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I
Basic Theory of Rings and their Ideals

In an introductory course on linear algebra, one usually works over fields. In commutative
algebra, fields are replaced by more general objects, namelycommutative rings with iden-
tity element. In linear algebra, you rarely talk about the fields themselves. Certainly, you
can do some explicit computations over the field of rational numbers or finite fields, and,
for the theory of the Jordan normal form, you need the ground field to be algebraically
closed. Apart from that, you don’t worry much about the “internal” structure of the field.
In various respects, rings have a much richer structure thanfields. To begin with, you
should think of the ring of integersZ or the polynomial ringk[x] over a fieldk. In these
rings, you may investigate when a number or a polynomial divides another one. This
leads you to certain “indivisible” objects which you call prime numbers or irreducible
polynomials. In fields, there are no counterparts to these concepts, because any non-zero
element is a unit. During the development of algebra, it turned out that it is more useful
to work with ideals than with the ring elements themselves.1 In this section, we will first
define rings and look at some basic examples. Then, we will develop the notion of ideals
and explain how to compute with them. As a motivation in Kummer’s2 spirit, we will also
look at prime factorization. In that context, we will see itsfailure in some rings and the
class of factorial rings in which prime factorizations do exist.

I.1 Rings

A ring is a tuple (R, 0,+, ·) which consists of an abelian group (R, 0,+) (see [29], Defini-
tion II.1.1 and II.1.4) and a map

· : R× R −→ R

(a, b) 7−→ a · b
1The term ideal goes back to Kummer’s notion of “ideale Zahl”,an extension of the concept of number

or ring element that permits to generalize the prime factorization in the ring of integers to some rings such
asZ[
√
−5] (see Section I.5).

2Ernst Eduard Kummer (1810 - 1893) was a German mathematician.
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Chapter I. Basic Theory of Rings and their Ideals

which isassociative, i.e.,

∀a, b, c ∈ R : a · (b · c) = (a · b) · c,

such that thedistributive laws hold, i.e.,

∀a, b, c ∈ R : a · (b+ c) = a · b+ a · c,
(a+ b) · c = a · c+ b · c.

We will refer to “+” as theadditionand to “·” as themultiplication. In the sequel, we
will write R rather than (R, 0,+, ·) for the datum of a ring.

A ring R is calledcommutative, if

∀a, b ∈ R : a · b = b · a.

An element 1 in a ringR is anidentity element, if

∀a ∈ R : 1 · a = a = a · 1.

I.1.1 Note.A ring R can have at most one identity element. For, if 1, 1′ ∈ R are identity
elements, we have

1 = 1 · 1′ = 1′.

Let R be a ring. Fora ∈ R, we let−a be the additive inverse ofa, i.e., the element for
whicha+ (−a) = 0 holds.

I.1.2 Properties. Let R be a ring.
i) For a ∈ R, we have a· 0 = 0 · a = 0.
ii) For a, b ∈ R, we have(−a) ·b = −(a ·b) = a · (−b). In particular,(−a) · (−b) = a ·b.

Proof. i) We use 0= 0+ 0, so that

0 · a = (0+ 0) · a = 0 · a+ 0 · a.

Add−(0 · a) to both sides to get

0 = 0+ 0 · a = 0 · a.

Similarly, one showsa · 0 = 0.
ii) Using i), we see

a · (−b) + a · b = a · (−b+ b) = a · 0 = 0.

Thus,a · (−b) = −(a · b). In the same vein, one shows (−a) · b = −(a · b). �

I.1.3 Examples.i) R= {0}with the only possible addition and multiplication is a ringwith
identity element 1= 0. (It is not a field (compare [29], Definition III.1.1.)!) Note thatR
is the only ring with identity element in which 1= 0 holds. Indeed, letR , {0} be a ring
with identity element 1 and picka ∈ R\ {0}. Then,

1 · a = a , 0 = 0 · a.
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I.1. Rings

Hence, 1, 0.
ii) Let (R, 0,+) be an abelian group and define

· : R× R −→ R

(a, b) 7−→ 0

Then, (R, 0,+, ·) is a ring. IfR, {0}, thenRhas no identity element.
iii) The integers form the ringZ.
iv) Fields are rings, e.g.,Q, R, C, Fq, q = pn, n ≥ 1 andp a prime number.
v) SupposeR is a ring andX is a set. We introduce

Map(X,R) :=
{

f : X −→ R | f is a set theoretic map
}
.

For f , g ∈ Map(X,R), we form

f + g: X −→ R

x 7−→ f (x) + g(x)

and

f · g: X −→ R

x 7−→ f (x) · g(x).

Moreover, we set

0: X −→ R

x 7−→ 0.

The tuple (Map(X,R), 0,+, ·) is a ring. Observe that Map(X,R) is commutative ifR is so
and that Map(X,R) possesses an identity element ifRdoes. In fact, if 1∈ R is the identity
element ofR, then

1: X −→ R

x 7−→ 1

is the identity element in Map(X,R). Note, however, that Map(X,R) will, in general, not
be a field, even ifR is one (see Example I.3.1, iv).

vi) SupposeX is a topological space. Then,

C (X,R) :=
{

f : X −→ R | f is continuous
}

together with 0, 1,+, · as in v) is a commutative ring with identity element.
vii) SupposeX ⊂ C is an open subset (compare [30], Definition III.2.1, ii), and

III.3.10, i). Then,
O(X) :=

{
f : X −→ C | f is holomorphic

}

together with 0, 1,+, · as in v) is a commuative ring with identity element.
viii) Let (G, 0,+) be an abelian group. We look at

End(G) :=
{

f : G −→ G | f is a group homomorphism
}

3



Chapter I. Basic Theory of Rings and their Ideals

and define

0: G −→ G

g 7−→ 0

and, for f , h ∈ End(G),

f + h: G −→ G

g 7−→ f (g) + h(g).

Composition of maps provides us with the multiplication: For f , h ∈ End(G), we set

f ◦ h: G −→ G

g 7−→ f
(
h(g)

)
.

We leave it to the reader to verify that (End(G), 0,+, ·) is a ring with identity element idG.
It is, in general, not a commutative ring (see Exercise I.1.4).

ix) Let k be a field. The vector spaceMn(k) of (n×n)-matrices with entries ink forms a
ring with respect to componentwise addition and matrix multiplication (see [32], Kapitel
III). The unit matrixEn is the identity element. Note thatMn(k) is non-commutative if
and only ifn ≥ 2.

x) SupposeR1, ..., Rn are rings. The cartesian productR1 × · · · × Rn equipped with
componentwise addition and multiplication is again a ring.It is called thedirect product
of the ringsR1, ...,Rn.

I.1.4 Exercise.Describe End(Z × Z) in terms of (2× 2)-matrices and give two elements
of that ring which do not commute with each other.

Let R be a ring with identity element. A subsetS ⊂ R is asubring, if S is a subgroup
of (R,+, 0) (see [29], Definition II.4.1), 1∈ S anda · b ∈ S, if a, b ∈ S.

From now on, all rings are supposed to becommutative and to possess an
identity element.

Let R, S be two rings. Ahomomorphismfrom R to S is a mapf : R−→ S, such that

⋆ ∀a, b ∈ R : f (a + b) = f (a) + f (b), i.e., f is a homomorphism of the underlying
abelian groups,

⋆ ∀a, b ∈ R : f (a · b) = f (a) · f (b),

⋆ f (1) = 1.

I.1.5 Remark.One may be tempted to believe that the third condition is a consequence
of the second. However, the proof for the analogous statement in group theory ([29],
Lemma II.3.4, i) requires the existence of inverse elements. This cannot be assumed for
multiplication. Indeed, choosingR= {0} andS , {0}, we see that it may be false. A more
sophisticated example, using the construction in Example I.1.3, x), is the following:

ϕ : Z −→ Z × Z
k 7−→ (k, 0).

4



I.1. Rings

I.1.6 Exercise.Let f : R−→ S be a homomorphism of rings. Check that

Im( f ) :=
{
b ∈ S | ∃a ∈ R : b = f (a)

}

is a subring ofS.
Is

Ker( f ) :=
{
a ∈ R | f (a) = 0

}

a subring ofR?

SupposeR is a ring anda ∈ R. We set

⋆ a0 := 1,

⋆ an+1 := a · an, n ∈ N.

As usual, theexponential rule

∀a ∈ R∀m, n ∈ N : am+n = am · an

holds true.

Polynomial Rings

Let R be a ring. ApolynomialoverR in the indeterminatex should be an expression of
the form

p = a0 + a1 · x+ · · · + an · xn with a0, ..., an ∈ R.

We have natural rules for adding and multiplying two polynomials. They are based on the
multiplication inR, the distributive laws and

∀m, n ∈ N : xm · xn = xm+n.

In this way, we obtain thepolynomial ring R[x]. This description is not satisfactory,
because it uses the mathematically undefined terms “indeterminate” and “formal expres-
sion”. In the following definition, we will characterize thepolynomial ring by its (univer-
sal) property rather than by a construction. We advise the reader to pay special attention
to this procedure as this kind of approach will become more and more important during
the course.

A polynomial ringoverR in the indeterminatex is a triple (T, x, ι) which consists of a
ring T, an elementx ∈ T, and a homomorphismι : R −→ T, such that the followinguni-
versal property holds: For every ringS, every elements ∈ S, and every homomorphism
ϕ : R−→ S, there exists aunique homomorphismΦ : T −→ S, such that

⋆ Φ ◦ ι = ϕ,

⋆ Φ(x) = s.

The stated property may be best remembered by the diagram

R
ι

����
��

��
�

ϕ

��
@@

@@
@@

@

T
∃!Φ

x7−→s
//_______ S.
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Chapter I. Basic Theory of Rings and their Ideals

Notation. We setR[x] := T.

I.1.7 Remark.Given two polynomial rings (T, x, ι) and (T′, x′, ι′), there are, by definition,
uniquely determined homomorphisms

⋆ Φ : T −→ T′ with a)Φ ◦ ι = ι′ and b)Φ(x) = x′;

⋆ Φ′ : T′ −→ T with a)Φ′ ◦ ι′ = ι and b)Φ′(x′) = x.

Observe that, forΦ′ ◦Φ, we have

⋆ (Φ′ ◦Φ) ◦ ι = ι,

⋆ (Φ′ ◦Φ)(x) = x.

