choice.Let X be a non-empty set ariRlc X x X a relation,
satisfying the following property:

¥xeXdye X: (xy)eR
Then, there is a sequencg).n, such that
Yke N: (X, Xq1) €R

If we do not assume the axiom of choice, this is really an axi@me might try
to define the sequence&y.n by recursion. Having already constructed..., X, there
is an elemeny € X with (x,Yy) € R Buty is, in general, not uniquely defined. We
have tochooseone. The choice, of course, depends on the previous elensentthe
construction of X )kew requires countably many choices and these are not possthieut/
some axiom. For a deeper discussion of this axiom, we reérehder to [12], Chapter
2.

Proof of Theorenil.1.1. “i) =ii)". Let (lx)ken be an ascending chain of ideals. Then,

=

keN

is also an ideal. By assumption, it is finitely generatedkBic 1 anday, ..., a, € | with
(ag,...,an) = |. There are natural numbeks ..., k, with g € I, i = 1, ...,n. Set

ko := max K, ..., K, }.
Then,a € Iy, i = 1,....,n. We see:
Vk>ko: I Clicl Cly,.
This shows thaly, = Iy, k > k.
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“ll) =iii)”. Suppose that iii) does not hold, and |Etbe a non-empty set of ideals in
R without maximal element. Then, there exists an ascendiagch)x.n With

VYke N: lkeZ A 1< .

We found an ascending chainfwhich is not stationary, a contradiction.

“if) =i)". Let | c Rbe an ideal. We definE as the set of all finitely generated ideals
of Rwhich are contained ih. Note that0) € 2, so that # @. LetJ € 2 be a maximal
element. We havd c |, andJ is finitely generated. We have to show tidat I. If this
were wrong, we could pick an elememt | \ J. Then,

Jc I+ (.

This implies that] + (a) is not finitely generated. On the other hand, there emist 1
anday, ..., a, € Jwith (ay, ..., a,) = J. But then

J+(@) =(ag,..,aa),
a contradiction. O

[1.1.3 Exercise Where was the axiom of dependent choice used in the abovépEpec-
ify the setX and the relatiork to which it was applied.

[1.1.4 Corollary. Let RS berings an@d: R — S asurjectivering homomorphism. If
R is noetherian, thensois S.

Proof. LetJ c S be an ideal of5. Then,

J=o¢(), 1:=¢7).
Sincel is an ideal ofR andR is noetherian, there exists a natural number 1 and
elementsay,...,a, € | with | = (a,,...,a,). Obviously,J is generated by the images

Sﬁ(al), ceesy ‘P(an)
We can also argue by using ACC: By Exercise 1.2.4, ii),

S = R/Kker(p).

The ideals ofS are in inclusion preserving bijection to the idealsRotontaining kerg)
(Lemmal.2.2). So, the ascending chain conditioR tiearly implies the ascending chain
condition inS. O

[1.1.5 Examplesi) Fields are noetherian rings.
i) Principal ideal domains are noetherian rings. Recalt Zhand the polynomial ring
K[X] over a fieldk are examples for principal ideal domains and, thus, forlrerén rings.
i) We let R := ([0, 1]) be the ring of continuous functions on the intervallp
(compare Example 1.1.3, vi). Set

|k::{f €R|f|[0’1/k] EO}, k> 1

Then, (k)1 is an ascending chain which is not stationary. In particilas not a noethe-
rian ring.
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Chapter Il. Noetherian Rings

[1.1.6 Hilbert’s basis theorem. If R is a noetherian ring, then the polynomial ring»R
is also a noetherian ring.

Proof. Assume thaR[X] is not noetherian. Lelt ¢ R[x] be an ideal which is not finitely
generated an¥ the set of all finite subsets of It is obviously non-empty. Fox,y € X,
we writex <y, if xCy, #y = #x+ 1, and the unique elemefte y \ x satisfies

feg(X) A Vgel\(x): deg@)>deg().

Sincel is not finitely generated, it is clear that we find for each X an elemeny € X
with x < y. By the axiom of dependent choice I1.1.2, there is a sequéxngey with
X € X andxy < X1, kK € N. This defines the sequenc)(-1 with

{fid = %\ X1, k=1

Finally, we obtain the sequenca)x-1 in R in which a is the leading cacient of fy,
i.e., the coéficient of x4€9®) in f,, k > 1.

Claim. Vk>1:(ay,....,a) C{(ay, ..., &, A1 )-

If we had(ay,...,ax) = (@, ..., &, a1 ), then there were elements ..., r, € Rwith

k
d1= ) fi-a
i=1

The definition of the relation<” implies
Vk: deg(f) < deg(fi:1)-

Therefore, we can define
k
9= figr— ) 1y xie0h-del) g, (I1.1)
i=1

But then,
deg@) < deg(fx.1).

By construction of ¥”, fi,; has the least degree among all elements thfat are not
contained inxg) +( fy, ..., fx ). S0, we must havg € (Xo) +{ f1, ..., fx ). Now, (II.1) shows

fiu1 € (Xo) + { fq, ..., k), and this is a contradiction. v
This claim shows that@, ..., a ))k=1 IS @ hon-stationary ascending chainRnThis
contradicts the assumption tHats noetherian. O

[1.1.7 Corollary. Let R be a noetherian ring, e.g., a field. Then, the polynomigj
R[ X4, ..., Xn] IS noetherian, re 1.

11.1.8 Remark(An application to algebraic sets)etk be a fieldn > 1 a natural number,
K[ X1, ..., X;] the polynomial ring inn variables, and= c K[X, ..., Xy] @ possibly infinite
subset. We claim that there are a natural nunmber1 and element$,, ..., f,, € F with

V(F) = V({ f1, ..o, fn})-
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I1.1. Chain Conditions

In particular, every algebraic set may be defined by finitengnequations. According
to Property 1.9.1, v),
V(F) = V((F)).

Now, K[Xi, ..., X,] IS @ noetherian ring, so th&F) is finitely generated. Pick a natural
numbers > 1 and elementgy, ..., gs with

(F) = (091, ....0s).
Then,
V(F) =V({gu....9s}),
but the elementgy, ..., gs need not belong t&6. However, there are elements

ajj eR and fij eF, j:].,...,m,i:].,...,s,

such that
m

gi:Zaij‘fij, i=1..,s

j=1

We obviously have
<F> = < fll7 seey flmp see fSl’ sey foT'I5>

and, consequently,

V(F) = V((F)) = V(< f]_l, ceey flml, ceey fs]_, ceey fsm_; >) = V({ fll, ceey flmp ceey fs]_, ceey fsm_; })

LetRbe aring. AnR-algebrais a ringS together with a ring homomorphisgmm R —
S. An R-algebraS is finitely generatedif there are elements, ..., f, € S, such that the
homomorphism
R[X]_, ceey Xn] — S

that is associated witt and the assignmemt — f;, i = 1,...,n, is surjective (compare
Exercise 1.1.9). One writes abusively
S =R[fy, ..., f].

[1.1.9 Proposition. If R is a noetherian ring and S is a finitely generated R-algebren
S is also a noetherian ring.

11.1.10 Example Let k be a field,n > 1 a natural number, and c A} an algebraic set.
Then, the coordinate algebra

K[X1, ..., Xa] /1(2)
is a finitely generatell-algebra and, hence, a noetherian ring.

[1.1.11 ExercisgNoetherian rings and spaceg) Let k be a field. Then, one may define
the polynomial ringR := K[X1, X, X3, ...] in the infinitely many variables;, i > 1. IsR
noetherian?

i) A topological spaceX is called noetherian if it satisfies the descending chain
condition for closed subsets, i.e., for any sequence

1>,

of closed subsets of, there is an indeky, such tha®, = 7, for everyk > ky. LetR be
a noetherian ring. Show that SpBE{s a noetherian topological space.

iii) Give an example of aon-noetherian rindr, such that Spe&) consists of just one
point (and is, therefore, noetherian).
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Chapter Il. Noetherian Rings

I1.2 Artinian Rings

Aring satisfies thelescending chain conditiddCC), if every descending chain of ideals
in R is stationary. A ring which satisfies the descending chamddmn is called an
artinian? ring. It might be surprising that the descending chain ctowlis much more
restrictive than the ascending chain condition. In fadiihs out that artinian rings are
very special noetherian rings (see [1], Theorem 8.5). Wenwtldiscuss this in full detail.
Instead we give some indications.

11.2.1 Proposition. In an artinian ring, every prime ideal is maximal.

Proof. Let Rbe an artinian ring ang c Ra prime ideal. TherR/p is an integral domain.
Lemma 1.2.2 shows th&/p satisfies the descending chain condition (compare the proof
of Corollary 11.1.4). Letx € R/p be a non-zero element. Consider the descending chain

(<Xk>)keﬂ\|'

For somek, > 0,
(X = (xothy,

Thus, there exists an element R/p with X = a- x<*1, |In other words,
X0.(1-a-x)=0.

SinceR/p is an integral domairng® # 0 and, so, - a- x = 0 andx s a unit.
Every elementx € (R/p) \ {0} is a unit. This shows thaR/p is a field andp is a
maximal ideal. O

11.2.2 ExamplesLet k be a field.

i) Let Rbe ak-algebra which is finite dimensional ag-aector space. TheR satisfies
the ascending and descending chain condition for dimens@sons. (Ideals iR are, in
particular, sub vector spaces.) s both noetherian and artinian.

i) Forn > 1, k[x]/(X") is ak-algebra which has dimensiorask-vector space. By i),
it is an artinian ring.

1.3 Localization

Let Rbe aring. A subse® c Ris multiplicatively closedlif
* 1€8S,
*x YsteS:s-teS.

11.3.1 Example.Let R be aring,f € R, andp c R a prime ideal. Then, the following
subsets oR are multiplicatively closed:

* S :={ae R|ais nota zero divisoy.

* Si={fklkeN}={1f, 2. .}

2Emil Artin (1898 - 1962), austrian mathematician.
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I1.3. Localization

* S:=R\p.

Let Rbe a ring andS c R a multiplicatively closed subset. We define a relatiefi tHn
Rx S by:

Y(@s9),(b,t)eRxS: (a9 ~(bt) <= TJueS:u-(a-t-b-g=0.
[1.3.2 Lemma. The relation “~” is an equivalence relationon R S.

Proof. Reflexivity and symmetry follow easily from & S. For transitivity, let &, s),
(b,t),(c,u) € Rx S with (a,5) ~ (b,t) and f,t) ~ (c,u). This means that there exist
elements/, w € S with

v-(@-t-b-5)=0 and w-(b-u-c-t)=0.
We multiply the first equation by - w, the second by - sand find

u-v-w-a-t—-u-v-w-b-s = 0
u-v-w-b-s—-v-w-c-t-s = 0.

Adding these two yields
t-v-w-(@a-u-c-g)=u-v-w-a-t—-v-w-c-t-s=0.
SinceS is multiplicatively closedt - v-w € S, and we seeg s) ~ (c, u). m]

11.3.3 Remarks Assume thaR is an integral domain and®S. Then?
Y(a,9),(b,t) e RxS: (as)~(bt) < a-t-b-s=0.

If R does contain zero divisors, it is necessary to formulatedlaion “~” as above in
order to get an equivalence relation.

In the following, we write
a

S
for the equivalence class d,(s), a€ R, s€ S, and set

Rs ::{z’aeR,seS}.

11.3.4 Notation. i) Other common symbols fdRs areS~*R andR[S™].
i) Let f € RandS = { fX|k € N}. Then, we writeR; for Rs.
iii) Let p ¢ Rbe a prime ideal an8 := R\ p. We will write R, instead ofRs.

Next, we equiRs with the structure of a ring. Thadditionis defined via

+:RsXxRs — Rg
ab a-t+b-s
-\ = b —
st S-t

3Compare Page 24.
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Chapter Il. Noetherian Rings

We first check that this is well-defined. L&t €), (@, S), (b,t) € Rx S with
(a9 ~(@,s).

We need to show
(@a-t+b-ss-t)~@-t+b-g,9-1). (11.2)

For this, we observe
A=(@-t+b-9)-g-t—-(@-t+b-9)-s-t=a-5-t?-a-s-t?’=(a-s-a -9 -t

If ue S annihilatesa- s — & - s, thenualso annihilateg. This establishes (11.2). v
The addition is clearly commutative, and

0:=—-
1

is the neutral element. Finally, we check associativityt &s, b/t, andc/u € Rs. We
compute

+ — —_— i
s t u S-t u
a-t-u+b-s-u+c-s-t

s-t-u
b-u+c-t

t-u
[£+3)
+{-—+—-).
t u
T RsxRs — Rg

(a b) a-b
_,_ '_) _
st S-t

Again, we verify that this is well-defined. Faa,(s), (&, S), (b,t) € Rx S with

(@ s) ~ (@,s),

(9 E)) C a-t+b-s ¢

a
s
a
s

Themultiplicationis defined as

we have to establish
(@a-b,s-t)~(@-b,s-t). (11.3)

We form
A=a-b-g-t-a-b-s-t=(@a-s-a-s)-b-t.

If ue S annihilatesa- s — & - s, thenu also annihilateg. We infer (11.3). v
It is immediate that multiplication is commutative and asative and that

1
1=-
1

is the neutral element.
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The last thing we verify is the distributive law. Fafs, b/t, andc/u € Rs, we find
9.(9+9) a butet
s \t u S t-u
a-b-u+a-c-t
s-t-u
‘b-s-u+a-c-s-t

o}

QD
O
|2 %
O ~
[

1
+

nlo ¢y
~lo™
nlio®
clo

So, Rs, +,+,0,1) is aring.

[1.3.5 Example.) If Ris an integral domain an8l := R\ {0}, thenRs is the quotient field
of Rthat was already considered in Section I.6.
i) In an arbitrary ringR,

S :={se R|sis not a zero diviso#

is a multiplicatively closed subset. In this ca€¥R) := Rs is thetotal ring of fractions
of R

i) The ring Rs is the zero ring if and only if &= S. In fact, 1 = 1/1 is equivalent
to the existence of an elemest S with s- 1 = 0. Multiplicatively closed subsets &t
which contain zero are, e.d0,1}, R.

We look at the homomorphism

(,D:R —> RS
a +— a
1
Note that a
izgo(a):o & 3dseS: s-a=0.
This shows

ker(p) = U Ann(s).
seS

In particular, ifRis an integral domainy is injective.

11.3.6 Proposition. i) For every ideal Ic R, the extension of | via is
1e=J ::{E‘ae |,ses}.
s
i) Foranideal Ic R,
* =Ry < INS+0o.

iii) Every ideal Jc Rs is an extended ideal.
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iv) For anideal | c R, we have
ec = U(I 1 (s))
seS

V) Anideal | ¢ R is a contracted ideal if and only if, for alls S,[g] is not a zero
divisor in R/I.

Proof. i) It is clear thatp(l) c J c I®. Sincel® is the smallest ideal d®s which contains
¢(l), it suffices to show thal is an ideal. But this is immediate.

ii)“<".If selnS,then s
1=-¢l®
S

“=". Forae | andse S, the equation

a
- =1
S

implies that there is elemeht S with
t-a-s-t=t-(a-9s)=0.

So,s-telNnS.
iii) By Property 1.8.24, 1),J°¢ c J. So, we have to show c J°. Leta/se J. Then,

a
- J
1 €

S a
1 s

This showsa € J¢ anda/s € J°®.
iv) “c”. Let a € 1 This means that there exisE | ands € S with

a b
1 s
So, there exists an elemdant S with
t-(a-s—-b)=0.
Foru:=s-te€ S, we obtain
u-ael, ie., ae(l:{u).

“>". Letse Sandac€ (I : (s)). Then,b:=a-sel, sothat
a b

I e

1 s
This showsa € €.
V) Sincel c I¢¢ (Property 1.8.24, i), we have to investigate the conditi$fnc 1. By
Iv), it is equivalent to
¥seS: (l:(s)cl.

This condition is, in turn, equivalent to
¥se SYaeR: a-sel = ael.

This is equivalent to the condition thad] [e R/l is not a zero divisors € S. |
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[1.3.7 Corollary. LetR, S, ang: R— Rs be as in the proposition.

i) The assignment — p® gives an inclusion preserving bijection between the prime
ideals of R withp 'S = @ and the prime ideals of R

i) Letp c R be a prime ideal. Then,,Rs a local ring with maximal ideap®.

Proof. i) Let p ¢ Rbe a prime ideal with N S = @. By Part ii) of the propositiony® is
a proper ideal oR. We show that it is a prime ideal. Latb € Rands,t € S with
ab_ab .

=—.—¢ep°
S-t Stp

Then,a-b e p. Thismeanse porb e pand

a e b e
- or - :
S € t €
Finally, R/p is an integral domain (Proposition 1.4.1, i). Sinpen S = @, we have
0#[s] € R/p,i.e., [ is not a zero divisors € S. Proposition 11.3.6, v), shows™ = p.

i) This follows immediately from i): For a prime idealc R, gn(R\ p) = @ is
equivalent tay C p. O

[1.3.8 Exercise(The universal property of localizatian)et R be a ring,S ¢ Ra mul-
tiplicatively closed subset, ang: R — Rs, X — x/1, the canonical homomorphism
to the localization. Show that the paRd, ¢) has the following universal property: For
any ringT and any homomorphism: R — T, such that(S) c T*, there is a unique
homomorphisnys: Rs — T with ¢ = y5 0 ¢.

To conclude this section, we will give another proof of Preion 1.7.2 which only
uses the axiom that every non-zero ring possesses a prirake itleis axiom is weaker
than the axiom of choice (see Remark 1.4.5; ii).

Alternative proof of Propositioh7.2. The inclusion €” is obtained as before. For the
converse inclusion, lett € R\%. Then, the multiplicatively closed subset= { f¥|k e N}
does not contain 0, so thet # {0}, by Example 11.3.5, iii). Lety c R be a prime ideal.
Then,p := g% is a prime ideal oR with

pN{f¥keN} =0,

i.e.,fé&np. O

1.4 Primary Decomposition

In the ring of integers, we need powers of prime numbers iemia factorize all positive
integers. We now need the ideal theoretic analogs for poefggame numbers. It turns
out that these are quite subtle.

LetRbe aring. An ideal c Ris primary, if the following property holds:

YabeR: a-beq = aeq v 3Jk>1: beq

[1.4.1 Lemma. Anidealq c R is a primary ideal if and only if every zero divisor in the
ring R/q is nilpotent.
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Proof. Assume that is a primary ideal and thdit € Ris an element, such thdt][e R/q
is a zero divisor. Then, there is an elemard Rwith[a] # 0 and p- b] = [a] - [b] = O.
This means that-b € q buta ¢ . By assumption, there is an expon&nt 1 with b € q,
i.e., ]k =0.

Now, assume that every zero divisorRjq is nilpotent. Leta,b € Rwitha-b € q.
This meansd] - [b] = [a-b] = 0inR/q. So, [a] = 0 or [b] is a zero divisor and there
exists a natural numbdr> 1 with [b¥] = [b]X = 0. This showsa € q or there is a natural
numberk > 1 with b¥ € q. o

I1.4.2 Examplesi) A prime ideal is a primary ideal.
i) If ¢: R— Sis aring homomorphism angdc S is a primary ideal, then® c Ris
a primary ideal. In fact, by Exercise 1.2.4, ii), we have ajeative homomorphism

¢: R/a° — S/q,
so that we may apply Lemma ll.4.1.

I1.4.3 Lemma. Let R be aring an@ c R a primary ideal, then the radicafq is a prime
ideal.

Proof. Leta, b € Rbe elements witla - b € /g. There is an exponekt> 1 with
a“-b=(a-bkeq.
Then,ak € q or there is an exponeht 1 with
b = (04 € q.
This showsa € /g or b € 4/q as asserted. o

Let g c Rbe an ideal ang a prime ideal. We say thatis ap-primary ideal if it is a
primary ideal withy/q = .
1.4.4 Examplesi) The primary ideals o are exactly the ideals of the forgp*), p a
prime numberk > 1 a natural number. First, lgtc Z be a primary ideal. According
to Lemma I1.4.3,/q is a prime ideal, i.e., of the forgp), for some prime numbey. By
Example 1.8.20, i) = (p¥), for some natural numbéer > 1. Second, lek > 1 be a
natural number ang a prime number. For integeasb € 7, a- b € (pX) meansp¥|(a - b).
Then, p* dividesa or p dividesb and, then,p* dividesb®. It follows thata € (p*) or
b* € (p¥).

i) Let k be a field R = k[x,y], andq := (X, y?). Then,

R/a = K[yl /<y?).

The zero divisors in that ring form the ide@). The elements of that ideal are all nilpo-
tent. So is a primary ideal. Its radical is

Va=(xy)=:p.

Observe
P’ = (XY, YD Ca=(XY)Cp=(XY)
This shows:
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Not every primary ideal is the power of a prime ideal

iii) Let k be a field and
R:=K[x,y,Z/(x-y—-2Z).

We look at
p:=([x.[Z)
Since
R/p = K[yl.

the idealp is a prime ideal. We claim that the ide#lis not primary. We have
[X - Iyl = [2% € p*.
Here, K ¢ »? and, for allk > 1, [y]* ¢ p>. We note:
Not every power of a prime ideal is a primary ideal

The phenomenon in Example 11.4.4, iii), cannot be obsermeadhigs in which every
non-zero prime ideal is a maximal ideal, such as principsdidomains. More generally,
the following holds true:

[1.4.5 Lemma. Let R be aring and c R an ideal, such thatt = 4/q is a maximal ideal.
Then,q is anm-primary ideal.

Proof. By Corollary 1.8.18,/q is the intersection of all prime ideals which contairiThe
assumption implies thatt is the only prime ideal which containg i.e., R/q is a local
ring. Letm be the image ofit in R/q. The elements ofit are nilpotent, and the elements
of (R/q) \ m are units. In particular, every zero divisorRjiq is nilpotent. By Lemma
[1.4.1, q is anm-primary ideal. O

11.4.6 Primary decomposition in noetherian rings. Let R be anoetherianring and
I ¢ R a proper ideal. Then, there exist a natural number>ni and primary ideals
a1, ..., am, Such that

=g N agm.

Proof. Step 1.An idealq c Risirreducible if, for idealsl, J c R, the equality
ag=1nJ

impliesqg=1o0rq=J.

Claim. For every proper ideal I R, there exist a natural number m1 andirreducible
idealsqx, ..., gm, such that
I'=q0--Nam.

Let 2 be the set of proper ideals Rwhich cannot be written as the intersection of
finitely many irreducible ideals. Assume thais non-empty. By Theorem II.1.1, this set
contains a maximal element The ideala is not irreducible. So, there exist ideals |
anda ¢ J with

a=1nJd
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Note that this implies ¢ RandJ ¢ R, By definition ofq, the ideald andJ are finite

intersections of irreducible ideals. But thenjs also an intersection of finitely many

irreducible ideals, a contradiction. v
Step 2.By Step 1, it remains to be shown that every irreducible igkeptimary. Let

g € Rbe an irreducible ideal. In view of Lemma 1.2.2, we may replRdy R/q. So,

without loss of generality, we may assume (0). Leta,b € Rwitha-b =0 anda # 0.

We look at the ascending chain

(ANN(D))cy-

SinceR is noetherian, there exists a natural nunies N with
Ann(b*) = Ann(b*t).

Claim. (a) N (b) = (0.

Letc € (a) N (b*). We writec = r - b* for a suitable elememte R. Sincec € (a), we
have
O=c-b=r-bo

This means
r e Ann(* ™) = Ann("),
so thatc =r - b = 0. v
Since(0) is irreducible and0) # (a), we have(0) = (b), i.e.,b% = 0. o

The first step of the above proof bears strong resemblanbe faroof of the existence
of a prime factorization in the ring of integers ([29], Sa&.2).

11.4.7 Corollary. Let R be a noetherian ring andd R aradical ideal. Then, there exist
primeidealsypy, ..., pm With
l=piN-- NPy

Proof. Let
l =aq1N--Nam

be a primary decomposition. According to our assumption Rwaogerty 1.8.19, iv), we
have

| =VI =+va NN am
By Lemma 11.4.3, the radical idea| := +/q; is a prime idealj = 1,...,m. O

11.4.8 Remarksi) The theorem is also known as thasker’~Noether theorem

i) A ring in which every ideal can be written adiaite intersection of primary ideals
is called daskerian ring The above theorem states that every noetherian ring isriask
However, there exist laskerian rings which are not noetgimerAn example is contained
in [9].

iii) The zero ideal in the ringz°([0, 1]) of continuous functions on the unit interval
does not admit a primary decomposition (Exercise 11.4.11).