The uniqueness statement in the definition of a polynomial ring, applied toS = T, ϕ = ι
ands= x shows

Φ′ ◦Φ = idT .

Similarly, we verify
Φ ◦Φ′ = idT′ .

We do not only see thatT andT′ are isomorphic, there is also a distinguished isomorphism
betweenT andT′ that respects the extra datax, ι andx′, ι′, respectively. One says

The tuples(T, x, ι) and(T′, x′, ι′) arecanonically isomorphic.

This means that, in dealing with a polynomial ring, we need just to remember its uni-
versal property as it is completely determined by it. This aspect will be very useful in
other situations, e.g., the tensor product ([1], p. 24f) or the fibered product of schemes
([11], Chapter II.3) are usually remembered by their universal properties and not by their
(involved) constructions.

I.1.8 Theorem. Let R be a ring. Then, there exists a polynomial ring(T, x, ι) over R.
Furthermore, the homomorphismι is injective.

Proof. We define

T :=
{

f : N −→ R | f (n) = 0 for all but finitely manyn ∈ N }
,

x: N −→ R

n 7−→
{

0, if n , 1
1, if n = 1

,

and

ι : R −→ T

a 7−→
(
n 7−→

{
0, if n , 0
a, if n = 0

)
.

We define addition as before, i.e., forf , g ∈ T, we set

f + g: N −→ R

n 7−→ f (n) + g(n).

6



I.1. Rings

The product off , g ∈ T is defined in the following way:

f · g: N −→ R

n 7−→
n∑

k=0

f (k) · g(n− k).

The reader should verify thatf + g and f · g do belong toT, i.e., vanish in all but finitely
many points,f , g ∈ T. Furthermore, the following properties are readily verified:

⋆ T is a commutative ring with identity elementι(1).

⋆ ι is an injective ring homomorphism.

Let us write a mapf : N −→ R as a sequence (a0, a1, a2, ...) with ak = f (k), k ∈ N. Then,

⋆ x = (0, 1, 0, ...),

⋆ ι(a) = (a, 0, 0, ...), a ∈ R,

⋆ (a0, a1, a2, ...) + (b0, b1, b2, ...) = (a0 + b0, a1 + b1, a2 + b2, ...),

⋆ (a0, a1, a2, ...) · (b0, b1, b2, ...) = (a0 · b0, a0 · b1 + a1 · b0, ...),

⋆ xk = (0, ..., 0, 1, 0, ...) with 1 at the (k+ 1)-st place,k ∈ N, i.e.,

xk : N −→ R

n 7−→
{

0, if n , k
1, if n = k

.

Let f = (a0, a1, a2, ...) ∈ T. If ak = 0 for all k ∈ N, we simply writef = 0. Otherwise, let

n := max
{
k ∈ N | ak , 0

}
.

Then, using the above formulae, we have the identity

f = a0 + a1 · x+ a2 · x2 + · · · + an · xn.

This representation is unique.
Using the above notation, we find, for a given homomorphismϕ : R−→ S, s ∈ S, and

a homomorphismΦ : T −→ S, satisfyingΦ ◦ ι = ϕ andΦ(x) = s, that

Φ(a0+a1 · x+ · · ·+an · xn) = ϕ(a0)+ϕ(a1) · s+ · · ·+ϕ(an) · sn, n ∈ N, a0, ..., an ∈ R. (I.1)

This shows thatΦ is uniquely determined, if it exists. On the other hand, for given
ϕ : R −→ S ands ∈ S, Equation (I.1) defines a set theoretic mapΦ : T −→ S, and it is
readily checked that it is a ring homomorphism withΦ(x) = s andΦ ◦ ι = ϕ. �

We can now recursively define the polynomial ring in the indeterminatesx1, ..., xn+1 as

R[x1, ..., xn+1] = R[x1, ..., xn][ xn+1]. (I.2)

I.1.9 Exercise.CharacterizeR[x1, ..., xn+1] by a universal property which is not recursive.

7



Chapter I. Basic Theory of Rings and their Ideals

Let S be a ring,R ⊂ S a subring, andy1, ..., yn ∈ S. By the universal property of the
polynomial ring, there is a unique homomorphism

R[x1, ..., xn] −→ S

xi 7−→ yi , i = 1, ..., n.

We say thaty1, ..., yn arealgebraically independentoverR, if this homomorphism is in-
jective.

I.2 Ideals and Quotient Rings

Let R be a ring. A subsetI ⊂ R is called anideal, if

⋆ I is a subgroup of (R, 0,+),

⋆ ∀a ∈ I∀r ∈ R : r · a ∈ I , or, for short,R · I ⊂ I .

The role of ideals in ring theory is somewhat similar to the role of normal subgroups in
group theory (see [29], Abschnitt II.9). We will come back tothis below.

I.2.1 Examples and properties.i) For any ringR, the subsets{0} andR are ideals.
ii) Let Rbe a ring andI ⊂ R an ideal. Then,

I = R ⇐⇒ 1 ∈ I .

The implication “=⇒” is clear. For “⇐=”, let a ∈ R. Sincea = a · 1, it follows thata
belows toI .

iii) Supposek is a field. Then, the only ideals are{0} andk. For, if I , {0} is an ideal
of k, there exists an elementa ∈ I \ {0} ⊂ k \ {0}. Since 1= a−1 · a, we see that 1∈ I , and
ii) implies I = k.

iv) If R is a ring anda ∈ R an element, then

〈a〉 :=
{
r · a | r ∈ R

}

is an ideal ofR. It is called theprincipal idealgenerated bya and is the smallest ideal of
R which containsa.

v) SupposeR = Z. We first recall that, for integersk,m ∈ Z, the relationm|k means
that there is an integerl ∈ Z with k = l ·m which is equivalent tok ∈ 〈m〉. Now, suppose
I ⊂ Z is an ideal. The zero ideal is the principal ideal〈0〉. If I is a nonzero ideal, it
contains some integerk , 0. By the definition of an ideal, it also contains−k = (−1) · k.
It follows that I contains a positive integer. By the least element principle([26], Satz
1.3.22), we can define

m := min
{
n ∈ N | n > 0∧ n ∈ I

}
.

We claimI = 〈m〉. Supposek ∈ I is a nonzero element. There are integersx, y ∈ Z (see
[29], Satz I.4.4, ii), such that

x · k+ y ·m= gcd(k,m).

This shows gcd(k,m) ∈ I . By definition of m, we havem ≤ gcd(k,m). This means
m= gcd(k,m) and is equivalent tom|k, i.e.,k ∈ 〈m〉.

8



I.2. Ideals and Quotient Rings

vi) Let Rbe a ring andX a set. In Example I.1.3, v), we introduced the ring Map(X,R).
Let Y ⊂ X be a subset. Then,

I :=
{

f : X −→ R | ∀y ∈ Y : f (y) = 0
}

is an ideal of Map(X,R).
vii) Let R, S be rings andϕ : R−→ S a homomorphism. Then, thekernel

Ker(ϕ) :=
{
x ∈ R | ϕ(x) = 0

}

is an ideal ofR. More generally, for every idealJ ⊂ S, the preimageϕ−1(J) ⊂ R is an
ideal. (Note Ker(ϕ) = ϕ−1({0}).)

viii) The inclusionZ ⊂ Q is a ring homomorphism. Its image is not an ideal, i.e., the
image of an ideal is, in general, not an ideal.

ix) Let R, S be rings andϕ : R −→ S a surjective homomorphism. Then, the image
of an ideal inR is an ideal inS. In fact, letI ⊂ R be an ideal. Then,ϕ(I ) is a subgroup
of (S, 0,+) ([29], Lemma II.4.4). Now, lets ∈ S andb ∈ ϕ(I ). Then, there exist elements
r ∈ R anda ∈ I with ϕ(r) = sandϕ(a) = b. We see

s · b = ϕ(r) · ϕ(a) = ϕ(r · a) ∈ ϕ(I ).

x) If I , J ⊂ Rare ideals, thenI ∩ J and

I + J =
{
a+ b | a ∈ I ∧ b ∈ J

}

are ideals, too. In particular, we have, for elementsa1, ..., as ∈ R the ideal

〈 a1, ..., as 〉 = 〈a1〉 + · · · + 〈as〉.

It is the smallest ideal ofR which containsa1, ..., as.

Part iii) and v) illustrate how ideals reflect the algebraic structure of the respective
ring. We will see many more examples of this kind.

Let us spend a few words why ideals are important. For this, let Rbe a ring andI ⊂ R
an ideal. Then, the setR/I of residue classes inherits the structure of an abelian group
(see [29], Satz II.9.4).

Notation. Write [a] for the class

a+ I =
{
a+ r | r ∈ I } ∈ R/I , a ∈ R.

Now, we try the following multiplication onR/I :

· : R/I × R/I −→ R/I
(
[a], [b]

)
7−→ [a · b].

We need to verify that this is well-defined. Givena, a′, b, b′ ∈ R, such that [a] = [a′] and
[b] = [b′], there exist elementsx, y ∈ I with

a′ = a+ x and b′ = b+ y.

9



Chapter I. Basic Theory of Rings and their Ideals

We get

a′ · b′ = a · b+ a · y+ b · x+ x · y.

By definition of an ideal, we have

a · y+ b · x+ x · y ∈ I and [a′ · b′] = [a · b].

Note that

π : R −→ R/I

a 7−→ [a]

is a group homomorphism which satisfies

∀a, b ∈ R : π(a · b) = [a · b] = [a] · [b] = π(a) · π(b).

This shows that the multiplication inR/I satisfies associativity and that the distributive
laws hold. So,R/I inherits a ring structure, such thatπ is a surjective ring homomorphism.

I.2.2 Lemma. The assignment J7−→ π−1(J) induces an inclusion preserving bijection
between the set of ideals of R/I and the set of ideals of R that contain I.

I.2.3 Exercise.Prove this lemma. In particular, give the map from the set of ideals inR
that containI to the set of ideals ofS that is inverse to the map described in the lemma.

I.2.4 Exercises.i) Let Rbe a ring andI ⊂ Ran ideal. Show that the pair (R/I , π), consist-
ing of the quotient ringR/I and the surjectionπ : R−→ R/I , a 7−→ [a], has the following
universal property (compare [29], Satz II.9.7): For every ring S and every homomorphism
ϕ : R−→ S, such that

I ⊂ Ker(ϕ),

there is a unique homomorphismϕ : R/I −→ S with

ϕ = ϕ ◦ π;

R
π

~~||
||

||
|| ϕ

��
??

??
??

??

R/I
∃!ϕ

//_______ S.

ii) Let f : R −→ S be a homomorphism of rings. Prove thefirst isomorphism theo-
rem (compare [29], II.10.1): We have Im(f ) = Im( f ) (compare Exercise I.1.6),f being
the induced homomorphism from Part i), and

f : R/Ker( f ) −→ Im( f )

is an isomorphism.
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I.3. Zero Divisors, Nilpotent Elements, and Units

I.3 Zero Divisors, Nilpotent Elements, and Units

Let Rbe a ring. An elementa ∈ R is called azero divisor, if there exists an elementb , 0,
such thata · b = 0. The ringR is called anintegral domain, if R , {0} and 0 is its only
zero divisor.

I.3.1 Examples.i) The ringZ of integers is an integral domain.
ii) Fields are integral domains.
iii) If R is an integral domain, then the polynomial ringR[x] is also an integral domain.

In particular, ifR is a field, then the polynomial ringk[x1, ..., xn] in nvariables is an integral
domain.

iv) Assume thatX contains at least two distinct elementsx1 , x2 andR, {0} is a ring.
Then, Map(X,R) contains non-trivial zero-divisors. For example, we lookat

fi : X −→ R

x 7−→
{

0, if x , xi

1, if x = xi
, i = 1, 2.

Then, fi , 0, i = 1, 2, but f1 · f2 = 0.

Let R be a ring. An elementa ∈ R is nilpotent, if there exists a natural numbern with
an = 0.

I.3.2 Remark.Obviously, a nilpotent element is a zero divisor. The converse does not
hold. E.g.,f1 and f2 in Example I.3.1, iv), are zero divisors but not nilpotent.

I.3.3 Example.Let k be a field andn ≥ 2 a natural number. We look at the principal ideal
〈xn〉 ⊂ k[x] and the quotient ringR := k[x]/〈xn〉. Then, [x]k = [xk] , 0, for 1≤ k < n, but
[x]n = [xn] = 0, i.e., [x] is a nilpotent element ofR.

I.3.4 Exercise.Let n ≥ 2 be a natural number. Describe the zero divisors and nilpotent
elements in the residue ringZ/〈n〉 in terms of the prime factorization (see [29], Kapitel I)
of n.

Let R be a ring. An elementa ∈ R is called aunit, if there exists an elementb ∈ R,
such thata · b = 1. Observe that the elementb is uniquely determined. (Indeed, for
b, b′ ∈ R with a · b = 1 = a · b′, we findb = b · 1 = b · (a · b′) = (b · a) · b′ = 1 · b′ = b′.)

Notation. We writea−1 := b.

I.3.5 Remarks.i) The set

R⋆ :=
{
a ∈ R | a is a unit ofR

}

of units in the ringR is an abelian group with respect to multiplication inR with identity
element 1.

ii) An elementa ∈ R is a unit if and only if〈a〉 = R.

I.3.6 Examples.i) The units of the ringZ of integers form the groupZ⋆ = {±1}.
ii) Let R be an integral domain, then (R[x])⋆ = R⋆ (compare Exercise I.3.10).

I.3.7 Exercise.Describe the units ofZ/〈n〉 for n ≥ 1 (compare [29], Abschnitt III.2).

11



Chapter I. Basic Theory of Rings and their Ideals

I.3.8 Exercises(Units and nilpotent elements). i) Let R be a ring andn ∈ R a nilpotent
element. Show that 1+ n is a unit.

ii) Deduce that the sumu+ n of a unitu ∈ Rand a nilpotent elementn ∈ R is a unit.

I.3.9 Lemma. Let R, {0} be a ring. The following conditions are equivalent:
i) R is a field.
ii) The subsets{0} and R are the only ideals of R.
iii) Every homomorphismϕ : R−→ S to a nonzero ring S, {0} is injective.

Proof. For the implication “i)=⇒ii)”, see Example I.2.1, iii).
“ii) =⇒iii)”: If S , {0}, then 1< Ker(ϕ) (see Example I.2.1). So, Ker(ϕ) is a proper

ideal ofR. The assumption yields Ker(ϕ) = {0}. As for group homomorphisms (see [29],
Lemma II.4.5), this implies thatϕ is injective.

“iii) =⇒i)”: For an elementa ∈ R\ {0}, we defineS := R/〈a〉. Then,π : R −→ S is a
surjective ring homomorphism withπ(a) = π(0) = 0. So,π is not injective. This implies
S = {0} or, equivalently,〈a〉 = R. In view of Remark I.3.5, ii), this shows thata is a
unit. �

I.3.10 Exercise(Units in polynomial rings). Let Rbe a ring andf = a0+a1x+ · · ·+anxn ∈
R[x] a polynomial. Show thatf is a unit if and only ifa0 is a unit anda1, . . . , an are
nilpotent elements.
Instructions.

• For “=⇒”, use Exercise I.3.8.

• For “⇐=”, let g = b0 + b1x + · · · + bmxm ∈ R[x] be a polynomial withf · g = 1.
Prove by induction onr that

ar+1
n · bm−r = 0, r = 0, ...,m. (I.3)

To this end writef · g = c0 + c1 · x + · · · + cm+n · xm+n and look atar+1
n · cm+n−r−1.

Finally, deduce from (I.3) thatan is nilpotent and conclude by induction onn.

I.4 Prime Ideals and Maximal Ideals

Let R be a ring. An idealI ⊂ R is called aprime ideal, if I , R and

∀a, b ∈ R : a · b ∈ I =⇒ (a ∈ I ∨ b ∈ I ),

and amaximal ideal, if I , R and there is no idealJ of R with I ( J ( R.

Notation. It is customary to use gothic letters for prime and maximal ideals, e.g.,p,m.

I.4.1 Proposition. Let R be a ring and I⊂ R an ideal, then
i) I is a prime ideal if and only if R/I is an integral domain.
ii) I is a maximal ideal if and only if R/I is a field.

Proof. i) This is immediate from the definitions.
ii) “ =⇒”: Let I , R be a maximal ideal. According to Lemma I.2.2, the ideals ofR/I

correspond to the ideals inR which containI . These areI andR. So,{0} andR/I are the
only ideals ofR/I . By Lemma I.3.9,R/I is a field. The converse implication “⇐=” is
obtained by a similar reasoning. �
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I.4. Prime Ideals and Maximal Ideals

I.4.2 Corollary. A maximal ideal is a prime ideal.

I.4.3 Remarks.i) Let R be a ring. The zero ideal{0} is a prime ideal if and only ifR is an
integral domain.

ii) Let ϕ : R −→ S be a homomorphism of rings. Ifq ⊂ S is a prime ideal, then
p := ϕ−1(q) is a prime ideal ofR. Indeed, we have

1 < q =⇒ 1 < p,

so thatp is a proper ideal. By Exercise I.2.4, ii), there is the induced injective homomor-
phismϕ : R/p −→ S/q, [r] 7−→ [ϕ(r)]. SinceS/q is an integral domain, the same holds
for R/p. Now, apply Proposition I.4.1, i).

iii) Let ϕ : R−→ S be, as before, a ring homomorphism. Ifm ⊂ S is a maximal ideal,
thenq := f −1(m) needsnot be maximal. Look for example at the inclusionϕ : Z ⊂ Q.
Then,{0} ⊂ Q is a maximal ideal, becauseQ is a field, but{0} = ϕ−1({0}) is not a maximal
ideal ofZ.

I.4.4 Theorem. In every ring R, {0}, there exist maximal ideals.

I.4.5 Remark(The axiom of choice). i) The proof of this theorem requires theaxiom of
choice. Like the theorem that every vector space has a basis, this theorem is actually
equivalent to the axiom of choice (see, e.g., [3]).

ii) Since, by Corollary I.4.2, maximal ideals are prime ideals, Theorem I.4.4 shows
that every non-zero ring contains a prime ideal. It might be interesting to know that the
statement “Every ringR , {0} possesses a prime ideal.” is actuallyweaker than the
axiom of choice. It is equivalent to the axiom (BPI) that every non-zero boolean ring (see
Exercise I.4.16) contains a prime ideal. We refer the readerto the paper [24] for more
details and references.

The axiom of choice, in turn, is equivalent toZorn’s 3 lemma that we shall now for-
mulate. Let (S,≤) be apartially ordered set. This means thatS is a set and “≤” a relation
on S which satisfies the following properties:

⋆ Reflexivity: ∀s ∈ S : s≤ s.

⋆ Antisymmetry: ∀s1, s2 ∈ S : (s1 ≤ s2 ∧ s2 ≤ s1)⇐⇒ s1 = s2.

⋆ Transitivity: ∀s1, s2, s3 ∈ S : s1 ≤ s2 ∧ s2 ≤ s3 =⇒ s1 ≤ s3.

I.4.6 Note.The relation “≤” corresponds to a subsetU ⊂ S × S, such that

∀s1, s2 ∈ S : s1 ≤ s2 ⇐⇒ (s1, s2) ∈ U.

A chain in S is a subsetT ⊂ S, such that, fort1, t2 ∈ T, one hast1 ≤ t2 or t2 ≤ t1, i.e., “≤”
induces atotal ordering on T.

An upper boundfor a chainT is an elementu ∈ S, such thatt ≤ u holds for allt ∈ T.
Observe that it isnot required thatu belongs toT.

A maximal elementof S is an elementm ∈ S, such that, fors ∈ S, m ≤ s implies
m= s.

3Max August Zorn (1906 - 1993) was a German mathematician who emigrated to the USA because of
the Nazi policies.
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Chapter I. Basic Theory of Rings and their Ideals

I.4.7 Zorn’s lemma. Let (S,≤) be a nonempty partially ordered set, such that every chain
T in S has an upper bound. Then, S contains at least one maximalelement.

Proof. See [34], Satz 5.13. �

Proof of TheoremI.4.4. We look at the set

S :=
{
I ⊂ R | I , RandI is an ideal

}
.

This set contains{0} and is therefore nonempty, and it is partially ordered by inclusion
“⊂”. Let T be a chain inS and define

J :=
⋃

I∈T
I .

Claim. The set J is an upper bound for T, i.e., J∈ S .