‘Emanuel Lasker (1868 - 1941), german chess player, math@anaiand philosopher.
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[1.4.9 Caution. In the proof of the Lasker—Noether theorem 11.4.6, we shothatlevery
irreducible ideal in a noetherian ring is a primary idealeTonverse does not hold: Let
k be a field andR := K[x, y].°> We have

(XYY = (X Y2 N (Y, %),

All occurring ideals have the maximal ideal = ( x,y) as radical, so they are ali-
primary, by Lemma 11.4.5.

[1.4.10 Exercisg(Maximal ideals in rings of continuous functiondh this exercise, we
work in the ringR := ([0, 1]) of continuous functions on the interval, [0 c R.
i) Show that, for a poink € [0, 1],

my={feR|f(X) =0}

Is a maximal ideal irR.
i) Let m c R be a maximal ideal oR. Show that there exists a poirte [0, 1] with
m = my. (Hint. Use the compactness of,[[.)

[1.4.11 Exercisg/An ideal without primary decomposition).et R be as in the previous
exercise.

i) Let ¢ ¢ Rbe a primary ideal. Show that there is a unique paird [0, 1] with
q C my.

i) Conclude that the zero ideé)) c R cannot be written as the intersection of finitely
many primary ideals.

The First Uniqueness Theorem

For the considerations in this part, we do not need to asshatétte ringR is noetherian.
Unfortunately, primary decompositions are, in generat, uraque. First, there are
some stupid reasons for non-uniqueness which we will elateaifirst. A primary decom-
position
l=aq1N---Nam

is minimalor irredundant if the following two properties hold:

) vie(L..mk () a¢a

i) For1<i < j<m /g #+/;.
11.4.12 Lemma. Let R be aring, Ic R an ideal, and
I =aqin--Nam
a primary decomposition. Then, the ideal possesses alsmianali primary decomposi-

tion
l =s1N---Ngp

SExample taken fronhttp://math.stackexchange.com/questions/28620/primary-ideals-
of-noetherian-rings-which-are-not-irreducible
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Chapter Il. Noetherian Rings

Proof. Step 1. Given any primary decomposition, one gets a primary decaitipa
satisfying Condition i), by just removing some of the primaomponents.

Step 2. The idea is to collect the primary components with the sardeaain one
primary component. For this, we need the following result:

Claim. Letp c Raprimeideal andy, r, ¢ R twop-primary ideals. Then, the intersection
ri=11N7Ty

is also ap-primary ideal.

We first compute the radical with the help of Property 1.8i¢9,
VirN =Ny =pnp=p.

Now, we show that; N1, is a primary ideal. Lea,b € Rwitha-b € r; N r, and
a ¢ r; N 1. We may assume without loss of generality that r;. Then, there exists an
exponenk > 1 with b¥ € 1;. So,

be+ri=+vVriNro.

This means that there is also an exporientl withb' € r; N 1. v
Let p4, ..., py be the distinct prime ideals with

{P1, o P} = { VoL, s Vam ).

Set
lj:={ie{l..m}[+oi=p;} and rj:mqi, j=1..,n

iel;
By the claim,
=N Ny (11.4)

is a primary decomposition with satisfies Condition ii).Hetprimary decomposition we
started with satisfied Condition i), (11.4) will also sagisLondition i). Otherwise we apply
Step 1 to (11.4). O

11.4.13 Example Letk be a field anR = Kk[x, y]. Here, we have
O, X y) = () N (XYY = ()N OEY). (1.5)

The ideakx) is a prime ideal, and

(XYY = VO y) = (X y)2

This is a maximal ideal, s6x?,y) and( x,y)? are primary ideals. Therefore, (11.5) con-
tains two distinct minimal primary decompositions of thengeideal.

We can understand the underlying geometry at a heuristal.léVhe algebraic set
V(x?) is they-axis in AZ. We should count it twice. The s®{(x - y) is the union of the
coordinate axes. The intersectiviix?) N V(x - y) consists of thg-axis. But the origin
occurs with multiplicity 2, because it occurs bothM(x?) and inV(x-y) with multiplicity
2. This fact is reflected by the above primary decompositions
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This gives an “embedded”
point of multiplicity two
in the intersection.

/

The origin occurs with
multiplicity two in
both “varieties”.

AN

N

_———e————————
Il

[1.4.14 First uniqueness theorem.Let R be aring, Ic R an ideal,
l=qi1N---Nam

aminimal primary decomposition, ang| := +/q;, i = 1,...,m. Then,

{P1,ee0s Pm} = {p c R|pisaprimeideat Ir € R withp = /(I : (r))}.
In particular, the sef p4, ..., pm } depends only on | and not on the primary decomposition.

[1.4.15 Corollary. Let R be anoetherianring. For everyradical ideal | ¢ R, there exist
uniquely determined distinct prime ideals ..., pm, With

I'=p10--0pm.
Let| ¢ R be a proper ideal. A prime ideal c R is associatedwith I, if there is an
elementr € Rwith
p=4/(1 ().
The set of prime ideals associated wiitis denoted by
Ass().

The prime ideals in Ass) which are minimal with respect to inclusion among the ideal
in Ass() are calledsolated The remaining ones are callechbedded

11.4.16 Example We return to Example 11.4.13 and the primary decomposition
(X, %-y) =00 N(x )
The associated prime ideals & and( x,y), and we have
X C(XY).

So, (x) is an isolated associated prime ideal gndy) an embedded one. The corre-
sponding geometric objects are traxisV({x)) and the originvV({ x,y)). The origin is
embedded into thg-axis. This explains the terminology.
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Chapter Il. Noetherian Rings

We need some preparations for the proof of Theorem 11.4.14.

11.4.17 Proposition (Prime avoidance)Let R be a ring.
i) Supposes, ..., Pm C R are prime ideals and € R an ideal with

Then, there exists an indexad { 1, ..., m} with
| C Pio-

i) Letly,...,In € R beideals and c R a prime ideal. If

m

Moreover, if

i.e., prime ideals are irreducible.

Proof. i) We prove the following stateméhiby induction orm:

m

Vie{l..ml: l¢p =— |¢Upi.

i=1

The casen = 1 is trivial. For the induction stepfi — m+ 17, we may choose elements
a,...,8m1 € | with

aé¢p;, Jel{l..om+1}j\{i}, i=1..m+1
If there is an indeX, € {1,...,m+ 1} with &, ¢ p;,, we are done. Thus, we need to
consider the casg € p;,i = 1, ..., m+ 1. We then form
m+1

5This explains the name “prime avoidance”: lavoids the prime ideals, ..., pm, then it also avoids
their union.
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I1.4. Primary Decomposition

Leti € {1,....,m+ 1}. Thei-th summand ob is not contained irp;, but all the other
summands are. It followms ¢ p;, i =1,....m+ 1.
ii) Suppose thap 2 1, j = 1,...,m. Choose elementg € I;\ p, j = 1,...,m. Then,

but

This is a contradiction.
Assume

By what has already been proved, there is an index{ 1, ..., m} with p > I;,. We clearly
havep c |, and, thusp = [j,. O

11.4.18 Lemma. Let R be aringp c R a prime idealg a p-primary ideal, and ac R.
Then,

R, ifaeq
(q9:¢ay) =4 ap-primaryideal ifaé¢q .
g, ifa¢p

Proof. The assertion foa € q is clear. Next, let us assunaez p. If r € (q: (a)), we have
r-aeq. Sincea¢ p = +/q, we haver € q. This shows{ : (a)) c q. The other inclusion
is trivial.

Next, we just assuma ¢ q. Let us first determine the radical of ( (a)). For
re(q:(a), we haver -ae q. Sincea ¢ q, we haver € 4/q = p. This implies

qC(q: (@) cp.

Taking radicals yields/(q : (a)) = p.
Finally, assume that s € Rare elements with- se€ (q: (a)) ands ¢ p = V(g : ().
We have to check thate (q : (@)). Witha-r-se qgands ¢ p, we finda-r € q, i.e.,

re(q:(@). O
Proof of Theorenil.4.14. Let| c Rbe an ideal and

I'=a10---Nam

a minimal primary decomposition. By Property 1.8.17, iv),
m m
VvaeR: (1 :(a)= (ﬂ q: <a>) =i : (@).
i=1 i=1
With Lemma 11.4.18, this gives

vaeR: (@) =()y@:@= (] = (11.6)

i=1 ie{1,...m|agq; }
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a) Leta € Rbe an element, such thg({l : (a)) is a prime ideal. By (I1.6) and Propo-
sition 11.4.18, ii), there is an indeds € { 1,...,m|a ¢ q; } with p;, = V(I : (a)).

b) Letip € {1,...,m}. By the minimality of the primary decomposition, there is an
element

je( L,...m)\fio}
Lemma ll.4.18 and (11.6) show
V(@) = pig.
This concludes the proof. O

11.4.19 ExercisdlIrreducible sets)A topological spac& is calledirreducible, if it is non-
empty, and, iX; andX; are closed subsets, such tiat X; U X,, thenX; = X orX; = X.
Let X be a topological space aida subset oX. Then,Y inherits a topology as follows:
A subsetU c Y is said to beopen if there is an open subsetc X with U = Y n U. We
call a subseY c X irreducible if it is irreducible with respect to the induced topology.

i) Let X be a noetherian topological space ahdclosedsubset. Show that there are
irreducible closed subsefs,...Z:, such that

x Z=27,U---U/Z,
* Z ¢ Zj, fori # j.

Show also that these closed subsets are uniquely determihecksets;, i = 1, ...,r, are
called theirreducible componentsf Z.

i) Let R be a noetherian ring andc R an ideal. What is the relation between the
primary decomposition of and the above decomposition of the closed sulb'$et c
SpecR) into irreducible components?

11.4.20 ExercisgPrimary ideals) Show the following: In the polynomial ring[t], a) the
idealm = (2,t) is maximal and b) the ideal= (4, t) is m-primary, but c)q is not a power
of m.

11.4.21 Exercise(A primary decomposition)Let k be a field andR := k[x,y,z]. Set
P =X Y), P2 = (X 2), andm = (X, Y, 2).

i) Show thatp,; andp, are prime ideals, whilet is maximal.

i) Let | := py - po. Show that

I:plﬂpzﬂmz

and that this a minimal primary decompositionl of
iii) Which components are isolated and which are embedded?

11.4.22 Exercis€A primary decomposition)We work in the ringR = Kk[Xy, Xz, X3, X4], kK &
field. Show that

(X1 X2 — Xa, X1 X3 — Xg, XoX3 — Xg) =
= ( Xg, X2, Xa ) N { X, X3, X4 ) N { X2, X3, Xg ) N { X1 — Xp, Xp — X3, X& — Xg )

is a minimal primary decomposition.
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The Second Uniqueness Theorem

[1.4.23 Proposition. Let R be a ring, Sc R a multiplicatively closed subset,c R a
prime ideal,qg c R ap-primary ideal, and

©. R— Rg

the natural localization homomorphism. Then:
i) The assertion $ p # @ is equivalent to the assertiafi = Rs.
i) If S N p =2, theng® is apc-primary ideal andy®¢ = q.

Proof. i) By Proposition 11.3.6, ii), the extended ided@lequalRs if and only if Sng # @.
Thus, we have to prove:

Clam. SNnp# 2= Snqg+ 2.

“<=". This is clear, becausgc p.

“—" Let se Snyp. Sincep is the radical ofy, there is an exponekt> 1 with s€ € .
FurthermoreS is a multiplicatively closed subset, so tisate S. v

i) We use the description

o= J@:(9)

seS

from Proposition 11.3.6, iv). Supposgee S andr € (g : (). Then,r - s € gq. Since
¢ g, k> 1, we must have € q. This shows;® c q. The other inclusion is contained in
Property 1.8.24, i), so that

0% =q.
By Proposition 11.3.6, iii),J°® = J holds for every ideal c Rs. So, in order to verify
\of = p®, it suffices to check
(Va®)® = p®

With Property 1.8.19, iv), we verify this as follows:
(Va®)° = Va® = g = p = p*©.
Finally, we check tha® is a primary ideal. Suppose we are give € Rands,t € R

with
a-b a b
— = — .-
S-t s t
Then,a- b € ¢°° = q, so thata € q or b¥ € q, for somek > 1. This impliesa/s € ¢ or
(b/t)< = b*/tk € 8, for somek > 1. 0

e

11.4.24 Proposition. Let R be a ring, Sc R a multiplicatively closed subset,d R an

ideal, and
m
| = ﬂ ai
i=1

a minimal primary decomposition. Set := +/g;, i = 1,..,m, and suppose that the
numbering is such that

Ay e{0,...m}Vie{l,.m}: SNp#0 < i>m.
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Then,
My My
1= ﬂ ¢ and = ﬂ a, (11.7)
i=1 i=1

and these are both minimal primary decompositions.

Proof. Using Proposition 11.3.6, iii), and Property 1.8.24, iii},is enough to check the
second equality in (11.7). We first apply Proposition 1.3, and Property 1.8.17, iv), to

see
1= Ja o= [ﬂ qi <s>] = @i =<9

seS \i=1 s€S i=1
Our assertion amounts to

U ﬁ(qi (9) = ﬁQi-

s€S i=1
“c”. Forse Sand 1< i < my, we haves ¢ p;. This inclusion, therefore, follows
from Lemma 11.4.18.
“O". Formp+1 <i<m Snp # @. By Proposition 11.4.23, i), we may pick an
elements € SN q;. Then,

Vie{my+1,..,m}: S:=Sp1 - - Sn€q.
Lemma 11.4.18 shows
Vie{mp+1,...m}: (gi:(S))=R

m
The second equation in (11.7) is a minimal primary decompasj becaus¢ = (1 g;

i=1
is one. By Proposition 11.4.23, iiy? is ap-primary ideal,i = 1, ..., my. This shows that
the first equation in (11.7) is also a primary decompositidio. check that it is minimal,
we may contract it t&R. This is the second equation in (I.7) which is minimal. O

11.4.25 Second unigueness theorenlet R be aring, Ic R anideal,

| = ﬁQi (11.8)

a minimal primary decomposition, and

Ass(l) = {p1,.... Pm}.

i) Let{is,....in} C {1,..,m} be a subset, such tha{ is anisolatedassociated prime
ideal of I, j=1,...,n. Then, thentersection

n
ﬂ Gi;
j=1

does not depend q(fl.8).
i) Letp € Ass() be an associated prime ideal and set

M(l,p) ={reAss()|rcp}.
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Let
{it,..in} ={i € {1, ...m}|+a € M(l,p) }.
Then, thantersection
n
ﬂ Qi
j=1

does not depend d.8).

Proof. For i), we define
S=R\ (piyU---Up)

and, for ii),
S:=R\p,

and look at the localization map: R — Rs. In both cases,

n

ec

1= = ﬂ di;»
j=1

by Proposition 11.4.24. O

11.4.26 Remark.In general, we may associate with any suldsgt ..., i, } € Ass() an
ideal which is the intersection of some of the primary idéal@l.8) and which does not
depend orl.

[1.4.27 Corollary. The primary ideals in a minimal primary decomposition of lieth
correspond to thésolatedassociated prime ideals are uniquely determined by I.

Proof. Let p c Rbe an isolated associated prime ideal. We apply fpia Ass() or ii),
noting M(l, ») = {p}. O

To further familiarize us with primary decompositions, wedy the primary decom-
position of the zero ideal.

[1.4.28 Theorem. Let R be a noetherian ring. Write

{ Pips ..o, P} = AsH(0))

and let
{ Pips .o Pipy } € ASH(0))

be the subset a$olatedprime ideals associated witl®). Then:
i) The nilradical of R is

N=v(0) =prN--- N pe= iy N0 Py
i) Letp c R be a prime ideal. Then, there exists an index{|L, ..., m} with
Pi; € P,

i.e., the isolated prime ideals associated widh are the minimal prime ideals of R.
iii) The zero divisors of R are exactly the elements of the set

K
U Pk.
i=1
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Proof. i) Let
Oy =aqrN---Nak

be a minimal primary decomposition with = /i, i = 1,...,k. Then,

VO =varn-—-Nae=vVarN---Nyak=prN---Npe=p, NN pg
il) By Proposition I.7.2,/(0) c p, so that
Py NN P, CP.

By prime avoidance (Proposition 11.4.17), there is an inflex{ 1, ..., m} with p;, C p.
i) Assume first thata € R is a zero divisor. There is an elemdn R\ {0} with
a-b=0. Since(0) = q. N --- N gy, there is an indek € { 1,...,k} with b ¢ g;,. Sinceg;,
is a primary ideal, it follows thad € /i, = pj,.
Next, let
aepU---Up

If ais nilpotent, thera is a zero divisor and we are done. Otherwise, we may choose

an indexip € {1,....k} and an exponerit> 1 with @ € q;,. Note that the existence of
non-nilpotent zero divisors implids> 2. We have

Gig * (A1 N+ ++ N Gig-1 N Gigrz N =N ak) C az N -+ N ak = (0).
Since the primary decomposition is minimal, we infer
Ji=aq1 0 N Gig-1 N Gigra N -+ Nk # €0).

Choosé € J\{0}. Then,a-b = 0. Letn > 0 be the largest natural number with b # 0.
We see thaa- (a" - b) = a™! . b = 0 and that is a zero divisor. O
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The Nullstellensatz

We prove here Hilbert’s famous Nullstellensatz. It comgdadur discussion from Section
1.9: Over an algebraically closed ground fi&lcdthere is a correspondence between alge-
braic sets irA; and radical ideals iR[ X, ..., X,]. This result, therefore, translates algebraic
geometry in #ine spaces into commutative algebra and establishes theetdedetween
these two areas of mathematics. There are many proofs ofulist®lensatz. We will
present a very elementary one which is a variant of an argtidueto Munshi. The proof
uses some basic facts about integral ring extensions. br tdspeak about integral ring
extensions, we need the language of modules. For thesengage take the opportunity
to develop the language of modules and the formalism of finiig extensions in some
detail. We will also discuss normal rings and (Noether) redrzation.

1.1 Modules

Let R be a ring. AnR-modulds an abelian groupM, +, 0) together with acalar multi-
plication
S RXMe— M,

such that the following conditions are satisfied:
* Yae RYx,ye M:a-(x+y)=a-x+a-y.
* Ya,be RVYxe M: (a+b)-x=a-x+b-x
*x Ya,be R¥Yxe M: (a-b)-x=a- (b-x).
* ¥YXeM:1-x=x

[11.1.1 Remark.Let (M, +,0) be an abelian group. The datum of a scalar multiplication
.- Rx M — M is equivalent to the datum of a ring homomorphtsm

¢: R—s End(M).

The ring End), which is, in general, non-commutative, was describedxariple 1.1.3, viii).
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In fact, let a scalar multiplication Rx M — M be given. The first property states
that

Ua: M — M
X — a-X

is an endomorphism of the abelian groMp So, we can define

¢: R — EndM)
a — U,
The fourth property says tha(1l) = idy, the second and third property express that

compatible with addition and multiplication.
If we are give a ring homomorphism

¢: R— End(M),
then it is easy to check that

“RXxM +— M
@x) — 9@

is a scalar multiplication.

[11.1.2 Examples.i) If kis a field, ak-module is the same askavector space (see [32],
§7).

i) A Z-module is the same as an abelian group. In fact, the enddnsongu,: M —
M (see Remark Ill.1.1) € N, satisfy the recursion formula

YneNVXeM: (X)) =(+1)-x=n-X+1-x=n-X+X=pus(X)+x(lll.1)

Furthermore, it is easy to see that(x) = —x (compare Property 1.1.2, ii). Thugg =0
and

Yne NVXe M : un(X) =(-n)-x=((-1)-n)-x = n-((-1)-X) = n-(=X) = un(=X). (111.2)

So, theuy, k € Z, or, equivalently, the scalar multiplicatiorf ‘are completely determined
by the conditioru; = idy. In particular, on every abelian group, there exists at ronst
scalar multiplication: Zx M — M.

On the other hand, given an abelian gradp we can start with the constant map
to: M — M, x +— 0, and defingu, by recursion (see [26], Satz 1.3.8) via (lll.1) for
all natural numbers and, using (I11.2), for all integers.isithen checked with various
inductions (compare [26], Satz 1.3.12) that

GZXM — M
kX)) — u(X)

is a scalar multiplication.

2This implies thatp(1) = idy.
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i) Let k be a field andR = k[t] the polynomial ring in one variable ovér Any
R-moduleM is, in particular, &-vector space, and

f=uy: M — M
X — t-X

is ak-linear map. So, aR-module determines a pail, f) which consists of &-vector
spaceM and ak-linear mapf: M — M.

Suppose, conversely, thit is ak-vector space and: M — M is ak-linear map.
Set

K[f] := {Zai flnenAeki= o,...,n} c End(V).
i=0

This is a commutative subring of Erd{. By the universal property of the polynomial
ring (Page 5), idand f € K[ f] define a (surjective) homomorphiskit] — k[ f] and,
thus, a homomorphism

¢: k[t] — EndM).

In this way, we get afR-module structure oM. It satisfiesu; = f.

Altogether, we can say th&-modules identify with pairsNl, f) composed of &-
vector spac® and ak-linear endomorphisnh of M. Such objects are intensely studied in
any introduction to linear algebra, especially in the ditrawhenM is finite dimensional.

iv) Let R, S be rings and: R — S a ring homomorphism. Then,

tRxS — S
(ab) — ¢(@)-b
equipsS with the structure of afr-module. In particular, we can useridR — R to
view Ras anR-module.

LetRbe aring andVl, N R-modules. ArR-module homomorphisi:ia mapy: M — N,
such that

* Xy € M:o(x+Y) = @(X) + @(y).
* Yae RYxe M: ¢p(a-Xx) =a- ¢(X).

Module homomorphisms are the maps that are compatible Wihgiven group struc-
tures and scalar multiplications on the modules and, thezeallow to compare éerent
modules. As usual, there arefférent modules which are in a certain sense “indistin-
guishable”. These are modules which are related big@amorphism. The “categorical”
definition of an isomorphism reads as follows: IRebe a ring andV, N R-modules. A
mapg: M — N is anisomorphism of R-modulgei$

* ¢ is anR-module homomorphism,

* there exists aR-module homomorphismi: N — M with oy = idy andyop =
idn.

[11.1.3 Exercise.Let R be a ring,M, N R-Modules, andp: M — N anR-module homo-
morphism. Show thag is an isomorphism if and only if is bijective.
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[11.1.4 Example and Exercisd.et k be a field,R = k[x], and (M, f) and (N, g) k-vector
spaces endowed witkilinear endomorphisms. According to Example 111.1.2,,ithey
defineR-modules. A mag: M — N is a homomorphism dR-modules if and only if it
is k-linear and verifies

pof=gog,
i.e., the diagram
M——N
fl 9
M——N
commutes.

The classification of finite dimension@[x]-modules is provided by the theory of the
Jordan normal form (see [3Z54; compare Page &5.

Constructions

Let Rbe a ring andV anR-module. Asubmodules a subseN c M, such that
* N #@.
* ¥YX,ye N: Xx+ye N.
* Yae RV¥xe N:a-xeN.

Note that, forx € N, we have-x = (-1)- x € N. Let X, € N (N is non-empty). Then,
0 = Xp — X € N. This proves thaN is a subgroup oM. By the third propertyN is also
equipped with a scalar multiplication. Sd,inherits the structure of aR-module.

[11.1.5 Example.Let Rbe a ring. According to Example I11.1.2, iv), we may viéhas an
R-module. The submodules Bfare the ideals.

Suppose thaw is anR-module and thalN c M is a submodule. Then, we can form
the groupM/N (see [29], Satz 11.9.4). We set

< RxM/N — M/N
@) — [a-x.

The reader should verify that this is well-defined and eqphl with the structure of an
R-module. It is thequotient module of M by N

l11.1.6 Example and Exercisd.et R be a ring, M, N Rrmodules, ando: M — N a
homomorphism.
i) Then,

* im(y) is a submodule oN.
* ker(p) is a submodule oM.

* The moduleN/im(y) is called thecokernelof ¢.
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i) The first isomorphism theorem holds, i.e.,

M/ker(p) = im(yp).