We first verify thatJ , R. This follows, because 1< I , I ∈ T. Next, we show thatJ is
an ideal. To see thatJ is a subgroup ofR, note first that 0∈ J, because 0∈ I for all I ∈ T.
Next, assumea1, a2 ∈ J. Then, there are idealsI1, I2 ∈ T with a1 ∈ I1 anda2 ∈ I2. Since
T is a chain, we haveI2 ⊂ I1 or I1 ⊂ I2. We assume the latter. Then,a1 + a2 ∈ I2 ⊂ J.
Finally, leta ∈ J andr ∈ R. Then, there is an idealI ∈ T with a ∈ I . SinceI is an ideal,
r · a ∈ I and, thus,r · a ∈ J. For r = −1, this gives−a ∈ J (see Property I.1.2, ii) and
completes the proof. X

By Zorn’s lemma I.4.7,S contains a maximal elementm. By definition,m is a maxi-
mal ideal. �

I.4.8 Corollary. i) Every ideal I⊂ R is contained in a maximal ideal.
ii) Every element a∈ R which is not a unit is contained in a maximal ideal.

Proof. i) We may apply the theorem to the ringR/I and use Lemma I.2.2 or modify the
above proof.

ii) If a is not a unit, then〈a〉 ( R. Hence, we may conclude by i). �

A ring R with exactly one maximal ideal is called alocal ring. In this case, the
field R/m is called theresidue field. A ring with only finitely many maximal ideals is a
semilocal ring.

I.4.9 Example.A field is a local ring with maximal ideal{0}.

I.4.10 Proposition. i) Let R, {0} be a ring andm ( R an ideal, such that every element
a ∈ R\m is a unit. Then, R is a local ring with maximal idealm.

ii) Let R, {0} be a ring andm ⊂ R a maximal ideal, such that1+ m ⊂ R⋆. Then, R
is a local ring.

Proof. i) Let I ( R be an ideal. Then, no element ofa ∈ I is a unit. By assumption,
I ⊂ m.

ii) Let a ∈ R \ m. Then,〈a〉 + m = R, becausem is a maximal ideal. So, there exist
r ∈ R andb ∈ m, such that

r · a+ b = 1.

We see thatr · a ∈ 1+m, so thatr · a is a unit. It follows thata is a unit. (To see this, note
((r · a)−1 · r) · a = 1.) We now conclude by i). �
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I.4. Prime Ideals and Maximal Ideals

I.4.11 Examples.i) In Z, every ideal is principal, i.e., of the form〈m〉 for some integer
m ∈ Z. Here,〈m〉 is a prime ideal if and only ifm = 0 or m is a prime number. For a
prime numberp, Fp = Z/〈p〉 is the field withp elements. In particular, every non-zero
prime ideal inZ is a maximal ideal.

ii) An integral domainR in which every ideal is principal is called aprincipal ideal
domain. Examples for principal ideal domains include the ring of integersZ and the
polynomial ringk[x] over a fieldk (see Exercise I.4.15, i). In a principal ideal domain,
every nonzero prime ideal is maximal. Indeed, let〈a〉 be a nonzero prime ideal, i.e.,
a , 0, and〈b〉 be an ideal with

〈a〉 ( 〈b〉.

Thus, there exists an elementr ∈ R with r · b = a. If b < 〈a〉, we must haver ∈ 〈a〉.
Chooses ∈ R with r = s · a. So,b · s · a = a, i.e., (b · s− 1) · a = 0. Sincea , 0 andR is
an integral domain, we inferb · s= 1. So,b is a unit and〈b〉 = R.

iii) Power series rings. Let R be a ring. We look again at

Map(N,R) =
{
Sequences (a0, a1, a2, ...) | ak ∈ R, k ∈ N }

.

The arithmetic operations are as follows:

⋆ As addition, we use again componentwise addition:

(a0, a1, a2, ...) + (b0, b1, b2, ...) = (a0 + b0, a1 + b1, a2 + b2, ...).

⋆ As multiplication, we use, as for polynomial rings, theCauchy product:

(a0, a1, a2, ...) · (b0, b1, b2, ...) = (c0, c1, c2, ...)

with

cn :=
n∑

k=0

ak · bn−k, n ∈ N. (I.4)

Notation. We write a sequence (a0, a1, a2, ...) in Map(N,R) as
∞∑

k=0
ak · xk. Such an expres-

sion is called aformal power seriesoverR. The ring of all formal power series overR is
denoted byR[[ x]].

Remark.Note that the polynomial ringR[x] is a subring (see Page 4) ofR[[ x]].

Proposition. A formal power series
∞∑

k=0
ak · xk is a unit in R[[ x]] if and only if a0 is a unit

in R.

We leave it to the reader to verify this easy consequence of (I.4).

Corollary. If k is a field, then k[[ x]] is a local ring with maximal ideal

〈x〉 =

∞∑

i=1

ai · xi
∣∣∣∣ ai ∈ k, i = 1, 2, 3, ...

 .
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Assumek = C. A formal power series
∞∑
i=0

ai · xi is convergent, if its radius of conver-

gence (see [30], Definition II.3.8) is positive. We setC{x} :=

 p =
∞∑

i=0

ai · xi ∈ C[[ x]]
∣∣∣∣ p is convergent

 .

Proposition. i) C{x} ⊂ C[[ x]] is a subring.
ii) C[x] ⊂ C{x}.
iii) C{x} is a local ring with maximal ideal〈x〉.

iv) Let k be a field. Fora ∈ k, the principal ideal〈x − a〉 is a maximal ideal ofk[x].
If a1 , a2, then〈x − a1〉 , 〈x − a2〉. This means thatk[x] is not a local ring. Ifk is
algebraically closed(see [30], Satz IV.5.11), then all maximal ideals are of the form
〈x− a〉, a ∈ k.

Note. If k is algebraically closed, a non-constant polynomialp ∈ k[x] is irreducible4 if
and only if its degree is 1.

I.4.12 Exercises5. The ringC{x} may be interpreted in terms of complex functions. Let

S :=
{
(U, f ) |U ⊂ C open, 0 ∈ U, f : U −→ C holomorphic

}
.

We introduce the following relation onS:

(U, f ) ∼ (V, g) :⇐⇒ ∃0 ∈W ⊂ U ∩ V open : f|W ≡ g|W.

i) Prove that “∼” is an equivalence relation onS.
The equivalence classes aregermsof holomorphic functions at 0. We write the equiv-

alence class of (U, f ) ∈ S as [U, f ].
ii) Show that addition and multiplication of complex functions endow the setS of

germs of holomorphic functions at 0 with the structure of a ring and that

ev:S −→ C
[U, f ] 7−→ f (0)

is a ring homomorphism.6

iii) For a germ [U, f ] ∈ S, let T f ,0 be its Taylor series with expansion point 0. Show
that

T : S −→ C{x}
[U, f ] 7−→ T f ,0

is an isomorphism of rings, such that

T−1(〈x〉) = {
[U, f ] ∈ S | ev(f ) = 0

}
.

4See Page 20 for the definition of an irreducible element in an integral domain.
5The necessary prerequisites for these exercises are contained [30], especially Kapitel IV
6Note that 0 is the only point at which it makes sense to evaluate a germ.
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This exercise illustrates the name “local”: It comes exactly from the context of such
rings of germs of functions at a point, here the origin. Germsare, roughly speaking, the
local functions at the given point.

I.4.13 Exercises(Prime ideals). Determine all prime and maximal ideals of the following
rings: i)R, ii) Z, iii) C[x], and iv)R[x].

I.4.14 Exercise.Let R , {0} be a ring. Show that the setΣ of prime ideals ofR has a
minimal element with respect to inclusion.

I.4.15 Exercises.Let k be a field.
i) Prove that the polynomial ringk[x] overk is a principal ideal domain.
ii) Prove thatk is algebraically closed if and only if, for every maximal idealm ⊂ k[x],

there exists an elementa ∈ k with m = 〈x− a〉.
I.4.16 Exercises(Boolean rings). i) Let Rbe a ring such that every elementx ∈ Rsatisfies
xn = x for somen > 1. Show that every prime idealp of R is a maximal ideal.

ii) A ring R is calledboolean, if every elementx ∈ R verifies x2 = x. Show that
2x = x+ x = 0 holds true for every elementx in a boolean ringR.

iii) Let R , {0} be a boolean ring andp ⊂ R a prime ideal. Show thatp is a maximal
ideal and thatR/p is a field of two elements.

The Spectrum of a Ring

The following set of exercises contains the first steps of associating with a ring a geometric
object which contains all the information about the ring.

I.4.17 Exercises(The spectrum of a ring). Let R, {0} be a ring. We define

Spec(R) :=
{
p ⊂ R | p is a prime ideal

}
.

For an idealI ⊂ R, we set

V(I ) :=
{
p ∈ Spec(R) | I ⊂ p

}
.

Establish the following properties:
i) V(0) = Spec(R), V(R) = ∅.
ii) Let Ik, k ∈ K, be a family of ideals inR. Their sum

∑
k∈K

Ik is the ideal of all linear

combinations
∑
k∈K

ak with ak ∈ Ik, k ∈ K, almost all zero (see also Page 32). Then,

V
(∑

k∈K
Ik

)
=

⋂

k∈K
V(Ik).

iii) For two idealsI andJ of R,

V(I ∩ J) = V(I ) ∪ V(J).

Remark.Call a subsetZ ⊂ Spec(R) Zariski closed, if there is an idealI ⊂ Rwith Z = V(I )
and a subsetU ⊂ Spec(R) Zariski open, if the complementZ = Spec(R) \ U is Zariski
closed. The above properties say:

i’) The empty set and Spec(R) are Zariski open.
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ii’) The union of an arbitrary family of Zariski open subsetsis Zariski open.
iii’) The intersection of two Zariski open subsets is Zariski open.
So,

T :=
{
U ⊂ Spec(R) |U is Zariski open

}

is a topology (see [17], Section 1.2) on Spec(R), theZariski topology.

iv) Let f : R−→ S be a homomorphism of rings. Define

f # : Spec(S) −→ Spec(R)

p 7−→ f −1(p).

Show thatf # is continuous in the Zariski topology.

I.4.18 Exercises(Principal open subsets). Let R be a ring andX := Spec(R). For f ∈ R,
setXf := X \ V(〈 f 〉).

i) Show that theXf , f ∈ R, form abasisfor the Zariski topology, i.e., for every Zariski
open subsetU ⊂ X, there is a subsetF ⊂ R, such that

U =
⋃

f∈F
Xf .