Letl # @ be a possibly infinite index set ani()i; a family of R-modules indexed
by I. The cartesian product
XM

iel
together with componentwise addition and scalar multgtien is anR-module. It is

called thedirect productof (M;)ic, .
The set

P = {(n)ie. e > M;|x = 0 for all but finitely many € | }
iel iel
is a submodule o)< M. Itis referred to as thdirect sumof (M;)ic,. Note that the direct
iel
sum&p M; equals the direct produgt M; if and only if I is finite.

iel i€l

If M is anR-module and # @ an index set, we may defind; := M, i € |. In this

case, we set
@ M := @ M..

iel iel
For convenience, we also define

@ M := {0}.

i€

Let M, N be R-modules, then
Homg(M, N) := {¢: M — N|¢ is a homomorphism dR-moduleg
together with theddition
Yo, e HOmMg(M,N) : ¢ +¢y: M — N, X+ ¢(X) + ¥(X),
and thescalar multiplication
Yae RYp e HoOmr(M,N): a-¢: M — N, x+— a-¢(X),

is anR-module, too. The neutral element for the addition is zeeo homomorphism
0:M — N, x+— 0.

[11.1.7 ExercisegThe universal properties of the direct sum and the diremipet) i) Let
R be aring, M)ic; a family of R-modules, an@ M; its direct sum. Define, fok € I,

iel
jk: Mk — @M,

i€l

: ifi=k
m +— (m)iEIWIthm:{rg’ ifiztk -
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Prove thath M; has the following universal property: Given &moduleN and a

i€l
collection of homomorphism$.: My — N, k € |, there is a unigue homomorphism
f: € M; — Nwith f o j, = f, k€ I. In other words,

i€l
Homg(EP5 Mi. N) = > Homg (M;, N).

iel il
i) Let Rbe aring, M), a family of R-modules, ang< M; its direct product. Define,

i€l

forkel,

Show thatxX M; has the following universal property: Given BmoduleN and a col-
iel

lection of Iﬁomomorphismék: N — My, k € 1, there is a unique homomorphism

f: N— X M;with pco f = fi, ke |. In other words,

i€l
HomR(N, >< Mi) = >< Homg (N, M;).

iel iel
LetRbe aring,M a submodule, an8 c M asubset Thesubmodule generated by S
IS ]
S):= (] N= {Zai-xi‘nz lLacRxeS,i= 1,...,n}.
i=1

NcM submodule
ScN

An R-moduleM is freg, if there are an index sétand an isomorphism

If I ={1,...,n}, we write

i=1
[11.1.8 Exercise(The rank of a free module)et R be a ring,s,t € N natural numbers,

andy: R®® — R®' asurjective map. Prove thats > t. In particular,R* = R if and
only if s=t.

If M is anR-module and there arefimite index set and an isomorphisg: (PR —

M, we call the numberi#therank of M. By the last exercise, this is WeII-defiﬁed.

If k is a field, then every vector space has a Ba@se [32],§28) and, so, every
k-module is free. Many concepts of linear algebra, such asnieix formalism, may
be extended to free modules. However, the condition of &seis rather restrictive, in
general. The following lemma gives a first illustration forst

3if and only if the axiom of choice is admitted ([12], Theorerd4)
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[11.1.9 Lemma. Let R be an integral domain and ¢ R an ideal. Then, | is a free
R-module if and only if it is @rincipal ideal.

Proof. Let | be a principal ideal. If = (0), there is nothing to show. Otherwides= (a)
with a # 0. Consider

R — R
r — r-a

SinceRis an integral domainy is injective. The image aop is (a), so that(a) = R as
R-module.

Assumel is a freeR-module. If it is of rank O or 1, thehis a principal ideal. Other-
wise, there is an injective homomorphigmR®? — 1. Setf := ¢(1,0) andg := ¢(0, 1).
The elementd andg are non-zero, becausgss injective. Observe

¢0.-f)=9-¢(1,0)-f-¢(0,1)=g-f-f.-g=0.
Since @, —f) # 0, this contradicts the injectivity aj. |
Let M be anR-module. Theorsion submodulef M is
Tors(M) := {xe M |3 non-zero divisoae R:a-x=0}.

If Tors(M) = {0}, thenM is said to beorsion free If M = Tors(M), thenM is said to be
atorsion module

[11.1.10 Remark.Let us briefly verify that Tord{l) is indeed a submodule. Clearly,e0
Tors(M). Let x € Tors(M), a € R, andb € R a non-zero divisor wittb - x = 0. Then,
b-(a-x)=a-(b-x)=a-0=0, sotha@- x € TorsM). If x,y € Tors(M) anda,b € R
are non-zero divisors with- x = 0 andb -y = 0. Then,a- b is not a zero divisor and

@-b)-(x+y)=(@-b)y-x+(@-b)-y=b-(a-x)+a-(b-y)=0.

This illustrates the appearance of non-zero divisors indéfeition of the torsion sub-
module.

[11.1.11 Examplesi) A free R-module is torsion free.

i) If kis a field, then everik-module is free and, in particular, torsion free.

iii) If Ais an abelian group, i.e.,Z2module (Example III.1.2, ii), them € Alies in
Tors(A) if and only it is an element of finite order.

iv) Let k be a field and ¥, f) a k[x]-module (see Example II.1.2, iii)). IM is a
finite dimensional k-vector space, then\, f) is a torsion module. In fact, since the
vector space En@M) = Hom(M, M) is also finite dimensional, the powef§, k € N,
are linearly dependent. So, there is a polynorpial k[x] with p(f) = 0,* and, for every
Xxe M,

p-x=p(f)(x) =0.

4The theorem of Cayley—Hamilton ([3X36) asserts that we may takeo be the characteristic poly-
nomial of f.
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Let M be anR-module andk € M, then
Ann(x) := Anng(x) :={aeR|a-x=0}

is an ideal inR. It is theannihilator of x.
If N c M is a submodule, we set

Ann(N) := Anng(N) :={aeR|¥xeN:a-x=0}= ﬂAnn(x).

xeN

This is theannihilator of N.

[11.1.12 Remark.Let M be anR-module. Note thaM is in a natural way a module over
the ringR/Ann(M).

Modules over Principal Ideal Domains

The main theorem on finite abelian groups (see [29], Il.18l&9sifies all finitely gener-
atedz-modules. It generalizes to modules over a principal ideat@nR. We start with
the following

[11.1.13 Theorem. Let R be aprincipal ideal domainand M afinitely generatedR-
module. Then,

* M/Tors(M) is a free R-module.
* The map

¢: M/TorsM) & TorsM) — M
(xy) +— x+y

is an isomorphism.

The rank of the fre®®-moduleM/Tors(M) is called therank of M and is denoted by
rk(M).

I11.1.14 Remark.Let M, N be finitely generate®-modules ang: M — N a homomor-
phism. It induces a homomorphism

¢: M/Tors(M) — N/Tors(N).

If ¢ is surjective, then so ig. In particular, rkM) > rk(N) in that case (see Exercise
111.1.8).

We need several preparations to prove this result.

[11.1.15 Proposition. Let R be gprincipal ideal domain m € N a natural number, and
M a free module of rank m. Then, every submodule N of M is freandf n for some
ne{0,..mj}.
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Proof. Without loss of generality, we may assumde= R®™. We set
My :={(as....a.0,..,00e RR"|a, e Ri=1,..,k}

and
N :=NNnM, k=1,...,m

We will prove inductively thatNy is a free modulek = 1, ..., m. Obviously,M; is isomor-
phic toR (asR-module). ThusN; is isomorphic to a submodule & i.e., to an ideal of
R (Example I11.1.5). Lemma lll.1.9 shows thhl; is free of rank O or 1.

Fork > 2, we set

| = { be RlEIbl, ...,bk_]_ eR: (b]_, cees bk—l, b, O, ,O) € Ny }

This is an ideal irR. Pick an elemend € Rwith | = (a) and elementga,, ...,a.1 € R
with
X :=(ag, ..., 1,80, ...,0) € Ng.

If a = 0, thenNx = N¢_; and Ny is free by induction hypothesis. For the rest of the
argument, we assunagez 0. For every element € N, there exists an element Rwith
X—T - X € N¢_1. This shows that the homomorphism

gOk:Nk_lﬂaR — Ny
(X,r) +— X+T-Xo

Is surjective. It is also injective, because
Ni-1 N (Xo) = {0}
So, N is free of rank rkNy_;) + 1. Note that the rank dfl, is at mosk. O

[11.1.16 Remark.The proposition is false, iR is not a principal ideal domain. In fad®

is a free module of rank 1. R contains an ideal which is not principal, we may use the
argument given in the proof of Lemma 1l1.1.9. is not an integral domain, then we
pick a non-trivial zero divisob. Then,

Ann({b)) = Ann(b) # {0}.
But, for a non-zero free module, the annihilator is cleg@ly

[11.1.17 Corollary. Let R be a principal ideal domain and M a finitely generated R-
module. Then, every submodule N of M is finitely generated.

Proof. The assumption means that there exist a natural numkeN and a surjection
0: R — M.

Now, ¢~1(N) is a submodule oM and, therefore, free. Lete {1, ..., m} be its rank and
choose an isomorphism: R" — ¢~1(N). Then,

Ple=1(N)

R o Ny N

is a surjection, andll is finitely generated. m|
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[11.1.18 Remark.The corollary is true for evergoetherianring (see Proposition 111.1.29
and Lemma I11.1.28).

[11.1.19 Proposition. Let R be gorincipal ideal domainand M a finitely generatetbr-
sion freeR-module. Then, M is free.

Proof. We may clearly assumd # {0}. Let us start with an isomorphism
0 R — M.

Lete :=(0,...,0,1,0,...,0), 1 being the-th entry, andx, := ¢(g),i = 1,...,m. A subset
X c M islinearly independentf

/l]_'X1+"'+/ln'Xn:O —l /11:"':/1n:O

holds for alln > 1, for all pairwise distinck, ..., X, € X, and for alla,, ..., 1, € R. Note
that, in a non-zero torsion free module, any set of cardindlis linearly independent. Let
n e {1,...,m} be the maximal cardinality of a linearly independent sulb$¢tx, ..., Xn }
and fix a linearly independent subget, ..., X, } of { X, ..., Xn} with n elements. For
i =1,...,m, there exist ring elemens, a1, ..., an € Rwith

8 X + &1 Xy + o+ 8n - X, = 0.

Note thatg; # 0, becaus¢ X, ..., X, } is linearly independent,= 1, ..., m. So,

Fori =1,...,m, we have
a-X €N :i=(X,...,X,>

and, thus,
a-McN.

Note thatN is a free module of rank. By Proposition 111.1.15a- M is also free. Finally,

Ua: M — M
X +— a-X

is injective, because # 0 andM is torsion free. Sincg, mapsM ontoa- M, the module
M is free. ]

[11.1.20 Proposition. Let R be ararbitrary ring, M an R-module, N &ee R-module,
andy: M — N a surjection. Then, there exists a submodute M, such that

* ¢p: P — Nis anisomorphism,
* the homomorphism

y: Pokere) — N
(Xy) +— Xx+y

is an isomorphism.
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Proof. Let| be an index set, such that

N= (PR

il
Lete = (&j)ja be the tuple witrg; = 1 ande; =0, j € I \ {i}. We pick elements; € M
with
o(x) =6, i€l

By the universal property of the direct sum (Exercise I,1), there is a unigue homo-
morphismo: N — M that maps to x;, i € I. We set

P :=im(o).

Clearly,¢ o o = idy. In particularp is injective and, therefore, mapsisomorphically to
P. It also follows thatpp is inverse to.
Forx e M, we have

e(X= (00 9)(X) = ¢(X) = (¢ 0 0)(¢(X)) = p(X) —p(X) = 0

and
X = (00 ¢@)(X) +(x = (0 ° ¥)(X)).
N — D
eP eker(p)
It follows thaty is surjective. It is also injective, becauBen ker(p) = {0}. O

Proof of Theorentll.1.13. We first show thaM/Tors(M) is free. By Proposition I11.1.13,
it is enough to verify that this module is torsion free. Let g M/Tors(M) be a torsion
element. There exists a non-zero divibovith [b- X] = b-[x] = 0. Thismean®- x €
Tors(M). So, there is a non-zero divisarc R with

(@ b)-x=a-(b-x = 0.

Sincea - b is a non-zero divisorx € Tors(M) and [x] = 0. To conclude, we apply
Proposition 111.1.20 to the surjectio — M/Tors(M). O

LetRbe a principal ideal domain. In order to understand all fipigenerated modules
overR, we need to understand the finitely generated torsion meduilds we will do now.
Let P c Rbe a subset, such that for every prime elentpatR, there exists one and only
one elemenp € P with g ~ p, i.e.,P is a set of representatives for the equivalence classes
of prime elements iR with respect to the equivalence relation “being associated

LetM # {0} be a non-trivial torsion module ov& In this case, Anr{l) is a non-zero
proper ideal oR. Pick a generatoa € R\ (R* U {0}) for Ann(M). The idea is to use the
prime factorization oa to decompos® further.

For any ring elemert € R, let

u: M — M
X — b-Xx

and
My = ker(up).
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[11.1.21 Proposition. Let ¢ d € R becoprimeelements and b c¢- d. Then,
Mb = MC @ Md.
Proof. Itis evident thatM. c M, andMy ¢ M.. Note that(c) + (d) = (1). So, letr,se R

with
r-c+s-d=1. (111.3)

With this equation, we see thit, N My = {0}.
Next, letx € My. By (111.3), we have

X=1-Xx=r-(c-xX)+s-(d-Xx).
Now,d- x € M. andc- x € M. O
There are distinct elemengs, ..., ps € P and positive integers,, ..., ks with
@ = plf ..... plés ).

By Proposition 111.1.21,
M=Mu@- - &Mg.
1 S

[11.1.22 Proposition. Suppose there are an element P and a natural number k 1

with
M= Mpk.

Then, there exist positive integeis.l., I;, such that
M= R/(p")y & & R/I(PY.

We need some preparations for the proof. Mebe anyR-mdoule. We call elements
X1, ..., Xy € M independentf

YA, o Ay eR: A1 X+ 4+, %=0 = A1 %X=-=4A,-%=0.

This condition is weaker than linear independence. In faxtependent elements can
exist in torsion modules whereas linearly independent efescan’t.
In the set-up of Proposition 111.1.22] is said to be g-torsion moduleThe number

e:=minfke N|M = My}

is theexponenexp,(M) of M. In the following,M is assumed to be prtorsion module.
Letxe M\ {0}. We call

s:=min{te N|p'-x=0}
the order ord,(x) of x. Clearly,
s>1, ordy(x) < exp,(M),

and there is an elemerg € M for which equality is achieved.
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[11.1.23 Lemma. In the above setting, letb R be an element with-x = 0. Then,
pordp(x)|b.

Proof. We may writeb = p*- mwith p andm coprime. Assume < 0 := ord,(X). As in
the proof of Proposition I11.1.21, we find s € Rwith

1=r-p>°+s-m

Now,
X=r-p> % X+s-m-Xx
has order at most This is a contradiction to the definition of the order. O

[11.1.24 Lemma. Let M be a p-torsion module of exponent e agExM an element of
order e. Assumeyy..., Yy, € M/{(Xo) are non-zero independent elements. Then, there exist
elements % ..., X, € M, such that

* [x] =V, i=1,..,n,
* ordy(x) = ordy(yi), i =1,...,n,
* Xo, X1, ..., Xy @re independent.
Proof. Lety € M/(xo), 0 := ordy(y), andx’ € M an element withX'] = y. Obviously,
ordy(X') > ordy(y).
There exist x s < eand an element € Rwhich is coprime tan, such that
p°- X = p°-m- Xo.

If s= e, thenp®- x" =0, and orgl(x’) < ord,(y), so that finally org(x") = ord,(y).
If s < e thenp®-m- X, has ordere — s, by Lemma 111.1.23. This means thgthas
ordero + e — s. But, we also know

o+e-s<e 1ie., 0<s

In this case,

/

X = X S-0

has ordeo and [x] =y.
These considerations show that we may fiad.., X, € M, satisfying the first two
properties. Finally, ledg, ai, ..., a8, € Rwith
- Xo+a X+ +a-X%=0.

Then,

a-yi+--+an-Yn=0.
By assumptiong; - y; = 0,i = 1, ..., n. According to Lemma 111.1.23,

PP, i=1,..,n
But then

a-x=0 1i=1..n,
and alsaa - xg = 0. O
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From now on, we assume thislt is finitely generated Let p € P and suppos#l is a
p-torsion module. By Corollary 111.1.17M, is finitely generated. According to Remark
11.1.12, M, is a module oveR/(p). The latter is a field. We shall denote it BY(p). So,
we may associate with the number

Proof of Propositionill.1.22. Let x, € M be an element of orderandM = M/(xo). We
prove .

Note that elements,, ..., x, € M, or elementyy, ..., ¥, € Vp are independent if and only
if they areK(p)-linearly independent.

Lety,...,Y¥n € Vp form aK(p)-basis. By Lemma l11.1.24, we can lift these elements
to K(p)-linear independent elemems, ..., X, € M,. The elementsy, X3, ..., X, € M are
independent. Them'™* - X, X4, ..., X, are also independent. Observe tpat - x, € M.
We see

dimK(p)(Mp) >n+1= dimK(p)(Vp) + 1.

We now prove the result by induction @h:= dimk,(M). If d = 0, we claim that
M = {0}. Indeed, ifM # {0} andx € M \ {0}, theno := ordy(x) > 1 andp®* - xis an
element of order 1, i.e., a non-zero elemenkip

Now, suppose the result holds for all natural numbedimg ) (Mp). Pick an element
Xo € M of ordere = exp,(M). Then,

dimg p)((M/{X),) < dimp(Mp).

By induction hypothesidyl/(Xo) is generated by independent elemegis.., y,. We con-
structxy, ..., X, € M as in Lemma I11.1.24. Themng, X, ..., X, generateM and are inde-
pendent. This means

M = (X0) ® {(X1) @ - - - & (Xn)-

Furthermore,
(Xy = R/(pO®X)y ji=0,1,..,n
This finishes the proof. ]

111.1.25 Theorem (Modules over principal ideal domaind)et M be a finitely generated
torsion module. Then, there are positive integers,s.,ts, s distinct prime elements
P1, ..., Ps € P, and positive integers < k; < --- <k, i =1,..., s, such that

M= RA(PSY @ ® RAPI @ - @ RPS) @ - - @ R/(PES). (111.4)

The integers 4, ..., ts, kj, j = 1,....t, i = 1, ..., s, and the prime elemeftp,, ..., ps €
P are uniquely determined by M.

Proof. The existence follows from the previous discussion. Theguemess follows from
a careful look at submodules of the foidg whereN is constructed in some way froM
andp € P is a prime element.

5They depend, of course, on the choicePof
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First, we observe
{P1, ... Ps} ={peP|Mp# {0} }.

Hence,sandpy, ..., ps are uniquely determined.
Next, we point out that

Z/(PY), = (PP, pePk>1

This shows
= dimK(pi)(Mpi), i = 1,..s

Likewise one sees

#je (L Ltk 2 1) = dime)((MAPT),). 12Li=1..s
From these numbers, one may clearly deterrkine.., Ks,. O

As an application of this result, let us derive the theorenth@nJordan normal form.
Let R = C[X] and let (M, ) be a pair in whichM is a finite dimensional complex vector
space andf: M — M is an endomorphism. By Example Ill.1.2, ii), and Exercise
[11.1.11, iv), this defines a torsion module ov&rx].

We decompose it according to Theorem I11.1.25. Sifcis algebraically closed, a
polynomialp € C[X] is irreducible if and only if it is linear, i.e., of the form- (x— ), for
somec € C*, 1 € C. We need to understand tlagx]-modules

My = C[X/{(x =), A1eCk>1

The elements _
Vi = [(x=)], =1,k

form aC-basis forM, «. Setvy := 0. We have, for = 1,...,k,
XV = AV + (X=2) Vi = Vi + (X= ) - [(Xx= )] = v+ [(x= )] = v +vi g

Thus, with respect to the orderédbasis {1, ..., k) of M,x, multiplication by x is de-
scribed by the matrix

0O --- 0
o, 4A€C.

: o401

O --- --- 0 A

[11.1.26 Theorem (Modules over principal ideal domainslet R be a principal ideal
domain and M a finitely generated R-module. Then, there aresitipe integer t and
elements a...,a € R\ {0} with

(@) 2> -+ D (&)

and
M= R*M g R/(a) @ - - @ R/(a). (11.5)

Moreover, if g, ..., &, are other elements with these properties, thea tt and a ~ &,
i=1 ..t
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Proof. By Theorem 111.1.13, it sffices to look at the case i) = O, i.e., thatM is a

torsion module. We use Theorem 111.1.25. ltet max{tj|i = 1, ..., s}. Define
|i1 == li(t—ti) =0 and li(t—ti+j) = kjj, j =1, ...,ti,i =1..5s
and
aV - pI]iLV """ Isg/’ V= l’ ’t

By the Chinese remainder theorem 1.8.12, these elemeras\cleave the required prop-
erties.

Since we recover the decomposition (l11.4) from (I11.5)ethsserted uniqueness fol-
lows from the corresponding statement in Theorem 111.1.25. ]

Noetherian Modules

Let Rbe a ring andV anR-module. We say thd¥l is noetherian if every submoduléN
of M is finitely generated.

I11.1.27 Remark.i) We may viewR as anR-module (Example 111.1.2, iv). Then, the
submodules oR are the ideals oR (see Example 111.1.5). SR is noetherian a&k-
module if and only ifRis noetherian as ring.

i) If Ris not noetherian, then there exist finitely generdRedodules which are not
noetherian. In factR itself is such an example. It is free of rank 1 Rsnodule and
contains an idedl which is not finitely generated.

[11.1.28 Lemma. Let M be an R-module and N M a submodule. Then, M is noetherian
if and only if N and MN are noetherian.

Proof. We will use the canonical surjection
7. M — M/N.

Assume first thaM is noetherian. Every submodule Nfis also a submodule d¥l.
ThereforeN is also noetherian. The fact that any submodul®gN is finitely generated
is shown with an argumet similar to the one in the proof Cargllll.1.17.

Next, assume thal and M/N are noetherian an® is a submodule oM. Let
X1, ..., Xm € P be generators of the moduden P, yi, ..., Yo € M/N generators for(P) c
M/N, andxq,i € P with 7(Xy.i) = Vi, 1 = 1,...,n. Then, one easily checks that ..., Xm.n
generateP. O

[11.1.29 Proposition. Let R be anoetherianring, M afinitely generatedr-module. Then,
M is a noetherian R-module.

Proof. There exist a natural number > 0 and a surjectiop: R*™ — M. By Lemma
[11.1.28, it sufices to show tha®®™ is noetherian. This will be done by induction omn
m = 1. This was explained in Remark 111.1.27.
m— m+ 1. Let

N :={(0,..,0,r) e RR™V|r e R}.
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This is a submodule dR®™. It is evidently isomorphic tdR. The quotienR¥(™/N is
isomorphic toR®™. In fact,

Q: Rem Re(m+1) N R@(rml)/M
(@, ....am) —  (a,...,am 0)
(al’ ceey am, am+1) [ [ala ceey am, am+1]

is an isomorphism. By the induction hypothedisand R*(™1/N are noetherian. By
Lemma I11.1.28 R®¥(M1) js noetherian, too. O

[11.1.30 The Nakayama lemma. Let R be docal ring with maximal idealn. Let M be
a finitely generatedRr-module, such that

Then,

Proof. AssumeM =# {0} and letm > 1 be minimal, such that there is a surjection

¢: RR™ — M. Defineg as in the proof of Proposition [11.1.20 and set:= ¢(e),
i=1,..,m Sincem- M = M, there are elements, ..., & € m, such that

Xm=2ag - Xy + -+ am- Xm,

ie.,
(1-am) - Xm=ar- Xy + - +am1- Xn1

Sincea,, € m andRis a local ring, (1- a,) is a unit. This shows that,, is a linear
combination ofx, ..., Xn_1, SO thatM is generated by, ..., Xn1. This contradicts the
choice ofm. O

We will discuss two applications of this result.

[11.1.31 Krull's intersection theorem. Let R be anoetherianlocal ring with maximal

idealm. Then,
| = ﬂ mk = {O}.

keN

Proof. The intersection is an ideal. Set
2:={JcR|Jisanidealwithnl =m-1I}.

Note thatn-| € X, so thatr # @. Let J, be a maximal element df (see Theorem I1.1.1).
By definition,m - | c Jo.

Claim. There is a natural number & N, such thatn* c J,.

If the claim is correct, we have
| cmfcJo,

so that
lc Nl =m-1I.
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We see
l=m-I.

Hence,l = {0}, by the Nakayama lemma 111.1.30. v
Let us prove the claim. Sinae is finitely generated, it fices to check:

Viemdl>1: f'ed,.

In fact, letfy, ..., f, generaten and assume@iIi em,i=1,..,n Fork>1,mis generated
by the monomials (compare Example 1.8.8, ii)

----- floo with kg +---+k, =k (111.6)

Ifk>1;+---+1,, thereis anindek € { 1, ..., n} with ki, > |;,, and then the monomial in
(111.6) belongs toJ,.

Let f € m and look at the ascending chain

ios

(Jo: <fk>)ke[N'
There is an exponeip > 1, such that
(Jo: (f)) = (Jo: (f'").
Choosex € (Jo + (%)) N I. This means
Jye JJdacR: x=y+a-fl.

We see
florl.a=f.x—f.-yem-1+J=Jp
and conclude € (Jp : (f**1y) = (Jg : (f*)). Consequenthya- % € Jy andx € Jo. This
implies
(o +{fYY)Nnl=Jnl=m-1 and (Jp+(fl))ex.

SinceJy is maximal inX andJy c Jo + (%), we inferJy = Jo + (f*), thatisf € J. O

Let M andN be finitely generate®&®-modules ang>: M — N a homomorphism of
R-modules. We also have the natural quotient map

n: N — C = cokerfp) = N/im(yp).
Note that we get induced homomorphisms
2: M:=M/(m-M) — N:=M/(m-N)

and
7: N— C:=C/(m-C).

111.1.32 Lemma. i) We haveC = coker{p).
i) The homomorphism s surjective if and only i is surjective.
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Proof. ii) If ¢ is surjective, therp is obviously surjective, too. Ip is surjective, then
cokerfp) = {0}. By i), C = {0}. The Nakayama lemma 11.1.30 impli€= {0}, i.e., the
surjectivity of .
i) We have to show that
ker(r) = im(p).

The inclusion 9" is clear. For c”, let y € N be such tha&([y]) = [#(y)] = 0. So, there
are an elemenn € m and an elemerge N with 7(y) = m- [Z] in C. This, in turn, means
that there is an elemente im(y) with

y=u+m-z
We see that, ifN, we have

[yl = [ul,

and this element belongs to i@)( m|

[11.1.33 Remark.The proof actually shows that the kernel of the induced stiga

N—C

im(e) + m - N.
[11.1.34 Exercise.Let R be a local ring with maximal ideah, M a finitely generated
R-module, andN ¢ M a submodule. Prove that, if

M=m-M+N,

then
M = N.

l11.2 Finite Ring Extensions

Let R, S be rings andp: R — S a ring homomorphism. We say thatis afinite ring
extensionif ¢ is injective andS is finitely generated as &module.

[11.2.1 Example.If K andL arefields, then a finite field extensiok c L, i.e., dimk(L) <
o0, is an example for a finite ring extension.

For the following definitions, we assume thais injective. An elements € S is
integral over Rif there are a positive integer> 0 and elementa,, ..., a, € Rwith®

S+a;-" 4+ +a,1-5+a,=0.

[11.2.2 Example.Let K c L a field extension. Thely,e L is integral oveK if and only if
it is algebraic oveK (see [8], Satz 111.1.6.2, i). IRandS aren't fields, it is important to
keep in mind that the cdiécient of the highest occurring power sfs 1.

5The symbol " refers to theR-module structure o (Example 111.1.2, iv).
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The ringRis integrally closed in Sif
¥seS: sisintegraloveR < seR

We say thaRis integrally closedif Ris integrally closed in its total ring of fractions (see
Example 11.3.5, ii). A ringRis reduced if +/(0) = {0}, i.e.,Rdoes not contain non-trivial
nilpotent elements. It isormal if it is integrally closed and reduced.

l11.2.3 Examples.i) We define
R:= C[x y1/(¢ - y?).

One readily checks that the polynomiel — y is irreducible, so thaR is an integral
domain.
We will show thatR is not normal. For this, we look at the element

t:geqm

in the quotient field oR. We have

2
tzz%:gzy and t2=t-y=x

In particular,t is integral overR, but is is not contained iR. This shows thaR is not
normal.
To conclude this example, let us compute ttgmalization of R, i.e., its integral
closure inQ(R). We look at
S = R[t] c Q(R).

We see that
S= C[X’y?t]/< X2 _yz’tz _y’t3 - X>
Moreover, one checks that

e:C[¥] — S
7 — t

and

><.-.-(D

111

y

are homomorphisms which are inverse to each other. It is waggrify that the poly-
nomial ring C[¥¢] is a normal ring. Hence, so 8. The integral extension: R c S is,
therefore, called theormalization. Using the isomorphisr® = C[] just described, it
is given as
v:S — (C[9]
X — t

y|—>t2.
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Its geometric counterpart is the map

f:AL — V(& -y3) cAZ
t — (519

i) Set
R:=C[X Y]/{(XY).

We write abusively, y for [X], [y] € R. Note thatR is not an integral domain but reduced
and that

0) =Xy N(Y)
is a minimal primary decomposition. By Theorem 11.4.28), nre have

{ zero divisors oR} = (X) U (y).

This shows thak + y is not a zero divisor, so that we may form the non-zero element
X
X+Yy

u:= € Q(R)
in the total ring of fractions oR. It is not contained irR, but satisfies the integrality
condition

2
2 X B

U= X xy=0 X-(X4Yy) X X X
S (X+Yy)2 x+y  (X+Y)?  X+Y X+Yy X+y

This shows thaR is not normal.

iii) Set R := C[X]/(x?). An elementa + b - [X] is a unitif and only ifa # 0,a,b € C.
Otherwise, it is nilpotent. We see th@{R) = R. The ringR s integrally closed, but not
normal, because it is not reduced.

The notion of normality is an important concept in commuweatlgebra and algebraic
geometry. The above examples already suggest that thenradtimormality is related to
singularities. We will study normal rings and normalizations in more detaiSection
[1.5.

LetK c L be afield extension. If it is finite, then every element.o$ algebraic over
K. Conversely, ife € L is algebraic oveK, then the subfield&(a) c L it generates is a
finite extension oK. The sum and product of algebraic elements are algebrals@an.
The reader may consult, e.g., [8], Satz I11.1.6.2, ii), foist We will now prove similar
results in the realm of commutative rings.
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[11.2.4 Proposition. Lety: R— S be annjectivering homomorphismands S. The
following conditions are equivalent:

i) The element s is integral over R.

i) The R-module B] c S is finitely generated.

iii) There is a finitely generated R-modulecTS which contains R].

iv) There exists an [R]-module M, such that

* M is finitely generated as R-module,
* Anngg(M) ={ye R[s]|y-M = {0} } = {0}
Proof. “i) =ii)". Let n > 1 anday, ..., a, € R, such that
S+a,-t+---+a,,-5+a,=0.
Then,R[g] is generated as @-module by 1s, ..., s"1. In fact, set
P(X) :=x"+ay- X"+ + a1 x+a, € RX.

Foru € R[ 9], there is a polynomial € R[X] with u = g(s). Since the leading céiécient of
p is a unit inR, polynomial division is possible. This implies that there polynomials
g,r € R[X], such that

g=q-p+r
and deg() < n. Then,
u=g(s) =r(s) e(l,s.. ).

“ii) =iii)”. We may takeT = R[Sg].
“iii) =1iv)”. SetM :=T. Fory € Anngg(M) c S, we havey- 1 = 0 and, thusy = 0.
“iv) =1i)". Let M be generated as &module by the elements, ..., X,. There are
elementsy; e R i, j = 1,...,m, such that
Yie{l,...,m}: S-X=2a1 X+ + am- Xm.

We form the (n x m)-matrix

with entries in the rindR[ s]. By definition
X1
B-|] : |=0. (11.7)
Xm

We note that the theory of determinants works over every cotative ring. In particular,
we have Cramer’s rule ([32§27): Fori, j = {1,...,m}, let B € Mat,_1(R[s]) be the
matrix that is obtained fronB by deleting the-th column and thg-th row andb;; :=

B%. B = det(B).
Multiplying Equation (I11.7) byB®yields the conclusion
Vie{l..m}: detB)-x =0, ie. detB)ec Anngg(M).

By assumption, de) = 0. Expanding the determinant Bfprovides us with an integral-
ity equation fors. |
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This proposition has several important consequences.

[11.2.5 Corollary. LetR, S berings and: R— S an injective ring homomorphism.

i) Suppose > 1and g,....S, € S are integral over R. Then, the R-subalgebra
R[S, ..., So] € S is finitely generated as R-module.

i) If s,t € S are integral over R, then so arerd and s- t. In particular,

T :={se S|sisintegral over B
is asubringof S.

The subringr in Part i) of the corollary is called thiategral closure of R in Sin the
proof of the above corollary, we use the following

[11.2.6 Lemma. Suppose AB,C areringsand f A— Band g B — C are homo-
morphisms. If B is finitely generated as A-module and C isfingenerated as B-module,
then C is also finitely generated as A-module.

Proof. Supposex, ..., Xn € B generateB asA-module and thay, ..., y, € C generateC
asB-module. Using thé-module structure of, we introduce the elements

-y, i=l..mj=1..,n
It is readily checked that these elements geneZaas A-module. O

Proof of Corollarylll.2.5. i) We prove this result by induction am The casen = 1is
Part ii) of Proposition 111.2.4, ii).
n — n+ 1. For the induction step, we write (compare (1.2))

RISt - Snra] = R[S1, -y Sal[ Snia]-

By induction hypothesisR[s,, ..., s, is finitely generated a®-module. Sinces,,; is
integral overR, it is also integral oveR[s,, ..., S)]. By Part ii) of Proposition 1l11.2.4,
R[Si, ..., S», She1] IS a finitely generatedR[s, ..., S,]-module. Lemma 111.2.6 shows that
R[s1, ..., S, Shi1] IS also finitely generated @& module.

i) By Part i), we know that theR-moduleR[s,t] c S is finitely generated. Note
R[s+t] c R[s,tjandR[s-t] c R[s,t]. Partiii) of Proposition Il.2.4, iii), says thad + t
ands- t are integral oveR. O

[11.2.7 Corollary. Let RS, T beringsandp: R — S andy: S — T injectivering
homomorphisms. If S is integral over R and T is integral oveth®n T is also integral
over R.

Proof. Lett € T. There exist a natural number> 1 and elementby, ..., b, € S with
t"+b " bt b, =0

SetS’ := R[by, ..., by]. The elementsy, ..., b, are integral oveR. By Corollary 111.2.5,S’
is a finitely generate&-module. The elemerttis integral ovelS’. So,

S'[t] = R[by, ..., bn, 1]

is a finitely generate®’-module. Lemma I11.2.6 proves th&[b;, ..., b,, t] is a finitely
generatedR-module. It contain&[t]. By Part iii) of Proposition I11.2.4} is integral over
R. O
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[11.2.8 Corollary. LetR'S beringsy: R— S aninjectivehomomorphism, and € S
the integral closure of Rin S. Then, T is integrally close&in

[11.2.9 Example.This corollary can be applied to the homomorphisnR — Q(R). If T
is the integral closure d® in Q(R), thenQ(T) = Q(R) (Exercise 111.2.11, ii). This means
thatT is an integrally closed ring.

[11.2.10 Exercise(Integral ring extensions)Let R, S4,...S, be rings andfi: R — S,
i =1,...,n, integral ring extensions. Show that

f:R — >n<S|
X — (f_l(x),..., (X))

is also an integral ring extension.

[11.2.11 ExerciseqTotal rings of fractions and integral ring extensianisg¢t R be a ring
andQ(R) its total ring of fractions.
i) Show that the homomorphism

AR:R — Q(R)
a

a +— -

1
is injective.
i) Let S c Q(R) be a subring, containingg(R). Prove that

y: QR — QS)
a Ar(a)

s Ar(9)

is an isomorphism, so that, in particul@(Q(R)) = Q(R).

iii) Give an example of ring®, S, an injective ring homomorphisp: R — S, and
an elemena € R, such that

* a € Ris not a zero divisor,

* ¢(a) € Sis a zero divisor.

Conclude that there is no ring homomorphigmQ(R) — Q(S), such that the diagram

14

QR - Q(S)

commutes.
iv) Let Rbe a ring ands c Q(R) the integral closure dR in Q(R). Demonstrate that
Sis an integrally closed ring wit®(R) = Q(S).
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[11.2.12 ExercisgNormal rings) i) Let R be an integral domain arfsl c R a multiplica-
tively closed subset. Note that one may interpret the leatibnRs as a subring of the
quotient fieldQ(R). Using this interpretation, show that the following idiéntolds in

Q(R):
R= ﬂ R,.

mcR
maximal ideal

Hint. Let sbe an element of the right hand intersection. Lookrat R|r - s€ R}.
i) Prove that an integral domaiR is normal if and only ifR, is normal for every
maximal ideain c R.

1.3 The Nullstellensatz

In this section, we will present a fairly elementary prootblbert’'s Nullstellensatz, fol-
lowing Swan [33]. It is due to Munshi [21]. The next sectiomtains a more geometric
proof, based on Noether’s normalization theorem.

[11.3.1 Nullstellensatz — Field theoretic version. Let k be a field and R a finitely gen-
erated k-algebra, If R is a field, thendkR is a finite field extension.

[11.3.2 Exercisg(Maximal ideals) Suppose thdt is analgebraically closedfield and that
m C K[Xy, ..., Xy] is @ maximal ideal. Prove that there exists a po@t (., a,) € A; with

m:<Xl_ala""Xn_an>'

[11.3.3 Weak Nullstellensatz. Let k be analgebraically closedield, n > 1 a natural
number, and IC K[ Xy, ..., X,] a proper ideal. Then,

V(l) # @.

Proof. There is a maximal ideah with | c m (Corollary 1.4.8, i). By Exercise 111.3.2,
there is a pointd,, ..., a,) € A}, such that

m= (X~ a, ... X — &)

Then,
(@, ....a,) € V(I).

This proves the claim. O

[11.3.4 Strong Nullstellensatz. Let k be analgebraically closedield, n > 1 a natural
number, and kc K[Xy, ..., X,] an ideal. Then,

L(V(1)) = VI.

Proof. We apply thetrick of Rabinovich. Letl = (fy,..., fn,) € K[Xq,...,%,] and f €
[(V(1)) \ {0}. This means

Ya=(a,...an) €Ay : (Vief{l,..,m}: i@ =0 = f(@=0.
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We infer that the polynomials, ..., f, (1—Xo- f) € K[Xo, X4, ..., X5] dO not have a common
zero in At By the weak Nullstellensatz 111.3.3, there exist polynafaiby, ..., by €

K[Xo, ..., Xm] With
bo-(L—X%o-f)+by-fr+---+by- frn=1 (111.8)

Define

¢ KXoy oo, Xm] —  K[Xg, ..., Xn] ¢
1

o = F
X — X, i=1..,n
With ¢ := ¢(bj), 1 = 1, ..., m, Equation (l11.8) yields
C-fi+--+Cp-fn=1. (111.9)
By construction of the localizatioR[ x4, ..., Xn] t, there exists a natural numbee N with
d:=f%ceR[Xy,..x], i=1..,m
Multiplying Equation (111.9) by f* gives
di-fi+---+dy- fn= 5
and showsfs e | andf e V1. O

111.3.5 Corollary. Let k be aralgebraically closedield, n> 1 a natural number. Then,
the mapsp and ¥ defined on Pagd3 are bijections which are inverse to each other.

Next, we will prepare the proof of Theorem I11.3.4.

[11.3.6 Lemma. LetR be an integral domain and & the polynomial ring in one variable
over R. Then, there does not exist an elemeatRf x], such that the localization[R]; is
a field.

Proof. Assume to the contrary thdt € R[X] is an element, such th&[x]; is a field.
Obviously, we must have defj( > 1. In particular, 1+ f # 0. There are a polynomial
g € R[X] and an exponerk € N, such that the equation

1 g

1+f f
holds inR(X) := Q(R[X]). In implies the equation
fk=(1+1f)g (11.10)

in R[X]. We pass to the rin® := R[X]/(1+ f). Then, [f] = -1 in S and (111.10) gives
[f]¥ = 0. We find

(-1)=0
in S. This meansS = {0} and(1 + f) = R[X]. So, 1+ f is a unit inR[x]. But this is
impossible, because deg{if) > 0 (Exercise 1.3.10). |
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[11.3.7 Lemma. Lety: R— S be anintegral ring extension. Then,
RNS* = R*.

Proof. The inclusion %" is obvious. For the converse inclusion, e RN S*. Then,
there is an elemert € S with a- b = 1. Sinceb is integral overR, there are a positive
integern > 1 and elementa,, ..., a, € Rwith

b"+a;-b"*+.---+a,,-b+a,=0.
We multiply this bya"™?! and find
b=-a—a-a----—a.;-a"?—a,-a".
This shows € Randa € R*. O

[11.3.8 Exercise.Let RandS be integral domaing: R — S an integral ring extension,
andn c S be a maximal ideal anat := n N R. Show thatn is a maximal ideal irR.

[11.3.9 Lemma. Lety: R— S be anntegral ring extension. If S is a field, then so is R.

Proof. This is a direct consequence of Lemma llL.3RA {0} = RN (S\ {0})) = RN S* =
R*. O

The central ingredient in the proof of the Nullstellensatz i

[11.3.10 Proposition. Let R be an integral domain, r 1 a positive integer, anah c
R[ Xy, ..., Xn] @ maximal ideal with

mnNR={0}.
Then, there exists an elemen¢ &, such that
* Ry is afield,
* Ry € R[Xq, ..., X5]/mtis a finite field extension.

Proof. We prove the result by induction on
n=1Letf € m\ {0} be a non-constant element and 1 be its degree. Write

1

f=zap-X+a- X1+ +a.,-x+a.

By assumptionag ¢ m. Thus, we obtain the injective homomorphism (compare Eserc
11.3.8)
¢ Ry — RIX]/m =R, &:=[x.
Observe that
g::i-f =X+b - X1+---+b_y-x+b, b=

is a polynomial inR,,[X] with
9() = 0.
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This shows thap is anintegral ring extension. By Lemma II1.3.R; is a field. Obvi-
ously,¢ is a field extension of degree at mbst

n— n+ 1 SetS; := R[x],1 =1,..,n+ 1. We apply the induction hypothesis$p
and the polynomial ring

Si[X]_,..., Xi—l’ Xi+l"-" Xn+l], I = 17’n+ 1
We infer from Proposition 111.3.10 that

Snm=#{0}, i=1.,n+1
Pick non-zero elements
fieSiNnm
and write _ _ _ _
fi=a)-xX+a - X+ +a_-x+a, i=1.,n+1

As before, it follows thag] ¢ m,i = 1,...,n+ 1, and

We get the injective homomorphism

0. Ra — RIXq, .o, Xoal/m = Rlén, . 6], & =[%], 1=1..,n+1
Note that . L i "
%_ao % :0 4 eR,, 1=1,...,n+1,
so that we can form the polynomial
i
O ::%-f:x!+bi1-x!‘1+---+b:_l-xi+bi, bij = % i=1..,1,

inRyx],i =1,...n. We have
g(&) =0 i=1,.,n

We see thap is anintegral ring extension. As before, we conclude tRatis a field and
@ is a finite field extension. ]

Proof of Theorentll.3.4. We find a positive integern > 1 and a surjection
¢ KX, ..., %] —m R

Its kernel is a maximal ideah c K[Xg,...,X,]. Since the elements & are units in
K[X1, ..., Xn], We have
knm = {0}.

In Proposition 111.3.10, we must haw, = k, so that this proposition immediately yields
the claim. ]

[11.3.11 Exercisg(Study’s lemma) Deduce the following result from the Nullstellensatz:
Let k be an algebraically closed field arfidg € K[Xq, ..., X,] polynomials. Assume thatt
isirreducible andV(f) c V(g). Show thatf dividesgin K[X4, ..., X,].

98



I11.4. Noether Normalization

1.4 Noether Normalization

Let k be aninfinite field, e.g., an algebraically closed field. We first colleahgcelemen-
tary facts on the polynomial rinkf xy, ..., X,].

[11.4.1 Lemma. Let f € k[Xg, ..., X] \ {O} be a non-zero polynomial. Then, there exists a
point(ay, ..., a,) € A; with
f(a]_, ey an) # 0.

Proof. We prove this result by induction om For n = 1, observe that a polynomial
f € k[x;] has at most ded( zeroes andt is infinite.

n — n+ 1. For the induction step, s& := k[xy,..., X, and letf € S[x,;1] be a
non-trivial polynomial andd € N its degree. There are polynomia@g ...,gq € S with
0q # 0, such that

f :gd'Xg+1+"'+91'Xn+1+go-

By the induction hypothesis, there is a poiat, (.., a,) € A} with gy(ay, ..., a,) # 0. Then,
f(ag, ..., B, Xne1) = Ga(@a, - Bn) - Xyq + -+ + G1(80, - @) - X1 + Go(@s, .., B)
is a non-trivial polynomial irk[ X,,1]. There exists an elemeate k with
f(a,...,an,a) £ 0,

and this finishes the proof. ]

[11.4.2 ExercisesDominant regular maps) et k be an algebraically closed field. An
affine algebraic varietys anirreducible algebraic seX c A}. Recall that an algebraic
setZ c A} is irreducible if and only if its coordinate algebra

K[Z] := K[X0, ... %] /1(2)

is an integral domain. A regular map (see Exercise 1.9:.8X — Y between algebraic
varieties isdominantif f(X) is dense iry.

i) Let F: X — Y be aregular map between algebraic varietiesrandk[ Y] — K[X]
the corresponding homomorphism of algebras. ShowRhatdominant if and only iF*
is injective.

i) Let X be an algebraic variety. THanction fieldof X is the quotient field

k(X) := Q(kX])

of the coordinate algebidX] of X. Show that a dominant morphisiAt X — Y induces
a field extensiorr*: k(Y) — k(X), such that the diagram

K[Y] - K[X]

k(Y) =2 k(X)
commutes.
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An elementm € K[Xq, ..., X5] IS amonomia] if there are natural numbeks, ...,k, € N
with

The number
degn) = ko + -+ + kg
is thedegreeof m. The set of monomials is kbasis fork[x, ..., X,]. Letd > 1 be a

natural number. A polynomidl € K[ Xy, ..., X,] is homogeneous of degreeitiitis a linear
combination of monomials of degrele

[11.4.3 Remark.Lemma 111.4.1 shows that a polynomiéle k[ X, ..., X,] is homogeneous
of degred if and only if

V(@g,...a) e AVAek: f(1-ay,..,1-a)) =2 f(ay,...,an).

The degreeof a not necessarily homogeneous non-zero polynoma&ak[x, ..., Xn] \
{0} is the maximal degree of a monomial occuring with non-zemtaent in f.

[11.4.4 Noether normalization for hypersurfaces. Let d > 1 be a natural number and
f € K[xg, ..., Xo] @ polynomial of degree d. Then, there are linear polynonmyals., y, €
K[X1, ..., Xa], polynomials g, ..., gq € K[X4, ..., Xn_1], @and a non-zero constante k*, such
that

0 KXty oo, Xl — K[X1, ooy X
X Y
is an isomorphism and
o(f) = F(yr, oY) =C- 8+ g1 - X3+ 4941+ X + Qa). (11.11)

Proof. There are uniquely determiné@®mogeneougolynomialsfy, ..., fg € K[Xg, ..., Xq]
with

*x deg(f) =1,i=0,...,d,
x f="Ffg+fg1+--+ 1+ 1o
* fq#0.