Hint: For an idealI ⊂ R, one hasI =
∑
f∈I
〈 f 〉.

ii) Prove thatXf ∩ Xg = Xf ·g, f , g ∈ R.
iii) Check thatXf = X holds if and only if f is a unit.
iv) Show thatX is quasi-compact, i.e., every open covering ofX possesses afinite

subcovering.

I.4.19 Exercises.Let Rbe a ring andX := Spec(R).
i) Show that, for an idealI ∈ R, one hasV(I ) = V(

√
I ).

ii) For a subsetZ ⊂ X, define the ideal

I (Z) :=
⋂

p∈Z
p.

Show that
I
(
V(I )

)
=
√

I

holds for every idealI ⊂ R.
iii) Let Z ⊂ X be a closed subset. Prove that

V
(
I (Z)

)
= Z.

I.4.20 Exercises(Boolean rings). Let R be a boolean ring (see Exercise I.4.16). SetX :=
Spec(R).

i) Show that, forf ∈ R, the setXf is both open and closed (in the Zariski topology).
ii) Let f1,...,fn ∈ R and

I := 〈 f1, ..., fn 〉 := 〈 f1〉 + · · · + 〈 fn〉.

Prove thatI is a principal ideal.
iii) Supposef1,...,fn ∈ R. Demonstrate that there is an elementf ∈ R, such that

Xf := Xf1 ∪ · · · ∪ Xfn.
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I.4.21 Exercises(The spectrum ofZ[x]). The aim of this exercise is to determine all prime
and maximal ideals ofZ[x].

i) Show that a prime idealp which isnot principal contains twoirreducible polyno-
mials f1 and f2 with f1 ∤ f2 and f2 ∤ f1.

ii) Explain why the greatest common divisor off1 and f2 in Q[x] is 1, so that there are
polynomialsg1, g2 ∈ Q[x] with f1 · g1 + f2 · g2 = 1.

iii) Deduce from ii) that the intersectionZ ∩ p is non-zero and therefore of the form
〈p〉 for some prime numberp ∈ Z.

iv) Infer that a non-principal prime idealp ⊂ Z[x] is of the form〈 p, f 〉wherep ∈ Z is
a prime number andf ∈ Z[x] is a primitive polynomial (see Page 27) of positive degree,
such that its classf ∈ Fp[x] is irreducible. Is such an ideal maximal?

v) Now, describe all prime and all maximal ideals ofZ[x].

Remark.A picture of Spec(Z[x]) may be found in the books [20], Example H, page 74f,
and [6], Section II.4.3.

I.4.22 Exercise(The spectrum of a product). Let R1,R2 be non-zero rings. Describe the
spectrum ofR1 × R2 in terms of the spectra ofR1 andR2. (Don’t forget to think about the
topology of the respective spaces.)

I.5 Irreducible Elements and Prime Elements

In this section,R is assumed to be anintegral domain. The prime factorization in the
ring of integers ([29], Kapitel I) is the most important toolof elementary number theory.
To state it, we just need the relation of divisibility among two integers. This can equally
well be defined and studied in any integral domain.

I.5.1 Question. Is there a prime factorization inR?

We will see that the answer isno, in general. This motivates two developments. First,
we may single out the class of rings for which the answer is yes, so-calledfactorial rings ,
and study some examples and properties of these rings. Second, we can generalize the
concept of prime factorization by allowing also ideals in the factorization. This will lead
to theprimary decomposition of ideals (see Section II.4).

Let a, b ∈ R. We say thatb divides a, if there exists an elementc ∈ R, such that

a = b · c.

I.5.2 Notation. b|a.

The reader may check the following properties of the divisibility relation (see [29],
Eigenschaften I.2.2, for the corresponding statements in the ringZ.)

I.5.3 Properties. i) Let a∈ R. Then,1|a and a|a.
ii) Let a, b, c ∈ R. If c|b and b|a, then also c|a.
iii) Let a1, ..., an, b ∈ R be elements with b|ai, i = 1, ..., n. For all r1, ..., rn ∈ R, we have

b
∣∣∣(r1 · a1 + · · · + rn · an).

iv) Let b∈ R be an element with b|1. Then, b is a unit of R.
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v) Let a ∈ R and u∈ R⋆ be a unit. For every b∈ R, the relation b|a implies(b · u)|a
and b|(a · u).

vi) Let a, b ∈ R. Then,
b|a ⇐⇒ 〈a〉 ⊂ 〈b〉.

Two elementsa, b ∈ R areassociated, if there exists a unitu ∈ R⋆, such that

a = b · u.

I.5.4 Notation. a ∼ b.

I.5.5 Lemma. i) The relation “∼” is an equivalence relation.
ii) Let a, b ∈ R. Then, the following conditions are equivalent:⋆) a ∼ b,⋆⋆) a|b∧b|a,

and⋆ ⋆ ⋆) 〈a〉 = 〈b〉.

Proof. i) This is very easy to check directly. It is also an immediateconsequence of ii).
ii) Condition ⋆) clearly implies⋆⋆). Condition⋆⋆) and⋆ ⋆ ⋆) are equivalent by

Property I.5.3, vi). So, assume thata|b andb|a and letr, s ∈ R be such thata = b · r and
b = a · s. Then,

a = (r · s) · a.
This is equivalent to

(1− r · s) · a = 0.

SinceR is an integral domain,7 we havea = 0 or 1= r · s. In the first case,b = a · s= 0.
In the second case,r ands are units ofR. In both cases,a andb are associated. �

We have now two options to generalize the notion of a prime number in the ring of
integers (compare [29], Definition I.3.1 and Satz I.4.5): Anelementp ∈ R is called a
prime element, if p , 0, p < R⋆, and

∀a, b ∈ R: p|(a · b) =⇒ p|a or p|b.

An elementq ∈ R is irreducible, if p , 0, p < R⋆, and

∀a, b ∈ R: q = a · b =⇒ a ∈ R⋆ or b ∈ R⋆.

In other words, the only divisors ofq are units or associated elements.

I.5.6 Examples.i) Let k be a field. Then, there are no prime or irreducible elements ink.
ii) An integerm ∈ Z is an irreducible element if and only if it is a prime number. A

prime number is a prime element, by [29], Satz I.4.5. Since a prime element is irreducible
(Proposition I.5.7, i), every prime element inZ is a prime number.

I.5.7 Proposition. Let p∈ R be an element.
i) If p is a prime element, then p is irreducible.
ii) The element p is a prime element if and only if〈p〉 is a prime ideal
iii) The element p is irreducible if and only if there is no elementa ∈ R with

〈p〉 ( 〈a〉 ( R,

i.e., if 〈p〉 is maximal among the properprincipal ideals of R.
7Here, our general assumption becomes important.
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Proof. i) Let a, b ∈ R be such thatp = a · b. Sincep|p, we havep|(a · b) andp|a or p|b.
Let us assumep|a and letc ∈ R be such thata = p · c. We findp = (b · c) · p. Sincep , 0
andR is an integral domain, it follows thatb · c = 1 and thatb is a unit.

ii) “ =⇒”: For a, b with a · b ∈ 〈p〉, we havep|(a · b). Sincep is a prime element, this
implies p|a or p|b, i.e.,a ∈ 〈p〉 or b ∈ 〈p〉. The converse is similar.

iii) “ =⇒”: Supposea ∈ R is an element with〈p〉 ⊂ 〈a〉, i.e.,a|p. Let b ∈ R be such
thata · b = p. Then,a ∈ R⋆ or b ∈ R⋆, that is〈a〉 = R or 〈a〉 = 〈p〉.

“⇐=”: For a, b ∈ R with p = a · b, we have〈p〉 ⊂ 〈a〉. By assumption,〈a〉 = 〈p〉 or
〈a〉 = R. In the first caseb ∈ R⋆, and, in the second case,a ∈ R⋆. �

I.5.8 Corollary. Suppose R is a principal ideal domain. Then, any irreducibleelement
p ∈ R is a prime element.

I.5.9 Important example.We look at the ring

R := Z [√
−5

]
:=

{
k+ l ·

√
−5 ∈ C ∣∣∣ k, l ∈ Z }

.

It is a subring of the fieldC of complex numbers and therefore an integral domain. In
order to study divisibility among elements inR, we introduce thenorm map

N : R −→ Z
k+ l ·

√
−5 7−→ k2 + 5 · l2.

It satisfies
∀a, b ∈ R : N(a · b) = N(a) · N(b). (I.5)

We can list elements of small norm:

⋆ An element ofa ∈ Rhas norm 1 if and only ifa = ±1.

⋆ There are no elementsa ∈ R of norm 2 or 3.

⋆ The elements of norm 9 are±3 and±(2±
√
−5).

This has already several interesting consequences:

Claim. The units of R are±1.

The elements±1 are clearly units ofR. Conversely, (I.5) shows that a unitu ∈ R
satisfiesN(u) = 1. Our previous observation says that this is equivalent tou = ±1. X

Claim. The elements±3 and±(2±
√
−5) are irreducible.

We explain the argument for 3. Equation (I.5) shows that a divisora of 3 has norm 1
or 9, because there is no element of norm 3. IfN(a) = ±1, thena = ±1. If N(a) = 9, then
a = ±3 ora = ±(2±

√
−5). The elements±(2±

√
−5) do not divide 3. X

Claim. The elements±3 and±(2±
√
−5) are not prime.

Again, we show the assertion for 3. We use the equation

9 = 3 · 3 = (2−
√
−5) · (2+

√
−5). (I.6)

It shows 3|9. By our previous discussion, 3∤ (2±
√
−5). X
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I.5.10 Exercise.Prove that every elementa ∈ R which is neither zero nor a unit can be
written as a product of irreducible elements.

I.5.11 Remark.i) There are several related observations resulting from our discussion, in
particular, Equation (I.6). Every element inR may be written as a product of irreducible
elements, but this factorization is, in general, not uniqueup to associated element. For
example, 9 has two essentially distinct factorizations. Not every irreducible element is
a prime element. There are elements such as 9 which cannot be written as products of
prime elements. We will clarify these matters in the following section.

ii) The fact that there are numbers which cannot be written asproducts of prime el-
ements led to the idea of “ideal numbers” and eventually of ideals which may be used
to obtain such a factorization nevertheless. An example looks as follows (see Exercise
I.8.9): The ideals

p1 := 〈 3, 2+
√
−5 〉 and p2 := 〈 3, 2−

√
−5〉

are prime ideals inRwith
〈9〉 = p2

1 · p2
2 = p

2
1 ∩ p2

2.

iii) The ring R is the ring of integers in the number field Q(
√
−5). Every number

field K has such a ring of integersOK. The question whether there is a prime factorization
or not inOK is of great importance for algebraic number theory. It is, for example, related
to the famous equationxp + yp = zp, p a prime number, of Fermat.8 Chapter I of [22]
contains detailed information on these topics.

I.6 Factorial Rings

In this section,R will be an integral domain. We will study the following properties:

(F1) For every elementa ∈ R\({0}∪R⋆), there are a natural numberr ≥ 1 andirreducible
elementsq1, ..., qr ∈ R with

a = q1 · · · · · qr .

(F2) For every elementa ∈ R\ ({0} ∪ R⋆), there are a natural numberr ≥ 1 andprime
elementsp1, ..., pr ∈ R with

a = p1 · · · · · pr .

(F3) If we are given natural numbersr, t ≥ 1 and irreducible elementsq1, ..., qr , s1, ..., st ∈
R with

q1 · · · · · qr = s1 · · · · · st,

thenr = t and there is a permutationσ : { 1, ..., r } −→ { 1, ..., r }, such that

∀i ∈ { 1, ..., r } : qi ∼ sσ(i).

(F4) Every irreducible element ofR is a prime element.

8Pierre de Fermat (1601 or 1607/8 - 1665) was a French lawyer and mathematician.
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I.6.1 Theorem. The following conditions on the integral domain R are equivalent:
i) The properties(F1)and(F3)hold in R.
ii) The properties(F1) and(F4) hold in R.
iii) Property(F2) holds in R.

Proof. “i)=⇒ii)”. Let q be an irreducible element anda, b ∈ R ring elements withq|a · b.
If a = 0 or b = 0, there is nothing to show. Ifa ∈ R⋆, it follows thatq|b, and, ifb ∈ R⋆,
we haveq|a. So, we may assumea, b ∈ R\ ({0} ∪ R⋆). Let c ∈ R be such that

a · b = q · c.

Sinceq is irreducible, we must havec < R⋆ and, obviously,c , 0. By (F1), there are
natural numbersr, t, v ≥ 1 and irreducible elementsq1, ..., qr , s1, ..., st, u1, ..., uv ∈ Rwith

a = q1 · · · · · qr , b = s1 · · · · · st, and c = u1 · · · · · uv.

The identity
q1 · · · · · qr · s1 · · · · · st = q · u1 · · · · · uv

and (F3) show that there is an indexi0 ∈ { 1, ..., r } or an indexj0 ∈ { 1, ..., t } with

q ∼ qi0 or q ∼ sj0,

so that
q|a or q|b.

“ii) =⇒iii)”. This is trivial.
“iii) =⇒i)”. By Proposition I.5.7, i), every prime element ofR is irreducible. This

implies that (F1) holds true inR.

Claim. Property(F4) is verified by R.

In fact, letq ∈ R be an irreducible element. There are a natural numberr ≥ 1 and
prime elementsp1, ..., pr with

q = p1 · · · · · pr .

Since prime elements aren’t units, the irreducibility ofq impliesr = 1 andq = p1. X

Now, letq1, ..., qr , s1, ..., st ∈ Rbe irreducible elements with

q1 · · · · · qr = s1 · · · · · st.

We proceed by induction onr. If r = 1, thent = 1, becauseq1 is irreducible. In general,
there is an indexi ∈ { 1, ..., r } with s1|qi, because, according to (F4),s1 is a prime element.
Sinceqi is irreducible, this impliess1 ∼ qi. We may clearly assumei = 1. There is a unit
u ∈ R with s1 = u · q1. We infer

q1 · q2 · · · · · qr = q1 · (u · s2) · s3 · · · · · st.

Using the fact thatR is an integral domain, this equation implies

q2 · · · · · qr = (u · s2) · s3 · · · · · st,

and we may conclude by induction. �
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A factorial ring is an integral domain which satisfies Conditions (F1) - (F4).

I.6.2 Exercise(Chains of ideals in principal ideal domains). Let R be a principal ideal
domain.

i) Let
〈r1〉 ⊂ 〈r2〉 ⊂ · · · ⊂ 〈rk〉 ⊂ 〈rk+1〉 ⊂ · · ·

be an ascending chain of (principal) ideals. Show that this sequence becomesstationary,9

i.e., there is an indexk0 ∈ N, such that

〈rk〉 = 〈rk0〉 for all k ≥ k0.

ii) Use Part i) to show that (F1) (see Page 22) holds in a principal domain (compare
[8], Chapter II, Lemma 4.3.4) and conclude that a principal ideal domain is factorial.

I.6.3 Example.Let k be a field. By Exercise I.4.15, i), the polynomial ringk[x] is a
principal ideal domain and, therefore, by the previous exercise a factorial ring.

The next aim is to prove the existence of more factorial rings.

I.6.4 Theorem (Gauß). Let R be a factorial ring. Then, the polynomial ring R[x] is
factorial, too.

By Example I.6.3, the theorem is true, ifR is a field. We would like to use this result.
This is possible, because we may associate with anyintegral domain in a canonical way
a field.

Quotient Fields

In order to define what a quotient field is, we will recur again to a universal property.
Let R be an integral domain. Aquotient fieldof R is a pair (Q(R), ι) which consists of
a field Q(R) and an injective homomorphismι : R −→ Q(R) and satisfies the following
property: For every fieldK and every injective homomorphismϕ : R −→ K, there is a
unique homomorphismΦ : Q(R) −→ K with

Φ ◦ ι = ϕ.

The corresponding diagram looks as follows:

R
ι

}}zz
zz

zz
zz ϕ

��
??

??
??

??

Q(R) ∃!Φ
//_______ K.

The universal property expresses thatQ(R) is the smallest field that containsR. In order to
construct it, we obviously have to invert the elements ofR\ {0}. The formal construction
proceeds along the lines of the construction of the fieldQ of rational numbers from the
ringZ of integers ([26], Abschnitt 1.5).

For (a, b), (c, d) ∈ R× (R\ {0}), we write

(a, b) ∼ (c, d) :⇐⇒ a · d = b · c.
9This property will be studied in detail in Chapter II.1.
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I.6.5 Proposition. The relation “∼” is an equivalence relation on R× (R\ {0}).

Proof. We leave this as an exercise. �

In the following, we write
a
b

for the equivalence class [a, b] of (a, b) ∈ R× (R\ {0}). We will also abusively writea for
the classa/1, a ∈ R. In this notation, we declare theaddition

+ : Q(R) × Q(R) −→ Q(R)(a
b
,
c
d

)
7−→ a · d+ b · c

b · d

and themultiplication

· : Q(R) × Q(R) −→ Q(R)(a
b
,

c
d

)
7−→

a · c
b · d

.

I.6.6 Theorem. i) The tuple(Q, 0,+, ·, 1) is a field.
ii) The map

ι : R −→ Q(R)

a 7−→ a =
a
1

is an injective ring homomorphism.10

iii) The pair(Q(R), ι) is a quotient field of R.

Proof. Everything works as forZ andQ. So, we leave the proof as an exercise. �

Greatest Common Divisors

We need some more concepts in factorial rings which generalize their counterparts in the
ring Z of integers in order to compare factorizations in the ringsR[x] andQ(R)[x].

For ring elementsa1, ..., an ∈ R, a common divisorof a1, ..., an is an elementd ∈ R
with

d|ai, i = 1, ..., n,

and
cd(a1, ..., an) :=

{
d ∈ R | d is a common divisor ofa1, ..., an

}

is theset of common divisorsof a1, ..., an.

I.6.7 Properties. Let n≥ 1 be a positive natural number, a1, ..., an ∈ R ring elements and
u ∈ R⋆ a unit.

i) For every ring element d∈ R we have

d ∈ cd(a1, ..., an) ⇐⇒ 〈d〉 ⊃ 〈a1〉 + · · · + 〈an〉.
10This justifies our abusive notation.

25



Chapter I. Basic Theory of Rings and their Ideals

ii) It is always true that R⋆ ⊂ cd(a1, ..., an).
iii) We havecd(a1, ..., an, u) = R⋆.
iv) We havecd(a1, ..., an, 0) = cd(a1, ..., an).
v) The property0 ∈ cd(a1, ..., an) holds if and only if a1 = · · · = an = 0.

Proof. For i), observe that, fora ∈ R, d|a holds if and only if〈d〉 ⊃ 〈a〉 (Property I.5.3,
vi). So,

d ∈ cd(a1, ..., an) ⇐⇒ 〈d〉 ⊃
(
〈a1〉 ∪ · · · ∪ 〈an〉

)
.

The fact that〈d〉 is an ideal implies

〈d〉 ⊃
(
〈a1〉 ∪ · · · ∪ 〈an〉

)
⇐⇒ 〈d〉 ⊃ 〈a1〉 + · · · + 〈an〉.

The rest of the asserted properties is straightforward to verify, and we leave the proofs
to the reader. �

The elementsa1, ..., an ∈ R arecoprime, if

cd(a1, ..., an) ⊂ R⋆.

By Property I.6.7, ii), this condition is equivalent to cd(a1, ..., an) = R⋆.
Givena1, ..., an ∈ R, agreatest common divisorof a1, ..., an is an elementd ∈ cd(a1, ...,

an) with the property
∀d′ ∈ cd(a1, ..., an) : d′|d.

We let

gcd(a1, ..., an) =
{
d ∈ R | d is a greatest common divisor ofa1, ..., an

}

be theset of greatest common divisorsof a1, ..., an.

I.6.8 Properties. Let a1, ..., an ∈ R be ring elements.
i) Let d, d′ ∈ R be elements with d∈ gcd(a1, ..., an) and d∼ d′. Then, d′ ∈ gcd(a1, ...,

an).
ii) If d, d′ ∈ gcd(a1, ..., an) are greatest common divisors of a1, ..., an, then d∼ d′, i.e.,

a greatest common divisor is determined up to units.
iii) Suppose there is an index i0 ∈ { 1, ..., n } with ai0 , 0 and d∈ gcd(a1, ..., an). Then,

the elements a′1, ..., a
′
n ∈ R with ai = d · a′i are coprime.