By Lemma 1l1.4.1, there is an elemerthy(...,b,) € A} with ¢ := fy(bs,...,b,) # O.
Note that by, ...,b,) # 0, becausal > 1 and fy is homogeneous of degrek so that
f4(0, ..., 0) = 0. After renumbering, we may assutge# 0. Set

Yo = by X,

yi = bi-Xx+x, i=1..,n-1
We leave it to the reader to check that the homomorphsik Xy, .., X,] — K[X, ..., Xa],
X +— Vi, i =1,...,n,is an isomorphism. Lét := ¢(f). We compute (compare Remark
111.4.3)

h(O, ..., 0, %) = (01, .y D) - X8+ Fy_1(01, ., D) - X8 L+ o (Dyy .oy D) - X + T4, -.ry D).

This implies that there are polynomiadg, ...,dq € K[Xi,..., Xo-1], such that Equation
(11.11) holds. ]
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I11.4. Noether Normalization

[11.4.5 Remarks.) Let f be a polynomial as in (Il1.11). Then,

K[Xq, ... Xa] /()

is a finitely generate#[xy, ..., X,.1]-module. Indeed, it is generated by X ..., [x¢~Y]
(see the proof of Proposition 111.2.4).

i) Assume that is algebraically closed. There is a geometric interpretatf the
lemma. We letf be a polynomial as in (Ill.11) and look at the projection

A — AT?
(al’ sey an) — (al’ AR an—l)
and its restriction
7= V() - V(f) — AE_I

to the zero set of. Then,

* T IS surjective,

* any fiber ofr consists of at moad points, or exactlyd points when counted with
multiplicity.

This means that the hypersurfag¢éf) c A} may be presented agamified covering of
degreed of affine (1 — 1)-spaceA]*. This suggests also that the dimensionV¢f) is
n— 1. We will develop this in Chapter IV.

e
e e
 — e e — — ——

- ———— -

1
Ak

ramificatioridiscriminant locus

[11.4.6 The projection theorem. Let k be analgebraically closedield, | c K[Xy, .., X,]
an ideal, and § € | an element for which there exist a natural number d and elements
01, ...,0q € K[ X4, ..., Xo_1], Such that

fo=>q+0u X"+ + Qa1 X+ Ga.

Set
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* X:=V(l) c A},
* 1" :=1NKXg, ..., X-1],
* X :=V(I')c ATt
Then, the projection
A — AP
(@, ....an) = (ag,...,an1)

satisfies
7(X) = X'.

c”. Leta= (a,...,a,1) € 1(X). There, there exists an elemdrg k with
(ao b) = (al’ -ess An-1, b) e X

Forf € I” c I, we havef(a,b) = 0. Sincef € K[xy, ..., X,_1], this meansf(a) = 0. We
concludea € V(I).

O”. Supposea = (ay,...,an1) ¢ 7(X). We will construct an elemerg € I’ with
g(a) # 0, so thata ¢ X'.

Proof.

Claim. Let f € K[xy,...X,]. Then, there exist an element & | and polynomials g ...,
Pg-1 € K[Xq, ..., Xn_1] With p(@) = 0,i =0, ...,d — 1, such that

f=pPo+prXn+- -+ Pas- Xy +hy
We look at the homomorphism
0. KX, ..., 0] —  K[Xn]

X +— g, i=1..,n-1

Xn > X,
i.e.,

o(f) = f(a x)).
Sincey is surjective, the image(l) of | is an ideal. Note:

dbek: beV(p(l)) & dTdbekvfel: f(ab)=0 < aenX).

Since we assumeal¢ 7(X), we see/(¢(1)) = @. By the “Nullstellensatz in one variable”,
i.e., the definition of an algebraically closed figldl) = k[x,]. So, there exists an element
h, € | with

o(hf) = o(f).
We set

gr := f —h}.
We perform polynomial division byfy. There are a polynomial € K[x, ..., x,] and

polynomialspy, ..., Pg-1 € K[ X4, ..., Xn_1], Such that

d-1
9f=CI'fo+Zpi'X:1-
=y
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I11.4. Noether Normalization

We look at the equation

d-1

0= gi(a %) = 9@ %) - fo(a %) + D p(@) - X
i=0

Now, degffo(a, x,)) = d. This impliesqg(a, x,) = 0 andpj(a) = 0,i =0,...,d — 1. With

hi :=h;+q- foel,
we find
d-1
f = hf + Z 0] X:1
i=0
as asserted. v

Using this claim, we find polynomialp;; € K[Xi, ..., Xo-1] with p;;(@ = 0,1, ] =
0,..,d=1,andh €l,i=0,..,d-1, with

1 = Poo+ Por- Yo+ -+ Pod-1- X3+ ho
Xo = Pro+ Pri-Xn+ -+ Praa- X+

X1

-1
Pd-10+ Pd-11 - Xn + -+ + Pd-1d-1 - Xg + hy_1.

Define

The above system of equations can be rewritten as

oM

Multiplying by the adjoint matrix (compare Page 9%, we infer

1 hy,
det@)-[ : ]:[ : ] (1.12)
) Uhyy

for appropriate polynomialk), ....h’, € 1. We would like to show thag := det(®) €
K[Xq, ..., Xn_1] iS the polynomial we are looking for. The first row in (Ill.L8howsg € |
and, consequentlg € I. Finally, p;j(a) = 0,i,j=0,..,d-1. Thisgiveg(a) =1. 0O

A-

We pause a minute to give an alternative proof of the weaksullensatz 111.3.3.

Proof of Theorenill.3.3. We perform induction om. Forn = 0,1, the theorem is true.
Since an algebraically closed field is infinite, we can appbetier normalization for
hypersurfaces 111.4.4 and assume without loss of gengridlét! contains an elemert
as in the projection theorem. lifc K[ X, ..., Xy] is a proper ideal, so it C K[Xy, ..., Xn_1].
By induction hypothesid/(l") # @. Since

V(1)) = V(I"),

we also havé/(l) # @. m|

103



Chapter Ill. The Nullstellensatz

[11.4.7 Noether's normalization theorem. Let k be annfinite field and 1 c k[ X, ..., X,]
a proper ideal. Then, there are linear polynomials.z, z, € K[X, ..., X,] and a natural
number r< n, such that

W KX, oo Xal = K[Xg, ey X
X 7
is an isomorphism,
K[Xts oo X] = K[X0s wees X /96(1)
Xi — [X|]7 I = 17-'-’ r’
is a finite ring extension. If { (0), thenr<n.

Proof. We perform induction om. Note that the caske= (0) is trivial.

n=1 Letf € k[X] \ {0} be a polynomial withl = (f). Then,k[x]/I is a finite
dimensionak-vector space of dimension at most deg(compare Remark 111.4.5, i).

n — n+ 1. Again, we may assumie# (0). We letyy, ..., y, andy be as in Theorem
[11.4.4, i.e., such thaip(l) contains an elemerfy of the form given in (Ill.11). As was
explained in Remark 111.4.5, ik[ X4, ..., Xa] /{ fo) is a finite module ovek[Xx, ..., X,_1]. Set
J:=¢(l)and

J:=Jn k[X]_, cees Xn_]_].

Sincefy € ¢(I), we have the commutative diagram

KIX0, oo 2] —— K[Xg, oo Xl /()

K[X1, ..o Xno1]/ Y —— K[ Xq, ..., Xn] /J

in which the vertical maps are surjective and the horizooteds injective. So, the ring
K[X, ..., Xn] /J is @ finite module ovek[Xq, ..., X,-1]/J’. Now, we apply the induction hy-
pothesis toJ’ c K[X, ..., X-1]. (The reader should pay attention how to combine the
choice ofyj, ..., ¥, and the choice of elementskifixy, ..., X,_1] hidden in the application of
the induction hypotheses  to a single choice of elements ..., z, € k[ Xy, ..., X,].) O

111.4.8 Lemma. Assume that k ialgebraically closedand let | c K[ Xy, ..., X,] be an ideal
and r < n an integer, such that

K[X1, ..., Xr] — K[Xq, ..., Xn] /|
is injective and kxy, ..., X,] /1 is a finite x4, ..., X]-module. Then, the restriction
7= myays V(1) — A
of the projection

A, — A
(ala () an) L— (ala () al')

to the algebraic set {) is surjective.

104



I11.4. Noether Normalization

Proof. Sets = [%] € K[X,...%]/I, i = r+1,..,n Sinces is integral overS =
K[X1, ..., X], there are a positive integdy € Z and a polynomial
fi(6) = %" + 01 X'+ + dg1- X + Gy € S[X] (I11.13)
with
fi(s) =0,
i.e.,
fiel Nk[Xy,....x], 1=r+1,..n

Define, fori=r +1,...,n,
Ji =1 NK[Xg, ..., X]
and
mi A — A
(a,....q) +— (a,.... 1)

Due to (ll1.13), the projection theorem 111.4.6 implies tha mapsV(J;) surjectively
ontoV(Ji_1),i =1 +2,...,n, andV(J,,1) surjectively ontoA;. Since

T=T7ry10---0Tp,

this gives the assertion. We will see in Remark 1V.2.5, iln@are conceptual proof of this
statement. O

[11.4.9 Exercise{Noether normalization)We study the map
v:c — C°
t — (514 10).
i) Show that the image of is the seV(a) with
W =(B-2 202 2,52 D).

ii) Prove that the projection: C* — C, (21, 2, Z3) — z1, gives a Noether normal-
ization ofV(a), such thak, is a primitive element for the corresponding field extension
Determine the discriminant locus.

[11.4.10 Exercise(Noether normalization)Let S be an integral domain and c S a
subring, such thas$ is finitely generated aR-algebra. Prove that there are a non-zero
elementf € R\ {0}, a natural numbem, and elementg;, ..., y, € S, such that

* Vi, ..., Y are algebraically independent of

* the induced homomorphisgt R¢[y, ...,yn] — St is an integral ring extension.

’See Page 8 for the definition of algebraically independamehts.
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[11.4.11 Exercisg(Universal property of normalizationAn affine algebraic variet¥ is
said to benormal if its coordinate algebr[X] is normal (compare Exercise 111.4.2). Let
k be an algebraically closed field aXdan dfine algebraic variety ovde. Show that there
are anormal affine algebraic varietX and adominant regular map

v X — X

which areuniversal, i.e., for every normal algebraic variefyand every dominant regular
mapy: Z — X, there is a unique regular m@p Z — X with ¢ = v o ¢:

Z_aiﬂ_))?

N

X

The pair Q~( v) is thenormalizationof X.

1.5 Normal Rings

111.5.1 Lemma. Let R be dactorial ring.® Then, R is a normal ring.

Proof. Recall that a factorial ring is an integral domain. I@{R) be the quotient field
of Rands € Q(R) \ {0} a non-zero element which is integral ower Pickd > 1 and
ay, ..., ag € Rwith

fta -ty +a5,-s+a3=0. (11.14)

According to Lemma 1.6.11, there are elemeqgts € R\ {0} which are coprime and
satisfy

s=J
r
By Equation (l11.14),
ril.deRr
Therefore,
g’ =r- & eqr).

Sinceq andr are coprime, this is possible if and onlyrifis a unit ofR. This implies
seR O

[11.5.2 Proposition. Let R be a normal noetherian local ring. Then, R is an integral
domain.

Proof. By definition, a normal ring is reduced, i.a/{0) = (0). According to Corollary
11.4.7, there are a natural number 1 and prime ideals;, ..., p, with

O)=piN---Npr.

We have to prove that= 1. So, let us assunre> 2. We choose elements

8See Page 24.

106



l11.5. Normal Rings

*x fep\(p2U---Up) (compare Proposition 11.4.17, i),
*x g€ (p2n---Np)\ pr.
Then,
* f+g¢pU---Up,ie., f+gisnotazero-divisor (Theorem I1.4.28, iii),
x frgepi-(p2n---np)cpin--Np=(0).

We look at the element (compare Example 111.2.3)

€ Q(R).

f+g

It satisfies

u

f2 tgo0 f-(f+0Q) f .
2 _ g- B B PPN
=002 - (+o - erg_u, e, u-(u-1)=0.

This shows thati is integral oveR. SinceR is assumed to be integrally closed@tR),
this means that € R. Noteu # 0, becausd # 0, andu # 1, becausg # 0. Henceu
and (1- u) are zero divisors ifR. Thus, they are both contained in the maximal ideal
of R. But then 1= u+ (1 — u) € m, and this is impossible. O

111.5.3 Exercise$. i) Let R, andR; be integral domains. Describe the total ring of fractions
Q(R: X Ry) in terms of the quotient field®(R;) andQ(R,).
i) Use Part i) to construct a normal ring which is not an imgg¢glomain.

We look atintegral domainsR, S, and at an injective ring extensign R — S. By
the universal property of a quotient field (Page 24), it iretua field extension

¢: QR — Q(S).
[11.5.4 Remark.If ¢ is a finite ring extension, thepis a finite field extension.
We need to recall some results from the theory of fields.KLbe a fieldnh > 1, and

f)=x"+a,- X"+ +a,1-xX+a,

a monic polynomial irK[X]. Let K c L be a field extension, such thafsplitsin L, i.e.,
there are elements, ..., @, € L, such that

f(X)=X-—ag) - (X=an) in L[X].

Thediscriminantof f is

A(F) = ]_[ (@i — ).

i,je{1,..,n}:
i#]

By the theory ofsymmetric functions ([16], Chapter 1V,§6), 4(f) is a polynomial in
ay, ..., a, With integral codfticients and does not depend onin particular,

A(F) € K.

%It might be good to recall Exercise 1.4.22
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[11.5.5 Remark.We haveA(f) = 0 if and only if f has a multiple root irn..

An irreducible monic polynomialf € K[X] is separable if 4(f) # 0. An arbi-
trary non-constant monic polynomidl € K[x] is separable if its irreducible factors,
normalized to have leading ciiieient one, are separable. A fidids perfect if every
non-constant monic polynomi#le K[X] is separable.

[11.5.6 Examples.i) Every field of characteristic zero is perfect ([8], Komnllll.3.4.8;
Exercise I11.5.7, ii).

i) Every finite field is perfect ([8], Korollar 111.4.1.9; Esrcise 111.5.8, ii).

iii) Every algebraically closed field is perfect. (This is/tal, because the only irre-
ducible polynomials are those of degree one.)

iv) Let k be a field of characteristip > 0 andk(t) := Q(K[t]) the quotient field of the
polynomial ring in one variable ovde Then,k(t) is not perfect. In fact, the polynomial
xP — t is not separable, because

XP—t=(x-9)P

for every field extensiok(t) c L and every element € L with 9P =1t.

[11.5.7 ExerciseSeparable polynomials).et K be a field andf € K[x] an irreducible
monic polynomial. Define the derivativié of f by the usual rules of analysis ([26], Page
127).

i) Let K c L be a field extension, such thatand f” split overL. Show thatf is
separable if and only if andf’ do not have a common zeroin

i) Prove thatf is inseparable, i.e., not separable, if and onlf/i& 0.

111.5.8 ExercisegPerfect fields) i) Let k be aperfect field of characteristiqp > 0. Show
that, for every elemerd € k and everys > 1, there is an elemeite k with

b” = a.

i) Prove that a fieldk with the property that, for every elemeate k, there is an
element € k with bP = a is perfect.
Hint. Use Exercise 111.5.7, ii), to show that an inseparable poiyiral f € k[X] lies in the
subringk[ x"].

Let K c L be afinite field extension ande L. Then,

is a K-linear automorphism. Theminimal polynomialof « is the minimal polynomial
U, € K[X] of the linear mapm, (see [32],§36). Itis, by definition, monic and irreducible.
We say thatr € L is separableoverK, if u, € K[X] is a separable polynomial. The field
extensiorK c L is separableif every elementr € L is separable oveX.

LetK c L be a field extension. An elemedte L is primitive for this field extension,
if L = K(a). Here,K(a) is the smallest subfield &f that containd< anda.

[11.5.9 Remark.If the primitive elementr € L is algebraic oveK, thenK c L is a finite
extension and every element can be written as a polynomiahiith codficients inK.
The degree of this polynomial can be chosen to be smallerttteatiegree of the minimal
polynomialy, of a. In fact, ifr = degf,), then 1a, ...,a" ! is aK-basis forl.
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[11.5.10 Theorem of the primitive element. Let K c L be afinite separabléield exten-
sion. Then, it has a primitive element.

Proof. [8], I11.4.2.3; [16], Theorem V.4.6. O

[11.5.11 Lemma. Let R be an integral domain, k= Q(R) its quotient field, and K- L a
finite field extension.

i) If there exists a primitive element for the field extensitbentthere exists also a
primitive element which igtegral over R.

i) Assume that R is alseormal, and lete € L an element which is integral over R.
Then, the minimal polynomial eflies in Hx].

Proof. i) Let @ € L be a primitive element. Then, there are a natural numbkerl and
elementsy, ..., a, € K with

v +a-a+a =0.

"+ -a”
SinceK is the quotient field oR, we may find an elemerg € R\ {0} with s- g € R,
i =1,...,r. We multiply the above equation I8/ and find

(@9 +@ -9 (@9 t+ - +@.1-SYH - (¢-9+(a-5)=0.

This shows that the elemeat- s is integral overR. Finally, K(a - s) = K(@), because
se K*.
i) Let L c L be a field extension, such that splits inL, and write

o =(X—aq) -~ (x—a;) in L[X,

for suitable elementa;, ..., € L. We may assume that the numbering is such that
a = ay. Note thaty, is also the minimal polynomial faw;, i = 2,...,r. Thus, there are
K-linear isomorphisms

it KX/ {pa) — K(ai) (111.15)

sendingx to «;, i = 1,...,r. We deduce that; is integral overR, i = 1,...,r. The
codficients ofu, are polynomials inxy, ..., @, with integer coéficients. By Corollary
[11.2.5, ii), they are integral oveR. SinceR is integrally closed irK, they must actually
belong toR, and this concludes the argument. m|

[11.5.12 Finiteness of integral closure I. Let R be a normal integral domain with quotient
field K := Q(R), K c L a finiteseparabldield extension, and S the integral closure of R
in L. Pick a primitive element « € S for the given field extension, and et R\ {0} be
the discriminant of the minimal polynomia)l € R[x].}> Then, the following properties
hold true:

i) If r = degf,), then S is contained in the R-submodule of L that is geneiatede

elements
ar—l

v T

b

N
NIR

10See Page 93.
11See Theorem 111.5.10 and Lemma I11.5.11, i).
12See Lemma l11.5.11, ii)
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In particular, for f € S, there exists a polynomialg R[x] with 0 < deg(]) < degf,),
such that
A-f=q(a).

i) We have
SA = RA[Q].

In particular, R[] is normal.

111.5.13 Remark.Assume thaR is noetherian. Since tfemodule (14) - R[a] is finitely
generated, thB-submodules is also finitely generated (Proposition 111.1.29), iR.¢ S

is a finite ring extension. The theorem does not necessaniityy i K c L is not separable!
See [14], Theorem 100, for a counterexample. In the case ofsmparable extension,
we have to add additional assumptionshfor the theorem to remain true (see Theorem
111.5.14).

Proof of Theorentll.5.12. i) We fix a finite field extensiofK c M, such thaj, splits in
M. Letasy, ...,a; € M be such that

Ho(X) = (X—az) -+ (X —ar) € M[x].

We may assume = a;. Sincey, belongs taR[x] and is monic, the equatign,(a;) = 0
shows thaty; is integral oveR, i = 1, ..., r.

Next, let f € S be an element of the integral closureR®fn L. There are elements
dos ---» Gr—1 € K with

f=do+G-a+ - +q1-a "

We define

-1 .
fi=Qo+qu-ai+---+01-a -, i=1.,r

Note thatf = f;. By (lll.15), there is aK-linear isomorphisnK (@) — K(a;) which
mapsa to ; and, thereforef to fj, so thatf; is integral oveR, i = 1, ...,r. We form the

matrix

r-1
1 a1 -+ a

A= : € Mat,(M).

By definition,
Co fy
Al o =]
qr—l fr
We multiply this equation by the adjoint matr¥9 of A (see Page 92) and find

Qo P1
det@)-| : |=]| :
Or-1 Pr
The entries oA are polynomials in the elememé eM,i=1..,rj=0.,r-1,

with integer coéicients. This implies that they are integral o¥e¢see Corollary I11.2.5,
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i). Sincefy, ..., f, are also integral oveR, we infer thatpy, ..., p; are integral oveR. Note
that detf) is aVandermondedeterminant (see [18], Kapitel 1\§3, Beispiel 3). Hence,

dmmy:[q(m—aﬁ

r>i>j>1
This implies that def) is integral oveiR. We finally see that
4-q = zdet@) - p;

is integral oveR, i = 1, ...,r. Furthermore4 - g € K andRis normal, so thatl - g; € R,
i=1,..,r. Weinfer

4-f eRal.
i) We clearly have
Rla] c S,
and Part i) shows
Sc RA[Q].
This yields the assertion. O

111.5.14 Finiteness of integral closure Il. Let k be arinfinite perfectfield** R a finitely
generated k-algebra and integral domain with quotient fi€ld= Q(R), K c L a finite
field extension. Then, the integral closure S of R in L is adiiyigenerated R-module.

Proof. Letn € N be a natural number, such tiRmay be generated ovkiby n elements.
By the Noether normalization theorem I11.4.7, there aretam@number < r < nand a
finite ring extension

¢: Ktg,....tt] m R

This means that we may assume without loss of generalityRiak(t,, ..., t;]. In partic-
ular, the theorem of Gaul3 1.6.4 and Lemma 111.5.1 show Rhigtnormal.

By Theorem 111.5.12, we only have to treat the case tRat L is an inseparable
extension. We explain how we may reduce to the separable b&séx an algebraically
closed extensioh c K ([8], Theorem 111.2.1.8). Lep > 0 be the characteristic of the
fieldk. Leti = 1,..,r, s> 1, andd; s € K a root of the polynomial

x* —1; € K[x].

Then, _
XP" — 1 = (x - 9i.e)” € K[X].

In other wordst; has a unique®-th root inK,i=1,..,r, s> 1. Thus, we write

S
B gy i=Lar, 31

Define
Ks:=k(t;/”,...t""), s>1,

13¢.g., an algebraically closed field as in Example I11.5i, ii
14By definition, this is the smallest subfield Kfthat containg, t;/"", ..., t/"".
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Note
VS Z 1 : Ks C Ks+l.

Ke 1= U K.
s>1

This is a subfield oK. For every elemerd € K., there is an indes, > 1 witha e Keo»
so that we may define

Therefore, we may form

(@ :=min{s>1laec K}. (111.16)
Claim. The field K, is perfect.

We apply Exercise 111.5.8, ii). The fact thitis perfect (Exercise 111.5.8) gives
Ks={beK|b” eK}, s>1, (111.17)

i.e., Ks consists of theps-th roots of elements d&, s > 1. Now, leta € K,. SinceK
is algebraically closed, there is an elembn¢ K with b? = a. By Equation (I11.17),
be Ks(a)+l C Ke. v

Thecomposite LK., of L andK,, in K is the smallest subfield & that contains both
L andK,,. The extensiolK,, c L-K, is finite and, by the claim, separable. I3t L-K,,
be a primitive element (Theorem I11.5.10) apgle K.[X] its minimal polynomial.

Claim. There is an indexgs> 1 with L ¢ Kg[B8] andus € Kg[X]. In particular, Ky [8] =
Ks(B)-

We havel c K, [B]. Letb e L, me N, andAy, ..., Ay, € K., with
b=+ -B+-+An-B"
Then, in the notation of (lI.16),

beKqB], s:=max (), ..., (Am)}-

Now, let (b, ..., b,) be aK-basis forL. The previous discussion shows that there is an
indexsy > 1 with by € Ko [g], i = 1,....n. This clearly impliesL c Kg[B]. Likewise,
the fact thaj; € K..[X] has only finitely many coicients implies that we may suppose
Hp € Kg[X]. v

We chooses, so large thatg [X] contains the minimal polynomial; of 5. The
field extensiorKs, c Kg[f] is separable, because thgis a separable polynomial ([8],
Korollar 111.3.4.13).

SincelL c Kg[g] is a finite field extension, we may replateby Kg[5]. In fact, the
integral closures of Rin L is anR-submodule of the integral closufeof Rin Kg[g]. If
T is finitely generated aB-module, then so i§$ (Proposition 111.1.29).

For the field extensioKg, c Kg[8], we may apply Theorem 111.5.12. It remains to
investigate the extensidf c Kg,. Recall thaR = k[ty, ..., t;].

Claim. The elementg®”, ....t*/"" are algebraically independent over k.
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Indeed, ifq € K[ X4, ..., X] is @ polynomial with

qt’®", ... t"P%) = 0,

thenu := q°° is a polynomial in the subring[x?", ..., x""] c K[xa, ..., x.]. So,u(ty’"", ...,

tYP*) is actually a polynomial ifiy, ..., t;, i.e., there exists a polynomiel € K[xq, ..., ]
with
U (t, . tr) = UCEPT, L HPY),

Sincety, ..., t, are algebraically independent oken’ = 0. Using the injective map

er SN er

Vi, e vr) — (PP vy, ., PO 0y),

we find a bijection between the monomialsuand the monomials i’. We inferu =0
andqg = 0. v
By this claim,

KX, %] — Ky

X — til/pso, i=1,..r,

IS an injective homomorphism, ard, is isomorphic to the quotient field &fx,, ..., X ].
The golynomial rngk[xy, ..., X/] is normal (Theorem 1.6.4 and Lemma [11.5.1), so that
K[t;'"", ..., t7/P*] is integrally closed irK,. It remains to show that

Kty ... t]] — K[tYP, .t/

Is a finite ring extension. By Corollary 111.2.5, i), it is eagh to show that; := til/pso IS
integral ovek(ty, ..., t;], i = 1,...,r. Finally, 7; satisfies the integrality equatioﬂs0 -t =0,
i=1..,r. O

[11.5.15 Corollary (Finiteness of normalization)l et k be aninfinite perfectfield, R a
finitely generated k-algebra and integral domain, and ® thenormalizationof R, i.e.,
the integral closure of the ring R in its quotient fieldR).*> Then, the integral closure S
is a finitely generated R-module and, in particular, a finjtgénerated k-algebra.

Proof. By Theorem II1.4.7, there anee N and a finite ring extension
¢: K[Xs, ... x] @ R

By Corollary I11.2.7, the integral closure &fxy, ..., X,] in Q(R) equals the integral closure
of Rin Q(R). So, we may apply Theorem 111.5.14 kpx, ..., X, ] andL := Q(R). O

[11.5.16 Remark.Not every noetherian ring has a finite normalization. Werrésg23]
for a survey on counterexamples.

155ee Example 111.2.9.
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IV

Dimension Theory

The concept of dimension is very important in many areas dhamatics. That might be
partially due to the fact that we have a good intuition for divsion. It is our impression
that we live in a three-dimensional world, so that, addimgeti we may visualize up to
four real dimensions. Now, it becomes an important taskttoduce in a mathematically
rigid way a concept of dimension that matches our intuitik@eetations. In commutative
algebra, this concept is the Krull dimension of a ring. Ithwi defined and discussed in
this chapter. For integral domains which are finitely geteztaver a field, it is possible to
identify the Krull dimension with the transcendence degrkthe quotient field. Another
important concept is the embedding dimension of a local ringhe geometric context,
the embedding dimension is the dimension of the tangentespaa point. With the
embedding dimension, we may define regular and singulatgoiralgebraic varieties.
Working over the complex numbers, a point of a variety is tagifiand only if the variety
looks locally? around that point like an open subset®f k the dimension of the variety,
i.e., is a complex manifold around that point. So, near r@gpibints, the local geometry
is very easy, whereas, at singular points, it can becomein@igate. We will see some
basic examples for this. We will also highlight some algebcansequences of regularity.

IV.1 Krull Dimension
Let Rbe aring. I1tKrull dimensionis
dim(R) :=sudk e N|3 prime idealsyy C --- C px} € N U {oo}.

IV.1.1 Examplesi) A field has Krull dimension zero. Geometrically, a field eetcoor-
dinate algebra of a point. So, this matches our expectaliaha point should be zero-
dimensional.

We recall that, for varieties over algebraically closeduafields, we have a correspondence between
points of the variety and maximal ideals in the coordinagelita. The local ring attached to a point of the
variety is the localization of the coordinate algebra ofthgety at the corresponding maximal ideal.

%in the euclidean topology a7

115



Chapter IV. Dimension Theory

i) A principal ideal domain is either a field or has Krull dim&on one. For example,
let k be a field. Thenk[x] is one-dimensional as ring. It is the coordinate algebra of
the dfine line A;. Again, our feeling that thefine line should be one-dimensional is
confirmed. It is worthwhile noting that also has Krull dimension one. For this reason,
one draws Spe|) in a fashion which supports this fact (see [20], Chaptér, Example
C)2 It is, indeed, one of the big achievements of modern algel@dometry that rings
such asZz andk[x] may be described on an equal footing.

IV.1.2 Remarksi) Let k be afieldn e N, | c k[x, ..., X,] an ideal, and

R:=K[Xg,..., Xn] /1.

Then, the Krull dimension oR is the supremum of all natural numbesfr which there
existirreducible algebraic sets

VI)D Vo2 -2 Vs

in the dfine n-spaceA]. This illustrates the idea behind Krull dimension: Giverotw
irreducible subset¥,Z c A}, an inclusionY c Z is only possible, ifY = Z or the
dimension ofZ is larger than the one of. For example, an irreducible zero-dimensional
algebraic set is just a point. Any irreducible algebraicmeperly containing it has to be
at least one-dimensional, and so on.

i) Let k be a fieldn € N, andR := k[ x4, ..., X,]. We have the chain of prime ideals

(0) ©(X1) G-+ G ( Xgyueey Xn ).

This shows
dim(k[xq, ..., X)]) = n.

IV.1.3 Theorem. Assume that the field k is infinite. For any natural number N, we
havedim(K[ X, ..., X]) = n.

IV.2 The Going-Up Theorem

We now investigate how dimension behaves under integrglextensions.

IV.2.1 Lemma. Let R and S bentegral domainsand ¢: R — S anintegral ring
extension Then, R is a field if and only if S is one.

Proof. We have already seen thRis a field, if S is one (Lemma 111.3.9). Now, assume
thatRis afield. Lety € S\ {0} be a non-zero element. Choase 1 minimal, such that
there exist elements, ..., a, € Rwith

yn+al.yn_1+...+an_1.y+an:0. (lVl)

Since we chose to be minimal ands is an integral domain, we hawag # 0. Equation
(IV.1) can be read as

an=-y (Y +aY"P 4+ an).

3Accordingly,Z[x] should be two-dimensional. Here, you should consult yactupe of the spectrum
of that ring (Exercise 1.4.21). You will also find it in [20],i@pter I.1, Example H.
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IV.2. The Going-Up Theorem

This shows that
_l _

1
y = ;‘(Yn_l"‘al'yn_z"'““"an—l)
is an element o8. O

IV.2.2 Lemma. Let R, S beringsy: R— S anintegral ring extensionq c S a prime
ideal, and
p=gnNnR

Then,q is a maximal ideal in S if and only ifis a maximal ideal in R.

Proof. The homomorphism induces the homomorphism
¢: R/p — Y/q.

Here,R/p andS/q are integral domains, angdlis also an integral ring extension.

By Proposition 1.4.1, ii),q is a maximal ideal ir if and only if S/q is a field. The
previous lemma says th&/q is a field if and only ifR/p is a field. Using Proposition
1.4.1, i), again,R/p is a field if and only ifp is a maximal ideal irR. This completes the
proof. O

IV.2.3Lemma. LetR, S beringsy: R — S anintegral ring extensionandgc ¢ c S
prime ideals. If
p:=RnNng=RnN{,

then
qg=q.

Proof. The sefl := R\ p is a multiplicatively closed subset of ba®andS. By Exercise
[1.3.8, the homomorphisma induces a homomorphism

©T . R — Sy,

It is readily verified thatpr is an integral ring extension, too. We use the commutative
diagram

R—Y—sS (IV.2)
RT L)ST
Define
ni=¢*cSy and v :=q°cSy.
Note that

aNT=2=q4dnNT.

Thus, Proposition 11.3.6, v), shows

n“=q and n°=4¢". (IV.3)

4Compare Exercise 111.3.8.
SWe usep to view R as a subring 0§ and write intersections instead of preimages.
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Chapter IV. Dimension Theory

Next,
m:=p°C Ry.

By Corollary 11.3.7, ii), it is the maximal ideal dRr. Using Proposition 11.3.6, i), and the
maximality ofm, our assumption gives

nNRr=m=n"NR;.

We apply Lemma IV.2.2 t@r. It shows thatt andn’ are maximal ideals 5. Since
n c ', we infern = n’. So, Equation (IV.3) yields our claim. ]

IV.2.4 Lying-over theorem. Let R, S be ringsp: R — S anintegral ring extension
andp c R a prime ideal. Then, there is a prime ideat S with

p=gnNR
IV.2.5 Remarksi) The theorem says that the induced map

¢": SpecB) — SpecR)

IS surjective.

ii) Note that, by Lemma IV.2.2,7 maps maximal ideals to maximal ideals, i is
also surjective on the level of maximal ideals. Togethehwhe correspondence between
the points of an algebraic set and the maximal ideals of isdinate algebra provided by
the Nullstellensatz (Exercise 111.3.2), we find a nice cqtaal proof for Lemma I11.4.8.

Proof of the lying-over theoremAs in the proof of Lemma1V.2.3, we localize at the mul-
tiplicatively closed subsék := R\ p and look at Diagram (IV.2). Let c St be a maxi-
mal ideal (Theorem 1.4.4). Singg is an integral ring extension, we conclude by Lemma
IV.2.2 that

m:=nNRy

is a maximal ideal oRy. Now, Ry is a local ring (Corollary 11.3.7, ii). Soymt = p® and
m® = p. Finally,
qg:=n°cS

is a prime ideal. By construction,N R = p. O
IV.2.6 The going-up theorem.Let R, S beringsy: R— S anintegral ring extension
k > I natural numbers,

prime ideals in R, and

prime ideals in S, such that
Vie{O,...,I}: g NR=mp.

Then, one finds prime ideals
a+1 & -0 & Gk

in S with
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IV.2. The Going-Up Theorem

* q S Qi1
* gNR=p;,i=1+1,..k.

Proof. It clearly sdfices to treat the case= | + 1. This case follows from applying the
lying-over theorem to the integral ring extension

¢ R/p — S/q
and the prime ideal, of R/p, (Lemma 1.2.2). O

IV.2.7 Theorem. Let R, S berings and: R— S anintegral ring extension Then, the
Krull dimensions of R and S are equal:

dim(R) = dim(S).
Proof. The lying-over theorem and the going-up theorem clearlysiat
dim(R) < dim(S).

Conversely, let

Gdo G- - & gk
be prime ideals irs and

p=gNR
By Lemma IV.2.3,

Po& - S Pk
This implies

dim(R) > dim(S)

and, therefore, the assertion of the theorem. O

Proof of TheoreniV.1.3. We proceed by induction om Forn = 0, we are dealing with
the fieldk. It has Krull dimension 0 (Example IV.1.1).
Now, assume that the theorem is trueripand let

be prime ideals in the polynomial rirkxy, ..., Xns1]. Sincek[Xy, ..., Xn41] IS an integral
domain, we may assumg = (0). Moreover, we may suppoge> 1 (see Remark 1V.1.2,
ii). Let f € p; \ {0}. Recall thatk[x, ..., X,1] IS a factorial ring (Theorem 1.6.4). Thus,
there are pairwise non-associated irreducible polynafial.., fs € K[X, ..., Xn+1] and
positive integerg;, ..., ks, such that

Sincep; is a prime ideal, there is an indéxe {1, ..., s} with f, € p;. We get the prime
ideals
PoC(fi) &P & C P
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Chapter IV. Dimension Theory

This shows that we may assume without loss of generalitypthista principal ideal, say,
p1 = (@) with g € K[Xy, ..., X,;1] @n irreducible polynomial. By the Noether normalization
theorem for hypersurfaces I11.4.4, there is an integra) Brtension

@ K[X1, ..., Xn] — K[X1, ..., Xnr1]/4Q)

By Theorem 1V.2.7 and the induction hypothesis,

dim(K[ Xy, ..., Xn1]/{@)) = n.
This shows thak < n+ 1 and, consequently,
dim(K[Xq, ..., Xns1]) < D+ 1.

Together with Remark 1V.1.2, ii), we obtain the desired difya ]

V.3 The Transcendence Degree of a Field

Letk c K be a field extension. A subsBtc K is said to bealgebraically independent
overk, if everyfinite subsetS’ c S is algebraically independent ovki(in the sense of
Page 8). The algebraically independent subsets afe partially ordered by inclusion,
andg is an algebraically independent subset. Zorn’s lemma g#é&s:

IV.3.1 Lemma. The field K contains maximal algebraically independent sts

A maximal algebraically independent subSet K is called atranscendence basis
for K overk. We say thaK hasfinite transcendence degreeerk, if there exists a finite
transcendence basis fidroverk.

IV.3.2 RemarkThe field extensiok c K is algebraic if and only i is a transcendence
basis ofK overk.

IV.3.3 Proposition. Assume that K has finite transcendence degree over k. teK®e
a transcendence basis and:m#S. Then, every transcendence basis of K over k has m
elements.

If K has finite transcendence degree dvandS c K is a transcendence basis, we
call
trdeg(K) := #S

thetranscendence degred K overk. By Proposition IV.3.3, this is well-defined. K
does not have finite transcendence degree, we say thatirtfirate transcendence degree
and write

trdeg (K) := oo.

Proof of PropositionV.3.3. We may assume th& has the minimal number of elements
among all transcendence basesKorWrite S = { s, ..., S} and letT = {ty,....t,} c K

be an algebraically independent subset vt n. We will then prove that there is a
subseflT’ ¢ T with m elements, such tha€ is algebraic ovek(T’). This implies that

T\ T’ is empty and, thugn = n, and thafT is a transcendence basis. The strategy is to
exchange elements 8fby elements of .
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We set

rr=maxoef{0,...m} | Jiy1,....,ime{l,...m}:
K is algebraic ovek(ty, ..., t,, S .., .-, Sp) }-

We will lead the assumption< mto a contradiction. After renumbering, we may as-
sumefir,1,....im} = {r+1,..,m}. There exists a non-zero polynomiak k[x, ...., Xm,1]
with

f(tl, vy by Sr415 oov5 S tr+1) =0 (ln K)

Sincety, ..., t.,; are algebraically independent oveithere is an indek € {r + 1,...,m},
such thatg, occurs inf, i.e., T & K[X, ..., Xy X1y -es Xig—15 Xigi1s ---» Xme1]- After renum-
bering, if necessary, we may assume thatl is such an index. This means thst;
is algebraic ovek(ty, ..., tr,1, S+2, ...., Sn) and, thereforeK is an algebraic extension of
K(ts, ..., tr41, S42, ..., Sm), contradicting the definition af. O

IV.3.4 ExampleLetk be a field. Fon € N, it follows readily that

trdeg (k(Xg, ..., X0)) = N, K(Xq, ..., Xn) 1= Q(K[ X, ..., Xn]).

IV.4 The Dimension of an Algebraic Variety

IV.4.1 Theorem. Let k be aninfinite field, n> 1, andp c k[xy,..., X,] a prime ideal
Then,

dim(K[xy, ..., Xa] /p) = trdeg(Q(K[X1. ... Xa]/P)).

Proof. By Noether normalization 111.4.7, there are a natural numbe m < nand a
finite ring extension

¢ K[Xq, ..., Xm] — K[Xq, ..., Xa] /p.
The homomorphisng induces dinite field extension (see Page 24)
@ K(Xg, ooy Xm) = Q(K[Xg, ..., Xm]) — Q(K[X4, ..., Xn]/P).
Since every finite field extension is algebraic ([8], SatzllB.2, 1), we have
trdeg (Q(K[ X1, ..., Xn] /1)) = trdeg(k(Xa, ..., Xm)) = M.
On the other hand, Theorem IV.2.7 gives
dim(K[ X, ..., Xn] /) = dim(k[Xq, ..., Xm]) = M.

This settles the theorem. O

The Going-Down Theorem

LetR T be ringsy: R — T an injective homomorphism, arldc R an ideal. We say
thata € T isintegral overl, if there exist a positive natural number> 1 and elements
ay, ..., an € | with

"+a-a"t+- - +a,-a+a,=0. (IV.4)
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Chapter IV. Dimension Theory

IV.4.2 Lemma. Let RS be integral domainsy: R — S an integral ring extension,
¢: K — L the corresponding algebraic field extension,:X Q(R), L := Q(S), and
| c R anideal.

i) An elementr € S is integral over | if and only if € VIe.

i) Assume that R is normal. Lete L be an element which is integral over I. Then,
the minimal polynomiak, € K[x] of & has cogficients inVI1.

Proof. i) If @ € Sisintegral ovel, then an integrality equation like (IV.4) show8 € |€,
so thata € VIe.

Conversely, suppose thate VI¢ and picks > 1 with a® € 16, There arem > 1,
r,...rm €1, anday, ..., an € S with

a®=ap-ri+---+an- .
Now, letM c S be the finitely generateld-submodule generated lay, ..., a,, and

oM — M

X — a°-X

is an endomorphism witk(M) c | - M. As in the proof of “iv}=i)” of Proposition
[11.2.4, we construct a monic polynomigl € R[X] with coefficients inl, such thatp(a®)
annihilatesM. If @ # 0, thenM # {0}. SinceS is an integral domain, this implies that
p(a®) = 0. Thereforeq® anda are integral ovet.

i) By Equation (1V.4) and the definition of a minimal polynaah the minimal poly-
nomial i, of a dividesp(X) := x" + a; - X! + .- + a,_1 - X+ a,. Therefore, the roots
a, ..., ay Of u, are integral ovet. The arguments in the proof of Lemma 111.5.11, ii),
show that the cdcients ofu, belong toR, and Part i) yields that they lie ifl. |

IV.4.3 The going-down theorem.Let R, S be integral domaing; R — S anintegral
ring extension k > | natural numbers,

prime ideals in R, and

prime ideals in S, such that
Yie{O,..,l}: g NnR=p.
If R isnormal, one finds prime ideals
qi+1 2 ° 2 Gk
in S with
* 2 0141,

*x giNR=p,i=1+1 ..,k
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Proof. Again, it sufices to treat the cade = | + 1. We look at the localizatidhS,,
and the homomorphisl® — S,,. It is suficient to show that, with respect to this
homomorphism,
p|e+cl = Pr+1.

In fact, by Corollary 11.3.7 pf, ;, the extension being taken with respectstawill do the
trick.

Lets € pf,,. Then, we may writgg = a/switha € S- p,; ands e S\ q. SinceS
is integral oveRR, it is clear thatr is integral ovem,,;, and Lemma IV.4.2, ii), shows that
we may findn > 1 anday, ..., &, € p;,1 with

l+"'+an—l'a+an:O' (|V5)

a"+a;-a™
In fact, we may assume that+a; - X" +- .- + a,_1 - X+ @, is the minimal polynomial of
a. Now, assume that € p7 \ {0}. Recall thats = a/B. We divide (IV.5) byg" and find
the integrality equation

a .
—, i=1..n, (IV.6)

B
for soverK. We claim thatg(x) := x" + by - ™ + -+ + b,_1 - X + by, is the minimal
polynomial ofs. Indeed, if there were a polynomiglx) € K[X] of degree, say, < n,
with r(s) = 0, then ' - r)(a) = 0 andB' - r € K[x]. This contradicts the choice of By
Lemma I11.5.11, it is a polynomial iR[X], i.e.,b € R, and

S+by -8+ by g-S+b, =0, b=

B -bi=aep, i=1..,n

If B ¢ pi1, thenb; € pyq, 1 = 1,...,n. Equation (IV.6) proves thad” € S - p;1 C q, and
this is impossible. So, after aB, € p,;. O

A Refined Version of Noether Normalization

IV.4.4 Theorem. Let k be an infinite field, R a finitely generated k-algebras mim(R),
and
|0 c---C |I

=

a chain of ideals in R. Then, there exist a finite ring extemsio
¢ Kty,....,t)]] —mR
and natural numbers
with
QD_l(lj) = (tl,...,tkj >, j = O,...,|.

Proof. Step 1. We first reduce to the case wh&nis a polynomial ring. By definition,
there are a natural number> 1 and an ideal c K[Xy, ..., Xn], such that

R = K[Xq, ey Xl /J.

5Corollary 11.3.7 explains why this is natural.
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Chapter IV. Dimension Theory

By Theorem 111.4.7, there is an integral ring extension
U KX, . X] — R

We get the chain
\JOC"'C‘Jl’ 'Jk = ¢_l(|k), k:O,,I

Since the composition of finite ring extensions is a finitgrxtension (Lemma 111.2.6),
we may assume without loss of generality tRat K[Xq, ..., Xn].

Step 2.We first consider the case- 0. Here, we will use several inductions. To start
with, we look at the caske= (f) with f # 0.

Claim. The element f is transcendent over k.

According to the proof of Theorem Il1.4.4, we may assume thate are polynomials
O1, ..., O € K[ X, ..., Xp], SUCh that

f=x+0- X 4+ +g1-X+0. (IV.7)
For a non-zero polynomial(t) = t' + a, -t 1 +--- + a_, - t + g € K[t], we have
p(f) = X" + terms involvingx,, ..., X, + lower order terms

This is not zero. v
A similar argument shows that the elemehis,, ..., X, are algebraically independent
overk (compare Section 1V.3). The inclusion

K[ f, X2, ..., Xn] C K[Xq1, X2, ..., Xn]
is a finite ring extension,
X+ X+ + g x+g—f=0
being an integrality equation fog;. Together with the isomorphism

k[tl,tz,...,tn] — k[f,Xz,...,Xn]
tl — f

i — X, [ =2, ..,0n,
we obtain the integral ring extensidnwith
97H() = ().

Now, we are ready to prove the cdse 0 by induction om. The casen = 1 is clear
by the foregoing discussion.

Next, assume thdtc K[ Xy, X, ..., X] is @ non-trivial ideal. We lef € | \ {0}. Suppose
that it has the form given in (IV.7) and construct an integirad extension

7 Klug, ..., U] — K[Xq, ..., Xn]
with 91((f)) = (u1). So, we have an induced finite ring extension

9 KU, ..., Un] = KUy, ..., Un] /{U1) — K[Xq, ..., Xa] /().
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Definel’ as the image of in the ringk[Xy, ..., X,] /() andl” := E_l(l’). By induction,
there are a natural number2k, < nand a finite ring extension
v Kto, ..., th] — Klup, ..., uy]
with
(1) = (g, o b ).
Definey as the composition af and the homomorphism
Kty,....tn] — Klug, ..., upn]
t]_ —  Up
i — lﬂ(ti), i=2..,n
It is an integral ring extension with

e (1) = (ty, .t )

Step 3. Now, we can prove the general statement by inductioh drhe casd = 0
has been settled in the previous step.lget - - - C I,1 be a chain of ideals ik[ Xy, ..., X].
By induction hypothesis, there are natural numbetsikg < - -- < k < nand a finite ring
extension

9 KU, ..., Uy] — K[Xq, ..., Xq]

with
97(15) = (Up e Ui )y =0,
It induces a finite ring extension
92 K[Ug+1s oo Un] = KU, ooy Un] /{ U, ooy Uy ) — K[Xq, oo Xn] /11
We conclude as in Step 2. O
IV.4.5 RemarkAssume in the statement of Theorem 1V.4.4 that

Po&--&h.

Then, by Lemma IV.2.3,

e i) S M), =11,
ie.,
O<ky<---<k <n,
andky = 0 holds if and only ifpg = (0).

IV.4.6 The chain theorem. Let k be an infinite field, & 1 a natural number, R a finitely
generated k-algebra and an integral domain, and dim(R). Every finite chain

PSSP (IV.8)

of prime ideals in R can be completed to a finite chain of lemgthe., there are prime
ideals

Y
such that

{Po, ... i} C { P, oo P 1
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Proof. We apply Theorem IV.4.4 to (IV.8). Let 8 ky < --- < k < n be natural numbers
and
Q. k[tl,...,tn] — R

be an integral ring extension with
M) =t ot ), =0,

Note that we may assume = n, because otherwise, by the going-up theorem IV.2.6,
there is an ideap < p.1 With o 1(p;) = (ty,...,t,). This assumption and Remark IV.4.5
imply that, ifl] < n, there must be anindexe {1,...,1} with

ki, — ki;—1 > 1.
We pass to the finite ring extension
0 Kt ot i= Kty o ta] /() — R/pigor 2 1= Kig-a,
and look at the image of p;, in R/pj,-;. By construction,
B (P) = (teats oo by )-
The assumptiok;, > » + 1 implies
(Ler) & (leras o T, )

Sincek[t,,1, ..., ty] is a normal ring (Theorem 1.6.4 and Lemma I11.5.1), we maglgphe
going-down theorem 1V.4.3. So, there exists an ideal

qep
with
g @) = (tear)-
The preimage of g in K[ Xy, ..., X,] satisfies

Pip-1 & 9 & Piy-

So, we have increased the length of the given chain by oneatiltg the argument, if
necessary, we arrive at a chain of length O

Heights
Let Rbe aring and c Raprime ideal. Theheightof p is

ht(p) = sup k|3 prime idealspo € --- C p = p }.