Proof. i) This is obvious. ii) This is a direct consequence of Property I.5.3, v). iii) Let
t ∈ cd(a′1, ..., a

′
n) and writea′i = a′′i · t for a suitable ring elementa′′i ∈ R, i = 1, ..., n. It

follows thatd · t ∈ cd(a1, ..., an). By definition of a greatest common divisor, (d · t)|d. As
usual, we infer thatt ∈ R⋆ is a unit. So, we have shown cd(a′1, ..., a

′
n) ⊂ R⋆ as required. �

The concept of a greatest common divisor has been defined in any integral domain. In
general, it need not exist.

I.6.9 Example.We look again at the ringZ[
√
−5]. The elementa = 9 has the divisors±1,

±3,±(2±
√
−5),±9, and the elementb := 3· (2+

√
−5) has the divisors±1,±3,±(2+

√
−5)

and±3 · (2+
√
−5). Since the elements 3 and (2+

√
−5) are not associated, it follows that

the elementsa andb do not have a greatest common divisor.
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I.6.10 Proposition. Assume that R is afactorial ring. Then, for n≥ 1, ring elements
a1, ..., an which are not all zero do have a greatest common divisor.

Proof. By Property I.6.7, iv) and v), we may supposeai , 0, i = 1, ...., n, and by Property
I.6.7, iii), we may assumeai < R⋆, i = 1, ..., n. SinceR is factorial, we may find prime
elementsp1, ..., pr with pi / p j for 1 ≤ i < j ≤ r and natural numberskj(ai), j = 1, ..., r,
i = 1, ..., n, with

ai ∼ pk1(ai )
1 · · · · · pkr (ai )

r , i = 1, ..., n.

Now, set
mj := min

{
kj(ai) | i = 1, ..., n

}
, j = 1, ..., r.

It is readily verified that
d := pm1

1 · · · · · p
mr
r

is a greatest common divisor ofa1, ..., an. �

I.6.11 Lemma. Let R be afactorial ring. Then, every element x∈ Q(R) can be written
as x= a/b with a∈ R and b∈ R\ {0} coprime.

Proof. We pickα ∈ R andβ ∈ R \ {0}. By Proposition I.6.10,α andβ have a greatest
common divisor. Letd be one,a ∈ R andb ∈ R \ {0} be elements withα = a · d and
β = b · d. According to Property I.6.8, iii),a andb are coprime. It is also clear that
x = α/β = a/b. �

Primitive Polynomials

For the rest of this section, we assume thatR is a factorial ring . We need to compare
irreducible elements in the ringsR[x] and Q(R)[x]. The key concept for doing so is the
one of aprimitive polynomial : A polynomial f ∈ R[x] is primitive, if its coefficients are
coprime.

I.6.12 Example.If k is a field, then every polynomialf ∈ k[x] \ {0} is primitive.

I.6.13 Lemma. i) Let f ∈ R[x] be a polynomial of positive degree. If f is irreducible,
then f is primitive.

ii) If f ∈ R[x] is a primitive polynomial and f is irreducible in Q(R)[x], then f is
irreducible in R[x].

In i), we need to assume thatf is non-constant, because the element 2∈ Z[x] is
irreducible but not primitive. Part ii) does not work, if we don’t assume thatf is primitive.
In fact, the polynomial 2x+2 ∈ Q[x] is irreducible. InZ[x], the equation 2·(x+1) = 2x+2
expresses 2x+2 as a product of two non-units, so that 2x+2 is not an irreducible element
of Z[x]. (This is the only subtlety of the lemma.)

Proof of LemmaI.6.13. i) Let d be a greatest common divisor of the coefficients of f .
(This exists by Proposition I.6.10.) By Property I.6.8, iii), there is a primitive polynomial
g ∈ R[x] with f = d · g. Since f is irreducible andg ∈ R[x] is not a unit, because
deg(g) = deg(f ) > 0, d must be a unit.

ii) Let g, h ∈ R[x] polynomials with f = g · h. This is also an equation inQ(R)[x]. By
assumption,g ∈ Q(R)[x]⋆ = Q(R) \ {0} or h ∈ Q(R)⋆. It suffices to treat the first case. We
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haveg ∈ R \ {0}, andg clearly is a common divisor of the coefficients of f . Since f is
primitive, we haveg ∈ R⋆ = R[x]⋆ as required. �

I.6.14 Lemma (Gauß). Let f, g ∈ R[x] be primitive polynomials. Then, f· g ∈ R[x] is
primitive, too.

Proof. For every prime elementp ∈ R, we have the surjection

̺p : R[x] −→ (R/〈p〉)[x]

a0 + a1 · x+ · · · + an · xn 7−→ [a0] + [a1] · x+ · · · + [an] · xn.

Formally, it is associated with the homomorphismπp : R −→ R/〈p〉 and the element
x ∈ (R/〈p〉)[x] (see Page 5). Using prime factorization inR, we have the following:

∀ f ∈ R[x] : f is primitive ⇐⇒ ∀ prime elementsp ∈ R : ̺p( f ) , 0. (I.7)

By assumption, we have̺p( f ) , 0 and̺p(g) , 0, p ∈ R a prime element. Now,〈p〉 is
a prime ideal (Proposition I.5.7, ii). So,R/〈p〉 and (R/〈p〉)[x] are integral domains. The
inequality

∀ prime elementsp ∈ R : ̺p( f · g) = ̺p( f ) · ̺p(g) , 0

gives the result. �

I.6.15 Remark.We can rephrase the above proof also in terms of ideals. The kernel p of
̺p is a prime ideal (see Proposition I.4.1, i),p ∈ Ra prime element. In the proof, we have
exploited the property

f < p ∧ g < p =⇒ f · g < p

of the prime idealp.

I.6.16 Lemma. i) For every polynomial g∈ Q(R)[x] \ {0}, there is a number a∈ Q(R),
such that the polynomial a· g belongs to R[x] and is primitive.

ii) If f , g ∈ R[x] are polynomials, g is primitive, and a∈ Q(R) is a number with
f = a · g, then a∈ R.

Proof. i) We writeg = α0 + α1 · x+ · · · + αn · xn with α0, ..., αn ∈ Q(R) and pick elements
r i ∈ R, si ∈ R \ {0} with αi = r i/si, i = 0, ..., n. Sets := s0 · · · · · sn. Then, we obviously
haves · g ∈ R[x] \ {0}. SinceR is factorial, we may find a greatest common divisord of
the coefficients ofs· g. There exists a polynomialf ∈ R[x] with s· g = d · f . By Property
I.6.8, iii), f is primitive. Altogether, we may choosea = s/d.

ii) The casef = 0 is trivial. Otherwise, we may writea = r/s with r, s ∈ R coprime
(see Lemma I.6.11). The equationf = a · g may be rewritten as

s · f = r · g.

This shows thats divides all the coefficients ofr · g. Sinces is coprime tor, prime
factorization inR implies thats divides all the coefficients ofg. The primitivity of g
implies thats is a unit. So,a = r/s ∈ Ras asserted. �

The following result finally relates the irreducible elements ofR[x] andQ(R)[x].
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I.6.17 Proposition. i) Let f ∈ R[x] be a non-constant primitive polynomial and g∈ R[x].
If the relation f|g holds in Q(R)[x], then it holds in R[x], too.

ii) If f ∈ R[x] is a non-constant irreducible polynomial, then f is irreducible as an
element of Q(R)[x].

Proof. i) If g = 0, there is nothing to show. Otherwise, there is a polynomialh ∈ Q(R)[x]\
{0} with g = f · h. By Lemma I.6.16, i), there is a numbera ∈ Q(R), such thata · h is a
primitive polynomial inR[x]. Now, we look at the equation

g =
1
a
· f · (a · h).

By Lemma I.6.14,f · (a · h) is primitive. According to Lemma I.6.16, ii), 1/a ∈ R, so that
h = (1/a) · (a · h) ∈ R[x].

ii) Suppose we could writef = g · h with g, h ∈ Q(R)[x]. We picka ∈ Q(R), such that
a · h ∈ R[x] is a primitive polynomial, and look at the equation

f =

(
1
a
· g

)
· (a · h).

By Part i), we have (1/a) · g ∈ R[x]. Since f is irreducible as an element ofR[x], we
conclude that (1/a) · g ∈ R⋆ or a · h ∈ R⋆. This impliesg ∈ Q(R)⋆ or h ∈ Q(R)⋆. �

Proof of TheoremI.6.4. We will verify Conditions (F1) and (F3) (see Page 22f).
Step 1.We show that (F1) holds, i.e., that every element ofR[x] \ ({0} ∪ R⋆) may be

written as a product of irreducible elements. We do this by induction on the degreen.
n = 0. Let f ∈ R[x] \ ({0} ∪ R⋆) be a non-zero constant. SinceR is factorial, f can be

written as a product of irreducible elements inR. Finally, every irreducible element ofR
is an irreducible element ofR[x].

n −→ n+ 1. Let f ∈ R[x] be a polynomial of degreen+ 1. There are a ring element
a ∈ R and a primitive polynomialg ∈ R[x] with f = a · g. Since the assertion holds
for a, it suffices to factorizeg. If g is irreducible, there is nothing to show. Ifg is not
irreducible, there exist elementsg1, g2 ∈ R[x] \ ({0} ∪ R⋆) with g = g1 · g2. Sinceg is
primitive andg1, g2 aren’t units,g1 andg2 cannot be constant. It follows deg(g1) < deg(g)
and deg(g2) < deg(g). By induction hypothesis,g1 andg2 may be written as products of
irreducible polynomials. The same is true forg = g1 · g2.

Step 2. Here, we check (F3). Letc1, ..., cm, d1, ..., dn ∈ R be irreducible elements and
p1, ..., ps, q1, ..., qt ∈ R[x] \ R be irreducible polynomials of positive degree, such that

c1 · · · · · cm · p1 · · · · · ps = d1 · · · · · dn · q1 · · · · · qt. (I.8)

By Lemma I.6.13, i), the polynomialsp1, ..., ps andq1, ..., qt are primitive. By Lemma
I.6.14, the polynomialsp1 · · · · · ps andq1 · · · · ·qt are primitive, too. It is easy to infer from
Equation (I.8) that

c1 · · · · · cm ∼ d1 · · · · · dn.