IV.4.7 Remark.
ht(p) = dim(R,).
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I\V.4.8 Corollary to the chain theorem. Let k be an infinite field, & 1 a natural number,
q C K[Xq, ..., X;] @primeideal, and

R:=K[Xq, ..., Xn] /0.
Then, for every prime ideal c R, we have
dim(R) = dim(R/p) + ht(p).
In particular, if m ¢ R is amaximalideal, then
dim(R) = dim(R,,).

We now prove a variant dfrull’s principal ideal theorem (see Theorem IV.5.6) for
K[X1, ..., %n]. If Z C A} is an algebraic set, we define

dim(Z) := dim(k[Z])
to be thedimensiorof Z.

IV.4.9 Proposition. Let k be an algebraically closed field,>n 1 a natural number, Ic
K[X1, ..., X,] @ radical ideal, and

V(I)=ViU---U Vg

the decomposition into irreducible components. Then,dbefing conditions are equiv-
alent:

i) The ideal | is a principal ideal.

i) Fori=1,...,s,one haglim(V;) = n- 1.

Proof. One reduces immediately &= 1, i.e., to the case whdns a prime ideal.

“I)=ii)". This is again an application of Noether normalizatifam hypersurfaces
[11.4.4.

“ii) =1)". Sincel is a prime ideal, we may apply Corollary 1V.4.8. The assuopis
equivalentto hi() = 1, i.e.,<0) ¢ | is the maximal chain ending in As explained in the
proof of Theorem IV.1.3, we may always insert a non-zerogpial ideal into that chain.
Therefore| has to be a principal ideal. O

IV.4.10 Exercisg Dimension) Let k be a field,R a finitely generatek-algebra, and
p1, ..., Ps the minimal prime ideals dR.

i) Assume thak is algebraically closed and thatis reduced. WritdR = K[Xq, ..., X,] /I
for a suitable natural number and a suitable radical idedl c K[Xq, ..., X;], and set
Z = V() c A}. Definep; c K[xi, ..., %) as the preimage of; under the projection
K[X1, ..., X)] — K[X1,...,x]/1, 1 = 1,...,n. What is the geometric significance of the
varietiesV(p;)) c Al,i=1,...,8?

i) SetR := R/p;, i =1,...,s. Prove that

dim(R) = max{ trdeg(Q(R))|i = 1,..., s}.

iii) Let S c Rbe a subalgebra. Prove that dBj(< dim(R).
Hint. If py,..., ps € R are algebraically independent overthenk[pa, ..., ps € Ris an
integral domain.
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Chapter IV. Dimension Theory

IV.5 Krull's Principal Ideal Theorem

Let Rbe a ring andV anR-module. The number
[(M) :=sufg | € N|dsubmoduledp C --- C M} € N U {0}

is called thdengthof M.

IV.5.1 Remarksi) Let Rbe a ring. We may view as anR-module. Thenl(R) is not the
same as dink). In fact, in the definition of(R), all ideals are used, not just the prime
ideals.

i) As Part i) already suggests, &moduleM, even a noetherian one, will usually
have infinite length. In other words, modules of finite lengté quite special.

IV.5.2 ExampleLet k be a field and/ ak-vector space. Theth(V) = dim(V).

IV.5.3 Lemma. Let R be aring, M an R-module, andyM - - - ¢ M, a maximalchain of
submodules. ThenM) = 1.

Proof. Note that the maximality of the chain implid4, = {0} andM, = M. We proceed
by induction onl. The casd = O s trivial.
| -1 — I. Letl’ e NandM; ¢ --- ¢ M| be a chain of submodules & with
M{ = {0}. Set
ri= max{t e{0,...I'} M c M|_1}.

Then,
Moa+M =M, i=r+1.,1I.
Observe that
M,,=M N"M=M_ N"nM_1+M)=M+M_1NnM,), i=r+1.,I"-1
SinceM/ ¢ M/, ,, we have
MaanM)c(ManM,,), i=r+1..,1-1

We form
Mo G- e Mic(Man ML) € (M n M) - € (Mo n M),

This is a chain of length at leal$t- 1. SinceMg ¢ --- ¢ M,_; is a maximal chain iM,_y,
the induction hypothesis givés— 1 < | -1, i.e.,I’ < I, and we are done. |

IV.5.4 Lemma. Let R be aring, M an R-module, andd&M a submodule. Then,
(M) = [(N) + [(M/N).

Proof. If N or M/N has infinite length, then it is easy to check tMahas infinite length,
too. So, assume that andM/N have finite length. Then, we have maximal sequences

{0)=NoC---CNu=N and {0}=Mo< - & Mun = M/N

of submodules oN andM/N, respectively. With the preimagd; of M; under the pro-
jectionM — M/N,i =0, ...,I(M/N), we get the maximal chain

{0}=No&---CNpny=N=MoC--- < Mywn)
of submodules oM. Lemma I1V.5.3 show§ M) = I(N) + [(M/N). |
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IV.5. Krull's Principal Ideal Theorem

IV.5.5 Lemma. Let R be a noetherian local ring and M a finitely generated Riute.
Then, the following holds:

dim(R/Ann(M)) =0 = (M) < .

Proof. We supposév # 0.

Step 1.Let m be the maximal ideal dRandk := R/m. SinceRandM are noetherian,
m is finitely generated, and, for every natural numbernN, (ms- M)/(ms. M) is a finite
dimensionak-vector space. Note, f@e N,

I((m®- M)/(n - M)) = dimy((m® - M)/ (me"" - M))

and
s-1

I(M/(ms - M)) = " dimy((m' - M)/ (m™* - M)).
i=0
The second formula results from Lemma IV.5.4.

Step 2.LetR := R/Ann(M) andmt c Rthe image ofn under the surjectioR — R.
Then,Ris a local ring with maximal ideah. The assumption dirR) = 0 implies thafn
is also a minimal prime ideal &®. Therefore, it equals the radical Bf(see Proposition
1.7.2). Sincem is finitely generated, there is a powsr> 1 with m° = (0) (compare
Example 1.8.8, ii), i.e.,

m®>c Ann(M) and m®- M = (0).
Together with Step 1, we find our claim. O

Let R be a noetherian ring ande R\ R*. A minimal prime ideal containing is a
prime idealx € p ¢ Rwhose imag® c R/({X) is a minimal prime ideal.

IV.5.6 Krull's principal ideal theorem. LetR be a noetherianring,« R\R* andp c R
a minimal prime ideal containing x. Thehnt(p) < 1.

Proof. We look at the localizatiofr,. In view of Remark 1V.4.7, we have to show that
dim(R,) < 1. So, we have reduced to the case Ra a local ring and the minimal prime
ideal p containingx is the maximal ideal oR.

Suppose we have a chairt g ¢ p of prime ideals irR. We may pass to the quotient
R/r and, therefore, assume that (0) and thatR is anintegral domain.

Now, we work with the localizatioR — R,. We form the descending chain

"+ (X)cR neN, (IV.9)

of ideals inR. We claim that this sequence becomes stationary. It gigestd a de-
scending chainf)nen in R := R/(x). Note that our construction implies thatis zero-
dimensional and, therefore, has finite lengthRasodule, by Lemma IV.5.5. For this
reason, the sequencg )..n becomes stationary. By Lemma [.2.2, this is also true for the
sequence (IV.9).

Pick a natural number, with

Q%+ (%) = a4 ().
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Chapter IV. Dimension Theory

In particular,

npec no+1€¢

q° " Cq +(X).

Letr € g™, There are elementse ¢**1*° anda € Rwith
r=s+a-x

We infer
a-X=r-=s

Sincex ¢ q, we find, using Property 1.8.24, ii),

a= I’;S = qnoecem R = qnoe NR= qnoec'
X

Our discussion shows

noec _ .no+1€C npec

q q +P-q

Using Exercise 111.1.34, we find

ng€c __ qn0+lec

q
This yields

no€ noece _ _ng+1€ce _ qn0+1e _ e e

a” =q q a” -q

in R,. Note thats® is the maximal ideal oR, (Corollary 11.4.7). We apply the Nakayama
lemma 111.1.30 once more. It gives

"¢ = (0).

SinceRis an integral domain, this implies thgb = (0) (see Page 55) and, thuss= (0).
This contradicts our assumption gn |

IV.5.7 ExercisdKrull's Hohensatz) Let R be a noetherian ring andc R a proper ideal.
We say thal c p is aminimal prime ideal containing, lif the imagep of p in R/l is a
minimal prime ideal oR/I.
Assume that there aee N anday, ..., as € Rwith (ay, ...,as) = |. Prove that
ht(p) < s

for every minimal prime ideap c R containingl. What is the geometric interpretation of
this statement?

IV.6 Embedding Dimension
Let R be alocal notherian ring andm c Rits maximal ideal. Then,
m/m?

is a vector space over the fieRjim.
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IV.6. Embedding Dimension

IV.6.1 RemarkThe idealm is finitely generated, becauBas a noetherianring. Let> 1
anday, ..., as € m be such that
(aq,...,8g) = M.

Then, the classesq], ..., [ag] € m/m? generaten/m? as a vector space ovBym, i.e.,
dimR/m(m/mz) <Ss

The natural number
edim®) := dimg,, (m/m?)

is called theembeddingr tangential dimensioof R.

IV.6.2 Proposition. Let &, ...,as € m be elements, such that the clas§aq, ...,[as] €
m/m? generaten/m? as a vector space over/R. Then,

(aq,...,ag) = M.

In particular, the embedding dimension of R equals the mahimmber of generators for
the maximal ideain.

Proof. We look at the homomorphism
0:R® — m
(r,...,fs) —> rp-a+---+rg-as
of R-modules. The assumption states that the induced homoimsorph
2 (R/m)® — m/m?
is surjective. By Lemma 11.1.32, ii)p is surjective. O
A noetherian local rindr is regular, if
dim(R) = edimR).

IV.6.3 Remarksi) Let R, S be not necessarily local rings agd R — S a surjective
homomorphism. Ifi ¢ S is a maximal ideal ir§, thenm = ¢~1(n) is @ maximal ideal in
R, and we have an induced surjection

Q: m/m? — n/n.

i) Let R be a not necessarily local ringy ¢ R a maximal ideal, angg: R — R,
the localization. TherRR,, is a local ring with maximal ideat = m®. Then, by Corollary
11.3.7, ),

n*=m®=m and @m?°=m

It is also evident (Proposition 11.3.6) that
(m?)® = n?,
Thus, we have an induced injective homomorphism
Q: m/m? — n/n.

It is also clear thap is surjective and, therefore, an isomorphism.
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Chapter IV. Dimension Theory

IV.6.4 Examplesi) Let k be an algebraically closed field,> 1 a natural numbeR :=
K[ X1, ..., Xo] andm c Ra maximal ideal. Then,

dim,(m/m?) = n.
This is obvious form = (x4, ..., X,). In general, there is a poindy, ..., a,) € A} with

m={(X —ag, .., %X —an),
and
@ KX, oo Xl — K[Xq, ...s Xa]
Xi — X —a, i:]-"-'7n7

is an automorphism which magsq, ..., X, ) to m. Corollary 1V.4.8 and Remark 1V.6.3,
i), show thatR,, is a regular local ring of dimensiam

i) Let k be an algebraically closed field,> 1 a natural numbet, c K[x, ..., X,] an
ideal,R := K[Xq, ..., X,] /I, andm c Ra maximal ideal. Then,

edimR,) <n.

In fact, let
7. K[Xg,.... %] — R

be the canonical surjection. There is a poat (.., a,) € Af with
T({ Xy — A1, ooy Xn — @ )) = ML

By Remark IV.6.1,
dim(m/m?) < n.

The contention follows now from Remark 1V.6.3, ii). This giw(a partial) explanation for
the name embedding dimension: Given #ina varietyX with coordinate algebrR :=
K[X], k an algebraically closed field. Then, the maxinfuhthe embedding dimensions
of the localizations oR at all maximal ideals is a lower bound for the minimal numiber
such thaX can be embedded inf&y.

IV.7 Singular Points of Algebraic Varieties

We now work over aralgebraically closed fieldk. Fix a natural numben > 1, and a
radical ideall c K[Xy, ..., X,]. Define

Z:=V(l) cAy
as the corresponding algebraic set and

R:=K[Xq, ..., Xn] /I

"The above discussion shows that this maximum exists. Inifastoounded byn, if X c AT
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IV.7. Singular Points of Algebraic Varieties

as its coordinate algebra. According to Exercise Ill.3i2,dssignment
ar— my:={feR|f(a)=0}

establishes a bijection betwe¥(l) and the set of maximal ideals of thealgebraR.

We say that € Z is aregular pointof Z or thatZ is non-singularat a, if R, is a
regular local ring. Otherwise, we say thaits asingular pointof Z or thatZ is singular
ata. Thek-vector space

T.Z := Hom(ma/m2, K)

is theZariski tangent spacef Z ata. Observe that it is defined intrinsically in terms of
the coordinate algebra & i.e., without reference to the embedding: A.
A derivationof Rata is ak-linear map

t:R— k
which satisfies th&eibniz rule
vf,geR: t(f-g)=t(f)-g(a)+ f(a) - t(g).

The space
Dery(R) := {t € Hom(R K) |t is a derivation at}

of all derivations oR ata is a sub vector space of HQ(R, k).
Now, suppose: R — ks a derivation oR ata. We find

t(1)=t(1-1)=2-t(1).
This impliest(1) = 0 and, byk-linearity,
Yiek: t(Q)=0. (IV.10)
Note that

F:R — kom,
f — (f(a), f-f(a)

is an isomorphism ok-vector spaces. By (IV.10),is determined by its restriction ta,.
Next, letf,g € m,. Then,

t(f-g) =t(f)-9(@ + f(a) - t(g) = 0.
Thus,t,,, factorizes over &-linear map
t: may/m2 — k.
IV.7.1 Proposition. The map
H: Der(R) — TaZ = Hom(img/m2 K)
t — t
is an isomorphism of k-vector spaces.
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Proof. The injectivity andk-linearity are clear from the definition and the above discus
sion. Now, suppose we are givea Hom(img/m2, k). We set

t:R — k
f— I([f - f@)).
Now, letf,g € R Then,
(f - f(a)) - (g-g(@) € m.
We now compute
t(f-g) = t(f-g-(f-1(@) (g-9@)

= t(f-g(@+f(@)-g- f(a)-9(a)

= 1(f)-9(@) + f(a)-t(9) - f(a)- 9(a) - (1)

= 1(f)- 9@ + f(a) - 1(9).
So,tis a derivation oRatawitht = |, i.e.,H is also surjective. O

IV.7.2 ExamplgTaylor expansion)Let a = (a, ..., a,) € A} be a point andn := (X, —
a, ..., Xn — &, ) C K[Xq, ..., Xp] the corresponding maximal ideal. The homomorphism

Ta: K[Xg, ... X)] — K[Xg, ..., Xn]
X — X-—a, i=1..,n
is ak-linear isomorphism. So, for a polynomitle k[x, ..., X,], there exists a polynomial
Taf € K[Xq, ..., Xo] With
f(Xg, .o Xn) = Taf (X — @y, ..., Xn — @n).
We call T, f the Taylor expansiof f ata. We have
Taf(Xe—ag,...., % —an) = f(a) + Z 0¢i(a) - (% — &) + higher order terms
i=1

The vector spacexa/mgI has the basisq — ai], ..., [X, — a,]. Letl4, ..., |, be the dual basis
of Hom(ma/m2, K). Then,

Ve KXy, ... %] : 1i(f) = d1,(a).

On the other hand, we may define tbertial derivatives

— e k[xy, ... %], i=1..n,

by formally applying the rules we know from analysis ([27]aitel 5). Then, one finds
of ,
d¢i(a) = 8_>q(a)’ i=1..,n (Iv.11)

In fact, fori € {1,...,n}, the operators.;(a) and @/0x;)(a) are bothk-linear and satisfy
theLeibniz rule, i.e., for f,g € K[Xq, ..., Xn],

L D@= @ @+ 1@ S
For this reason, itis enough to check (1V.11) for constahtpamials and the polynomials
X1, ..., Xn. FOr all of these, (IV.11) is trivial.

0t.gi(a) = 0ti(a) - 9(@) + f(a) - dgi(a) and
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IV.7. Singular Points of Algebraic Varieties

IV.7.3 Remark.n principle, we could try to compute the Taylor expansiosoalip to
higher orders. Here, we have to be a little cautious: Theluiaydor formula ([27], Satz
7.2.2; [4], Kapitel I, Satz (2.9)) requires division by naetbnumbers of the formy!-- - --1)!
with 1 +--- + 1, = l in the term of ordet. So, the characteristic of our base fi&lchust
be larger thar, if we would like to have the usual formula for the term of artden the
Taylor expansion. If we allow, as we do, fields of characteri®, it makes only sense to
look at the linear terms of the Taylor expansion.

Now, letgs,...,0s € K[Xy, ..., X,] be such thal = (g,...,gs). For every derivation
D: R— kata, the composition

D: KX, ..., %] - R—5 k
is a derivation oK[ X, ..., X,] ata.

IV.7.4 Lemma. A derivationD: K[Xs,...,Xo] — k at a factorizes over a derivation
D: R— kof Rata ifand only if

Vie{l,..,s}: D(g)=0.

Proof. The implication ‘=" is trivial. For the converse, we have to show tBatanishes

on all elements of. An element ot has the formf;-g;+- - -+ fs-gs for suitable polynomials
f1,..., fs € K[Xq, ..., Xo]. Since a derivation is &-linear, it sufices to look at elements of
the shapd - g;, f € k[xq, ..., X)], i € {1, ..., s}. For such an element we have

D(f - ) = D(f) - gi(a) + f(a) - D(g)) = O.

Indeed, the first summand vanishes, becauseV(l) c V(g) and the second one by
assumption. O

Example IV.7.2 and Lemma IV.7.4 give the following desaoptof the tangent space
of a variety at a point.

IV.7.5 Proposition. Let | = (gy,...,0s) C K[Xq,..., X,] be an ideal, R= K[Xq, ..., X,] /I,
Z:=V(l),and a= (a,...,a,) € Z. Then,

Zn:t--%(a):Oizl s
L J aXJ ) 9 seey .
j=1

In the situation of Proposition IV.7.5, sét:= (g, ..., §s). The matrix

TZ = {(tl, ity €K

j=1..n

is theJacobian matribof the ordered tupl& of polynomials. Putting everything together,
we find the following result.

IV.7.6 Proposition (Jacobian criterion)Let | = (Qy,...,0s) C K[Xq, ..., X,] be an ideal,
R:=K[Xq,..., %] /I, Z := V(), and a= (a, ..., &,) € Z. Then,

edimR,,) = n-rk(J@), JIs(@) := (%(a))_ € Mat(s, n, k).
oA
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Moreover, if all the irreducible components of Z have thesaimension, R is a regular
local ring if and only if

rk(Js(a)) = n—dim(2).

The reader should compare this with the correspondingtrasutal analysis ([27],
Abschnitt 11.2). Given a set of elemengts..., gs € K[ X4, ..., X], it is not obvious what the
dimension oiV(gy, ..., gs) is. However, ifs = 1, we know from Proposition 1V.4.9 that it
isn—1. In this case, the Jacobian criterion is easy to check.grok[ X, ..., Xn] \ {0},
the hypersurfac¥(g) is non-singular aa € V(g) if and only if there is at least one index
j €{1,....,n}with (0g/9x;)(a) # 0.

IV.7.7 Examplesi) We define the curve
Z:=V(X-y-y)cA2
and compute the partial derivativesof= x3 — y? — y2:

of ., of

&—3X, 0_y:_y(2+3y)

They both vanish at (@) and (Q—2/3). The second point does not lie @1 So,Z has
exactly one singular point at the origin.

0.54

i) Setf :=y- (3x% —y?) — (x* + y?)? andZ := V(f) c AZ. This is aclover leaf.
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0.5

T T T T T T T T
-08 -06 -04 -02 0.2 0.4 0.6 0.8
x

The partial derivatives are

af_ _ 2 ﬂ_ 2 _ 2
aX_6xy ax - (X + ¥9), ay_3x 3y? - dy - (%% + yP).

We look at points where both partial derivatives vanish.sEhgoints verify the equation
0 = 3x3 — 3xy? — 6xy? = 3x- (X% — 3y?).
This givesx = 0 orx = + V3 - y. In the first case, we must also havg? - (3 + 4y) = 0,

thatis,y = 0 ory = —3/4. The origin (Q0) is a singular point oZ, but (Q —3/4) does not
belong to the curve. In the second case, we plug the resalthetsecond derivative:

0=9y* -3y’ —4y-4y* = 2y°- (3-8y).
So,y = 0 andx = 0, ory = 3/8 andx = 3- V3/8. The point (3 V3/8,3/8) does not lie

on the curve.
i) We look at Cayley'’s ruled surface

. 2 3
Z = V(XiXg + X5 + X1 %) C A2,
The partial derivatives of := X2x3 + X3 + XX, are

of of
AR, LS8,
% X1 X3 + X2 9% X5 + X1

aof
a—xg—xl.

They all vanish on the line
['={x1=0=x}CcZ

In other wordsZ is singular along the link
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Let us add a simple example which is not a hypersurface.

IV.7.8 ExampléThe twisted cubi?). We look at the regular map

o AL — A}
t — (4, t3 5.

The points in the image clearly satisfy the equatfons
X¥-y=0, xX-z=0, y¥-7Z=0.
Setg; =X -y, 0 =xX—-203:=y -2, | :=(01, O, gs), andZ := V(I). The map

v:Z — A
(XY, — X

is inverse tap. Let us determine the corresponding homomorphisms of edggExercise
1.9.8):

o* KXY, 7/ K[t]
[X]
[V]

[

1111

and

v Kt — Kxy, 7/l
t — [X].

8In this example, we will slightly abuse notation, by not oliguishing between coordinate functions
and coordinates.
9The third one being redundant.
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IV.7. Singular Points of Algebraic Varieties

So, the varieties\} andZ are isomorphic and one dimensional. In particulais non-
singular. Let us check this with the Jacobian criterion:

2x -1 0
Je = 3 0 -1 1.
0 3y -2z

This matrix has everywhere rank at least two. We add)¢3the first line and {22)x the
second line to the last line and find

(6x- (y? — x2 0 0).

This vanishes at every point & So, the matrix has, in fact, rank two at every point of
Z_lO

IV.7.9 Lemma. Let k be an algebraically closed field,n 1, f € K[Xq, ..., X;] anirre-
duciblepolynomial, and Z= V(f) c A}. Then,

SingE) :={ae Z|Zis singular at g
is aproperZariski closed subset of Z.

Proof. By the Jacobian criterion IV.7.6, we have

of of
Si =V[f,—,..,—].
ng@) =V (1.5 |
This shows that Singl) is Zariski closed irZ. AssumeZ = Sing(Z). This means
of
V(f)cV|—
V()
Le., of
f)&, | = l,...,n,
by the lemma of Study I11.3.11. Since déd(dx;) < deg(f), this is only possible if
g—; =0, i=1..,n (IV.12)

In characteristic zero, it follows thdtis constant. But, this is ruled out by the assumption
that f be irreducible.
If char(k) = p > 0, then (IV.12) implies thaf is a polynomial inx?, ..., x5. The field
k is perfect, because it is algebraically closed (Exampl&.Bl iii). So, we may find a
polynomialg € k[Xq, ..., Xn] with
f =gP.

Again, this contradicts the assumption thidte irreducible. O

We would like to extend this result to arbitrary varietiesor khis, we need some
preparations.

10The fact that the rank afg can never be three at a pointofollows, indeed, from Theorem IV.7.16,

i).
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Semicontinuity of the embedding dimension

LetRbe aring,r,s e N, M € Mat(r, s;R) an { x s)-matrix with codficients inR, and

1 <t < min{r,s}. At-minorof M is the determinant of & k t)-matrix which is obtained
from M by deletingr —t rows ands—t columns. Itis an element &and can be expressed
as a polynomial with integer céiecients in the entries d¥1. Recall the following basic
result from linear algebra ([7], 3.3.6, Satz):

IV.7.10 Lemma. Let K be a field, ys € N, M € Mat(r,s K), and1 <t < min{r, s}.
Then, the rank of the matrix M is at least t if and only if it hasan-vanishing t-minor.

Now, letk be an algebraically closed field, > 1, 1 c K[x,..., X,] a radical ideal,
R:=K[xg, ..., %]/l, Z :=V(l) c A}, and

M = (fij)}zl ,,,,, € Mat(r, s, R).

1.,

For every point € Z, we obtain the matrix
M(@) = (f;(@) . € Mat(r.s K.

Forte {1,...,min{r,s}}, at-minor of M is a regular function od, i.e., an element dr.

IV.7.11 Exercisesi) Let a € Z be a point and := rk(M(a)). Show that there is a Zariski
open subsed € U c Z, such that

YaeU: rk(M(a) >t.

i) Show that there are a non-empty Zariski open sulegset U c Z and a natural
numbert € {0, ..., min{r, s} }, such that

YaeU: rk(M(a)) =t

and
YaeZ: rk(M(@a)<t.

Supposdy, ...,0 € K[Xy, ..., Xn] generatd and seilG = (gi,...,g). Then, the above
discussion can be applied to the Jacobian magixAn immediate consequence of Exer-
cise IV.7.11s:

IV.7.12 Proposition. There are a non-empty Zariski open subgetr U c Z and a
natural number € {n—min{l,n}, ..., n}, such that

YaeU: edmR,)=t, mya={feR|f(@=0}

and
VaeZ: edimR,)>t.

We will see later (Theorem 1V.7.16) that dim(2).
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IV.7. Singular Points of Algebraic Varieties

Principal open subsets
Letk be an algebraically closed field,> 1, andf € k[xy, ..., X,] \ {0}. Then, we call

D(f) := A\ V(f)

theprincipal open subset associated witl{compare Exercise 1.4.18).

IV.7.13 RemarkLet U c A} be a non-empty Zariski open subset. Then, there is a non-
zero ideall c K[X, ..., X,] with A} \ U = V(I). Pick f € I \ {0}. According to Property
1.9.1, iv), V(I) c V(f), and, therefore,

D(f) c U.

IV.7.14 ExerciseLet U c A} be a non-empty Zariski open subset. Prove that there are
finitely many elementd,, ..., fs € K[Xq, ..., X;] \ {0} with

U =D(f)) U---UD(fy).
The regular functiorf doesn’t vanish anywhere @ f). For this reason, we consider

k[X]_, cees Xn]f

as thering of regular functions on D(f). There is an even better justification for doing
this: The homomorphisms

@1 KXg, ooy Xnea) [Knsr - T =1)  — K[Xq, ..., Xn] ¢
Xi — X, i=1..n
1

Xn+1 > T

f

and

oKXy, oo, Xalt = KX, .o, Xoe1] /(Xnea - T = 1)
X — X, i=1..n

-  Xh

f

are inverse to each other. Now, the algekjra, ..., X,:1]/{Xn+1 - T — 1) is attached to the
hypersurface
V(X1 - = 1) c AP,

This hypersurface is the graph of the function
D(f) — A

1
a — —.

f(&)

The projection

. n+1 n
AT — Ay

(ala () an+1) — (ala () an)
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Chapter IV. Dimension Theory

induces a homeomorphism betweéfx,,, - f — 1) andD(f). In this way, we may view
D(f) as an &ine algebraic variety. The inclusion

D(f) c A}
corresponds to the localization homomorphism
K[ X1, ..., Xn] = K[Xq, ..., Xn] 5.

IV.7.15 ExampleLook at
D(X) = A; \ {0} C AL

The above construction embeﬁ§\ {0} as a hyperbola intmﬁ.

The same thing can be done for every algebraic variety. bhdeep c k[xq, ..., X,] be
a prime idealR := K[Xq, ..., Xn] /p, andZ = V(p). For f € R\ {0},

D(f) := Z\ V(f)

is a non-empty open subset. By Property 1.9.1, iv), and Esendl.3.2, its points are in
one-to-one correspondence with the maximal ideats R, such that

f ¢ m. (IV.13)

The setD(f) inherits a topology from the Zariski topology @f(compare [17], Section
2.1). On the other handg; is a finitely generate&-algebra, and thus defines affize
algebraic varietyZs. By Corollary 11.3.7, ii), the points oZ; correspond to the maximal
ideals ofR, satisfying (IV.13). AgainZ; comes with a topology. The reader should check
that both topologies on the set of maximal ideal$Rp&atisfying (IV.13), thus obtained
do agree and that the localizatiB+— R; gives (via Exercise 1.9.8) rise to the inclusion
D(f) c Z.

The singular locus of an algebraic variety

IV.7.16 Theorem. Let k be an algebraically closed field,>n1, p c K[Xy, ..., X,] a prime
ideal, S:= K[xg, ..., Xo]/p, and Z:= V(p).
i) The singular locus

SingE) :={ae Z|Zis singular at g
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IV.7. Singular Points of Algebraic Varieties

is a proper Zariski closed subset of Z.
i) For every point & Z, we have

edim@S,,,) > dim(Z).

Proof. We will reduce to the case of a hypersurface (Lemma IV.7.9)fatt, we will
show tha#Z looks almost everywhere like a hypersurface. This is bligiaaonsequence
of the theorem of the primitive element 111.5.10.

LetL := Q(S) be the quotient field 0§. The proof of Theorem 111.5.14 shows that
there is an injective homomorphism

¢ Kty, ...t — L,
such that the induced field extension
¢: K:=K(ty,...,ts) — L
is separable. Now, there are elemamts.., gs, hy, ..., hs € S\ {0} with
9

==, i=1.,s
¢(t|) hia | ] 9S

By the theorem of the primitive element 111.5.10, we may fopgy, he,1 € S\ {0}, such
that

a = %
. hs+1
is a primitive element for the field extensihc L. Seth:=hy - ---- hs - hs,1. Then, we

may viewg as a homomorphism:
©. k[tl, ...,ts] — Sh.

As ak-algebra,S;, is generated by; = [X(],....& = [X], and &1 = 1/h. Since
K — L is a finite ring extension, these elements are integral Kyee., we find natural
numberss > 1 and elements,, ..., . € K with

Etuy &+ tuy G+ x =0, i=1..,n+1
Now, there are elementg € k[ty, ..., ts] andp, € K[ts, ...t \ {0} with

i
. .
% J

=—, j=1..s,i=1..,n+1
J ﬁl]

Setting

n+1

g:= ﬂﬁﬁﬁ,

i=1 j=1

we find afinite ring extension
a k[tl, ceey ts]g — (Sh)g = Sgh
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Chapter IV. Dimension Theory

which inducesKk — L.!! Recall that, by our construction, there is a primitive elame
@ € Sgh. Leta e K[ty, ..., t]4 be as in Theorem 111.5.12. We find a natural numberN
and an elememt’ € K[ty, ..., t¢], such that

A
A:E.

We see that

Sgnar = (Sgn)r = Ktz o tdgala] = Klt, .o tdgulters] /().

The minimal polynomial, of & has coéicients ink[ty, ..., tJq (see Lemma 111.5.11, ii).
We may find a polynomiay € K|t ..., tg] whose irreducible factors are among those of
g and4’, such thatf := y - u, € Kty, ..., ts, ts;1] is an irreducible polynomial (compare
Lemmal.6.16, i). Let

H:=V(f) c A

This is an irreducible hypersurface, and
Ho :=H \ V(g- 4')
is a dense open subsetldf By constructionHg is isomorphic to the dense open subset
Zy:=Z\NV(g-h-4)

of Z. Lemma IV.7.9 yields that there is a dense open subdsetZ with

Sing¢) c Z\ U.
By the previous discussion, the rank of the Jacobian is evesye at most

t:=n-dim(2),

and the locus where it is strictly less thais the vanishing locus of alk ( t)-minors of
the Jacobian. But this is also the singular locuZofThis proves all the claims about
the singular locus. The statement on the embedding dimefsliows from this and the
Jacobian criterion 1V.7.6. m|

IV.7.17 Remarkln the above proof, we have shown that any algebraic variatydn
open subset which is isomorphic to an open subset of an cigléuhypersurface. You
will usually find this result in the form (see, e.g., [11], Position 1.4.9)

Any algebraic variety is birationally equivalent to a hyparface.

IV.7.18 ExercisgSingular and non-singular points l)) Compute the Jacobian for the
following regular functiond : €2 — €. Which points are non-singular by the “Jacobian
criterion”? Find out which equation gives which curve in folowing picture. Try to
explain why the remaining points really are singular.

a)f(xy) =X =X -y, b)f(xy)=xy-xX -y, ¢)f(xy) =x -y -x -V,
d) f(xy) = X2y + xy? — xX* — y*.

1By Exercise 111.4.10, you should be familiar with this argent.
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0.
o8 10
06
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08 06
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02 0.
02 o
o
04

Node Triple point Cusp Tacnode

ii) Do the same as in i) for the following regular functiohs €3 — C.

a)f(xy,2=xy-2, b)f(xy.2=x+y -2, ¢)f(xy,2=xy+xX +y

Double point Double line Pinch point

IV.7.19 Exercis€Singular and non-singular points .lll.et k be an algebraically closed
field andR := K[x, Y, 7] /{ xyz Z%).

i) Is the ringR reduced?

i) Sketch the “variety” associated witR

iii) Determine dimR).

iv) For which maximal idealst c Ris R, a regular local ring?

IV.8 Regularity and Normality

IV.8.1 Lemma. Let R be a noetherianring,d N a natural numberpy € --- € p; a chain
of prime idealsgy > p; a prime ideal, and % q. There exists a chain
PG EP_1Cq

of prime ideals with »x po.
Proof. | = 1. Here, we simply take; := q.

| -1 — I.If Xx€ p_1, we may apply the induction hypothesis with; instead ofy
to get

PG CEP L, CP1EP =P Ca

If X ¢ p_1, then we look atx) + p_» ¢ p_1. Letg c R/({X) + pi_2) be the image of in
this ring. The ring R/({xX) + pi_2)); contains a minimal prime ideal(Exercise 1.4.14 or
Theorem 11.4.28). The idealcorresponds to a prime ideat R with

P2 E{(X)+p2CrcCa.
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Chapter IV. Dimension Theory

We apply the induction hypothesis once more, this time #nd find a chain
PpE-EPp,Cr

with x € pg. It suffices to show that ¢ q.

For thi_s, we look at_the integral domai:= R/p,_,. As usual, for an idedl c R, we
denote byl its image inR. If v = q, then the chain

O)epa&r

of prime ideal inR shows
ht@) > 2

By contruction,r is a minimal prime ideal containingq, the class ofx in R. Krull’s
principal ideal theorem requires Ht(< 1. This contradiction shows that, indeedg
q. |

The following lemma provides an important tool for carryiogt inductions on the
Krull dimension of a ring.

IV.8.2 Lemma. Let R be a noetherian local ring with maximal idealand xe m not a
zero divisor. Then,
dim(R/{x)) = dim(R) — 1.

Proof. We may apply Lemma 1V.8.1 to a maximal chaiic - -- € p, = m, n = dim(R),
of prime ideals irR, andg = m. It shows

dim(R/{x)) > dim(R) — 1.

On the other hand, in any maximal chaifiC --- € p, = m, po IS @ minimal prime
ideal. By assumptionx is not a zero divisor. Theorem 11.4.28, iii), states tlas not
contained in any minimal prime ideal & For this reason

dim(R/(x)) < dim(R) - 1,
and we infer dimR/{x)) = dim(R) — 1 as asserted. |

IV.8.3 Proposition. Let R be aregular noetherian local ring. Then, R is an integral
domain.

We will need a slight generalization of prime avoidance fetion 11.4.17, i):
IV.8.4 Lemma. Let R be aring, JJ c Rideals, andy, ..., pr € R prime ideals, such that
Jegl, J¢gp, i=1..,r.

Then,
JgluUupiU---Up,.

Proof. We abbreviate
P=ppU---Up,.

If I c P, then Proposition 11.4.17, i), applies directly. So, we neaglude this case. Note
also that, by Proposition 11.4.17, J,¢ P. Letx € J\I. If x ¢ P, we are done. Otherwise,
we picky € J\ Pandze | \ P. Then, itis readily verified that +y-ze J\ (IUP). O
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IV.8. Regularity and Normality

Proof of PropositioniV.8.3. Denote the maximal ideal & by m. We proceed by induc-
tion onn := dim(R).

n = 0. In this case, the regularity &timpliesm = (0) (compare Proposition IV.6.2).

n — n+ 1. By Theorem 11.4.28, ii), a noetherian ring has only finitelgmy minimal
prime ideals, call them,, ..., p;. We assume dinj) = n+ 1 > 1, som is not a mimimal
prime ideal. The Nakayama lemma 111.1.30 shows thag m2. By Lemma IV.8.4, we
may pick

xem\ (m?Up U---Up).

Note that this implies thak is not a zero divisor. Leki,..., X, € m be such that the
classes ], ..., [%.], [X] in m/m? form a basis for thatR/m)-vector space. Recall from
Proposition 1V.6.2 that

m = (X, ..., Xn, X).
Now, we pass to the rinB := R/(X). It is clear that
edimR) = n.
By Lemma 1V.8.2,
dim(R) = n.

Thus, R is also a regular ring. By induction hypothesis, it is an gné domain. This
means tha{x) is a prime ideal.

Let g c R be a minimal prime ideal (Exercise 1.4.14 or Theorem I1.4.Z8en, by
Corollary 11.3.7, 1),

Oycp:i=q°"c(X

is a minimal prime ideal oR. We will show that it has to be zero, using the Nakayama
lemma 111.1.30. In fact, lez € p. Then, there exists an elemgn¢ Rwith z=y- x. Since
X ¢ p andp is a prime ideal, it follows thag € p. We have shown

pCcm-pcChp.
As announced, the Nakayama lemma 111.1.30 finishes the asgum O
IV.8.5 ExerciseLet R be a noetherian local ring. Show that
dim(R) < edimR).
IV.8.6 Theorem. Let R be aregular noetherian local ring. Then, R is a normal ring.
Proof. We set up an induction on the dimensiorof R as in the proof of Proposition
IV.8.3. In the induction step — n + 1, we find an element € m \ {0}, such thaR/({x)

is a regular noetherian local ring of dimensirBy induction hypothesis, it is normal. It
remains to prove

Claim. Let R be a noetherian local integral domain with maximal ideand xe m\ {0}.
If the ring R/(x) is normal, then so is the ring R.
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Chapter IV. Dimension Theory

We form the ideal

| = ﬂ(x').

leN

This ideal clearly has the properky: | = | and, thusm - | = |I. The Nakayama lemma
[11.1.30 givesl = (0). We conclude that, for evenye R\ {0}, the number

I(r) ;= maxX{ | e N|re (X))}
exists and that
r=u-x®

for some element € R\ (X).

LetK := Q(R) be the quotient field dR, @ € R, andB € R\ {0}, such thas := a/B € K
is integral ovelR. We have to show th&® = S := R[s] ¢ K. By the lying-over theorem
IV.2.4, there is a prime ideal c S with g N R = (X). This implies

(x)=RN(S-x). (IV.14)

We observe thai(a) > [(8). To see this, ley,d € R\ (xX) be elements witly = y - X@
andg = ¢ - X®. We have

y = XOH@ 5. g
So,l(B) > (@) impliesy e RN (S - X) = (X) and contradicts the fagte R\ (x). We write

’

s=Z with o = X@16 .y,
5

We see that
R(; = 85.

Thus, the extensiofx)® of the prime ideakx) via the localizatiorR — R; = S5 is a
prime ideal ofS;, and
r:=(xX*NSs

is a prime ideal o with r " R = (x). (We need this more specific prime ideal lying over
(x) for later purposes, namely (IV.15).)
We get the induced finite ring extension

R:= R/(X) — S := S/r.

It induces a field extension _ _
QR — Q(S).

The foregoing discussion shows

Sc Ry cQR),

so that _ _
Q(R) = Q(S),
and the induction hypothesis givBs= S.

We deduce
S=R+rcR+(x° (IV.15)
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IV.8. Regularity and Normality

asR-module. Sinces € S anda = s- §, we see

(IV.14)&(6)cR

@ =5s-6 € RN+ (X°) (8) +(X).

This means that we may piekb € Rwith
a=a-d+b-x sothat s=a+ %
We infer thatS is generated as dRalgebra byb- x/6. LetS be the quotient modul8/R.
Note that o
0

Let S, ..., Sm € S be elements which generafas anR-module andsy, ..., §, their
classes irs. There are elementy; € R, i, j = 1,...,m, with

m

b-x .
Z—- ij - Dj i=1...m
=1 0

Set
A= [Em—(b;X /l.J) € Mat(m, R;)
0 i,j=1,....m
Then,
S
Al  |=0
Sn

Multiplying this by the adjoint matrixA® of A (compare Page 92) yields
detd)) . S=0, ie, detd)-ScR (IV.16)

Note that there is an element R with
det(d) = i(l+ t%x.y).
Observe that (1V.16) implies

b-x b-x
1+T-veR, so that T-veR.

Further,
b-x
T'VGRH(X'R(;):<X>C1TI.
This shows b
- X
1+ T ‘Y E R*
and givesS c Ras required. |
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Chapter IV. Dimension Theory

IV.8.7 Remark.n fact, a stronger (see Lemma I11.5.1) statement holds, ttaled the
Auslander-Buchsbaum theorem A regular noetherian local ring R is factorialThe
proof requires some tools from homological algebra whichhaeen’t developed, so far.
References are the original paper [2], [5], Satz 10.10, @}, [Lheorem 20.3.

I\V.8.8 Proposition. Let R be a noetherian local ring withm(R) = 1. Then, R is regular
if and only if it is normal.

Proof. We have to prove th& is regular, ifRis normal. According to Proposition 1V.6.2,
we have to verify that the maximal idealof Ris a principal ideal. Fix € m \ m?,'2and
assume

(X) ¢ m.

SinceR s an integral domain (Proposition 111.5.2) and diR(= 1, m is the only prime
ideal of R. Thus, by Corollary 1.8.18,

= .

The idealmn is finitely generated, so that there is some natural nuralbeth
m® C (X),
and we set
S :=min{se N|m®c (x)}.

Note thats, > 1. Pick
y e mo1\ (X).
This gives
y-mcC(x),
and we assert
y-mcC X-n.

Otherwise, there would be an elemerd R\ m, i.e., a unit ofR, withr - x e y- m. This
would give
X=r1.(r-x)ey-mcm?

So, in the quotient fiel@(R), we have

y
X

r
YreN: (X) -mcm, x-R[ ]CR, and R[B—/]C}-R
X Xl X
This shows thay/x is contained in a finitely generat&dsubmodule of)(R). According
to Proposition 111.2.4, iii),y/x is integral oveR. SinceR is normal, we havg/x € R, so

thaty € (x), a contradiction. O

In geometric language, the above proposition says thatraal@tfine algebraic curve
is smooth. More generally, the normalization of a possibigslar irreducible algebraic
curve is non-singular. So, in the realm of curves, normébreprovides a canonical way
to attach to a singular irreducible curve a non-singular one

12This set is non-empty by the Nakayama lemma 111.1.30 and ¢$saraption dim) = 1.
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IV.8.9 Proposition. Let k be an algebraically closed field>n1, and Zc A} an algebraic
variety. If Z is normal, then

dim(Sing@)) < dim(Z2) - 2.
In the proof, we will use the following result.

IV.8.10 Lemma. Let R be a noetherian local integral domain,c R its maximal ideal,
and xe m \ {0}. If the ring R/{X) is regular, then R is regular, too.

Proof. By Lemma 1V.8.2, dimR/(x)) = dim(R) — 1 =: d. By assumption, there are
elementsy, ..., rq, such that their images, ..., T4 generate the image of m in R/{X).
Then,m = (X, rq,...,rqg). Remark IV.6.1 and Proposition IV.6.2 show tikais a regular
local ring. O

Proof of PropositionV.8.9. Let Regi) := Z\ SingE) be the open subset of nonsingular
points ofZ. It suffices to show that

H N Reg@) # @
holds true for every irreducible algebraic $€tc Z with
dim(H) = dim(Z) - 1.
Let us fix such a subsét c Z. Then,
p:=I1(H):={fekZ]|vaeH: f(a) =0}

Is a prime ideal in the coordinate algelif@] of Z. We look at the localizatioR[Z], of
the coordinate algebra at that prime ideal. Then:

* K[Z], is a normal local ring. (This is left as an exercise (compaweré&se 111.2.12).
Note thatk[Z], has the same the quotient fieldldZ].)

*x dim([Z],) = 1 (Corollary 1V.4.8).

By Proposition 1V.8.8, the ring[Z], is regular. So, its maximal ideaF is a principal
ideal. This means that there is an elenreatk[Z], such that

p® =r-KZ],.

Next, letrq,...,rs € p be elements withy := (rq,...,rs), anday, ...,as € K[Z], hy, ...,hs €
K[Z] \ » elements withrj = a;/h;,i =1, ...,s. Then, with

we find the equality
p-K[Z]n =1 - K[Z]p. (IV.17)

Note thatk[Z];, is the coordinate algebra of the principal open subgh) c Z (see Page
141f). Sinceh ¢ p, we have
D(h)NnH # .
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Let RegH) := H \ SingH) be the open subset of non-singular pointdofSinceH is
irreducible, we have
D(h) N RegH) # @.

We will show that
D(h) N RegH) c Reg@).

Leta € D(h) n RegH) andm, c k[Z] the maximal ideal oh. Then,h ¢ m,. So, (IV.17)
gives
p-K[Z]w, =1 - K[Z]n,. (Iv.18)

Let m, be the image ofii, in k[H] = k[Z]/p. One checks
K[H]w, = K[Z]w./(p - K[Z]w,)-
By (1V.18),
k[H]ﬁa = k[Z]ma/(r : k[Z]ma)-
Our choice ofa implies thatk[H]s, is a regular local ring. Therefore, Lemma [V.8.10

shows thak[Z].,, is a regular local ring, too. O

IV.8.11 RemarkThe attentive reader will have noticed that, in the abovebne used
only the fact thak[Z], is normal for every prime ideal c k[Z] of height one. In fact, for
any noetherian integral domal it is true thatR is normal if and only ifR, is normal for
every prime ideap c R of height oneand

R= (] R.

pcR prime
ht(p)=1

We refer the reader to [4], Satz (13.25).

For more information on normal rings related to the abovewdision, we refer the
reader to [4], p. 198, or [5], Section 11.
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algebra of regular functions, 44
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algebraically closed, 16
algebraically independent, 8
annihilator, 37
antisymmetry, 13
associated, 20
associative, 2
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basis (for a topology), 18
boolean, 17

boolean ring, 18

canonically isomorphic, 6
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chain, 13

chain of ideals, 24

chinese remainder theorem, 36
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convergent, 16
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direct product, 4
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divides, 19
divisor
common —, 25
greatest —, 26, 33

zero—, 11
element

identity —, 2, 4

maximal —, 13

prime —, 20

extension, 38

factorial ring, 24

field
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guotient —, 24

residue —, 14
finitely generated (ideal), 32
first isomorphism theorem, 10
formal power series, 15

Gaul3, 24, 28

Gaulian integers, 39
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homomorphism, 4
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principal —, 8



Index

radical —, 38
ideal generated b, 32
ideal of an algebraic set, 41
ideal of regular functions vanishing on an
algebraic set, 41
ideal quotient, 37
identity element, 2, 4
integral domain, 11
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prime element, 20
prime ideal, 12
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quotient field, 24
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spectrum of a product, 19
spectrum of aring, 17
spectrum ofz[x], 19
stationary, 24
subring, 4
sum, 17
sum (of ideals), 32

total ordering, 13
transitivity, 13

unit, 11, 12
universal property, 5
upper bound, 13

vanishing locus, 40

Zariski closed, 17, 42
Zariski open, 17, 42
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