SinceR is a factorial ring,m = n and there is a permutationσ : { 1, ..., n } −→ { 1, ..., n }
with

ci ∼ dσ(i), i = 1, ..., n.
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We conclude
p1 · · · · · ps ∼ q1 · · · · · qt. (I.9)

Now, we look at this relation in the ringQ(R)[x]. By Proposition I.6.17, ii), the poly-
nomialsp1, ..., ps, q1, ..., qt are irreducible inQ(R)[x]. We already know thatQ(R)[x] is
factorial (see Example I.6.3). From (I.9), we now infer thats = t and that there is a
permutationτ : { 1, ..., t } −→ { 1, ..., t } with

pi ∼ qτ(i) in Q(R)[x], i = 1, ..., t.

With Lemma I.5.5, ii), we rewrite this as

pi |qτ(i) andqτ(i)|pi in Q(R)[x], i = 1, ..., t.

Next, Proposition I.6.17 shows

pi |qτ(i) andqτ(i)|pi in R[x],

and, thus, by Lemma I.5.5, ii),

pi ∼ qτ(i) in R[x], i = 1, ..., t.

This gives the assertion and concludes the proof. �

I.7 The Nilradical

I.7.1 Proposition. Let R be a ring and

N :=
{
a ∈ R | a is nilpotent

}
.

i) The subsetN of R is an ideal.
ii) The quotient ring R/N has no nilpotent element other than0.

Proof. i) Clearly, 0∈ N. Supposea, b ∈ N and choose exponentsm ≥ 1 andn ≥ 1 with
am = 0 andbn = 0. For 0≤ i < m, we havem+ n − 1 − i ≥ n. This shows that every
summand of the right hand sum in

(a+ b)m+n−1 =

m+n−1∑

i=0

(
m+ n− 1

i

)
· ai · bm+n−1−i

is zero, so that (a + b)m+n−1 = 0 anda + b ∈ N. Assumer ∈ R anda ∈ N and letn ≥ 1
be an exponent withan = 0. Then, (r · a)n = rn · an = 0 andr · a ∈ N. In the special case
r = −1, we get−a ∈ N.

ii) Let a ∈ Rbe such that [a] ∈ R/N is nilpotent. Letn ≥ 1 be such that [an] = [a]n = 0.
This meansan ∈ N. Hence, we may find an exponentm≥ 1 with

am·n = (an)m = 0.

This showsa ∈ N and [a] = 0. �
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The idealN is called thenilradical of R.

I.7.2 Proposition. Let R, {0} be a ring. Then, the nilradical is the intersection of all
prime ideals in R:

N =
⋂

p⊂R
prime ideal

p.

Proof. We first show that the nilradical is contained in every prime ideal. To this end, let
a ∈ N be a nilpotent element,n ≥ 1 an exponent withan = 0, andp ⊂ R a prime ideal.
We obviously havean ∈ p. So, we may define

l := min
{
m≥ 1 | am ∈ p

}
.

Assumel > 1. Then,al = a · al−1 ∈ p. By definition,a ∈ p or al−1 ∈ p. Both conclusions
contradict the choice ofl. The only way out isl = 1 anda ∈ p.

Now, let a ∈ R be an element which is not nilpotent. We will prove the existence of
a prime ideal which does not containa. Denote byΣ the set of idealsI ⊂ R with the
property thatan

< I for all n ≥ 1. This set contains the zero ideal{0} and is, therefore,
non-empty. By Zorn’s lemma I.4.7 (compare the proof of Theorem I.4.4), it contains a
maximal element. Letp ∈ Σ be a maximal element. If we can show thatp is a prime
ideal, we are clearly done. Supposeb, c ∈ R\ p. Then,p ( p + 〈b〉 andp ( p + 〈c〉. By
definition ofp, there are exponentsm ≥ 1 andn ≥ 1 with am ∈ p + 〈b〉 andan ∈ p + 〈c〉.
We infer

am+n ∈ p + 〈b · c〉.
So,p + 〈b · c〉 < Σ andp ( p + 〈b · c〉. This showsb · c < p as required. �

I.7.3 Remark.In the above proof, we have used Zorn’s lemma, i.e., the axiomof choice
in its full strength. In Section II.3, we will see that the statement that Proposition I.7.2
holds for every non-zero ring is equivalent to the fact that every non-zero ring has a prime
ideal (compare Remark I.4.5). Note the fact that, in a non-zero ring, 1< N, so thatRmust
contain a prime ideal, if Proposition I.7.2 holds.11

I.8 Operations on Ideals

Here, we will discuss various ways to construct new ideals from given ones. These con-
structions and their properties will be used throughout thefollowing text.

Intersections, Sums, and Products

Let R be a ring,S an index set and (Is)s∈S a family of ideals inR indexed by the setS.
Then, it is a straightforward task to verify that the intersection

⋂

s∈S
Is

is also an ideal. This basic observation makes possible the following important construc-
tion:

11The intersection over an empty index set is, by definition, the whole ringR.
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I.8.1 Lemma. Let R be a ring and X⊂ R. The ring R possesses one and only one ideal
I (X) which contains X and is contained in any ideal containing X.

Proof. Obviously, the ideal
I (X) :=

⋂

I⊂R ideal
X⊂I

I

does the trick. �

The reader should compare this to the corresponding construction in group theory
([29], Satz II.4.10). The idealI (X) is theideal generated by X.

Definition. We will often write〈X〉 for I (X).

I.8.2 Remark.The idealI (X) is identical to the ideal of all finiteR-linear combinations of
elements inX:

I (X) =
{∑

a∈X
ra · a

∣∣∣ ra ∈ R, a ∈ X, all but finitely many are zero
}
.

I.8.3 Examples.i) The ideal generated by the empty set is the zero ideal,〈∅〉 = {0}.
ii) For a ∈ R, the idealI ({a}) agrees with the principal ideal〈a〉 generated bya (see

Example I.2.1, iv).
iii) More generally, for finitely many elementsa1, ..., an ∈ R, we have (compare Ex-

ample I.2.1, x)
I
(
{ a1, ..., an }

)
= 〈 a1, ..., an 〉 = 〈a1〉 + · · · + 〈an〉.

We say that an idealI ⊂ R is finitely generated, if there are a natural numbern and
elementsa1, ..., an ∈ R with I = 〈 a1, ..., an 〉.

The above construction has an important special case: ForS an index set and a family
of ideals (Is)s∈S in R indexed by the setS, thesumis the ideal

∑

s∈S
Is :=

〈⋃

s∈S
Is

〉
=

{∑

s∈S
as | as ∈ Is, s ∈ S, all but finitely many zero

}
.

I.8.4 Examples.i) For a subsetX ⊂ R, we findI (X) =
∑
a∈X
〈a〉.

ii) The union of ideals is, in general, not an ideal. This means that we get, in general,
⋃

s∈S
Is (

∑

s∈S
Is.

For example,〈2〉 ∪ 〈3〉 ⊂ Z is not an ideal. We have 2∈ (〈2〉 ∪ 〈3〉) and 3∈ (〈2〉 ∪ 〈3〉),
but 5< (〈2〉 ∪ 〈3〉). Note also that

〈2〉 + 〈3〉 = Z,
because 1= −2+ 3 ∈ 〈2〉 + 〈3〉.

For idealsI , J ⊂ R, theproductis the ideal

I · J = I
(
{ a · b | a ∈ I , b ∈ J }

)
=

{ n∑

i=1

ai · bi

∣∣∣ n ∈ N, ai ∈ I , bi ∈ J, i = 1, ..., n
}
.

Thepowersof an idealI ⊂ R are defined recursively via
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⋆ I0 := R,

⋆ In+1 := I · In, n ∈ N.

I.8.5 Examples.i) Let R = Z anda, b ∈ Z integers. We find the following description of
the above constructions:

⋆ 〈a〉 + 〈b〉 = 〈c〉 with c thegreatest common divisorof a andb.

⋆ 〈a〉 ∩ 〈b〉 = 〈c〉 with c the least common multipleof a andb (see [29], Definition
I.4.12).

⋆ 〈a〉 · 〈b〉 = 〈a · b〉.

ii) Let k be a field,k[x1, ..., xn] the polynomial ring inn variables (see Equation (I.2)
and the following exercise) andI := 〈 x1, ..., xn 〉. Then, form≥ 1,

Im =
{
polynomials which contain only monomials of degree at leastm

}

=

{ ∑

(i1,...,in)∈N×n:
i1+···+in≥m

ai1,...,in · x
i1
1 · · · · · x

in
n

∣∣∣ai1,...,in ∈ R, (i1, ..., in) ∈ N×n : i1 + · · · + in ≥ m

}
.

Note thatR/Im contains nilpotent elements different from zero, ifm≥ 2.

I.8.6 Example.Let R be a ring andI , J ⊂ R ideals. We always have

I · J ⊂ I ∩ J.

In general, this inclusion is strict. For example, the discussion in Example I.8.5, i), shows
that, for integersa, b ∈ Z, the equation

〈a〉 · 〈b〉 = 〈a〉 ∩ 〈b〉

holds if and only ifa andb are coprime.
We say thatI and J arecoprime, if I + J = R, and claim that, for coprime ideals

I , J ⊂ R, we have
I · J = I ∩ J.

We have to verify the inclusion “⊃”. Pick r ∈ I ands ∈ J with r + s= 1 and leta ∈ I ∩ J.
Then, the equations

a = a · 1 = a · (r + s) = a · r︸︷︷︸
∈I ·J

+ a · s︸︷︷︸
∈I ·J

shows thata is an element ofI · J.

I.8.7 Remarks.i) The operations of taking intersections, sums, and products of ideals are
commutative and associative, and the followingdistributive law holds:

For idealsI , J,K ⊂ R : I · (J + K) = I · J + I · K.

The reader may verify this as an exercise.
ii) Let I , J,K be ideals of the ringR and assumeJ ⊂ I or K ⊂ I . Then, we also have

I ∩ (J + K) = (I ∩ J) + (I ∩ K).

Here, the inclusion “⊃” is obvious. For the converse inclusion, we assumeJ ⊂ I . Let
b ∈ J andc ∈ K be elements withb+ c ∈ I . Together withb ∈ I , this impliesc ∈ I .
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I.8.8 Examples.i) Let k be a field andR= k[x, y, z] the polynomial ring in three variables
overk. We assert

〈 x · y, x · z, y · z〉 = 〈 x, y 〉 ∩ 〈 x, z〉 ∩ 〈 y, z〉.

The inclusion “⊂” is immediate. For the converse, we apply the rules from Remark I.8.7.
We have

〈 x, y 〉 ∩ 〈 x, z〉 =
(
〈x〉 + 〈y〉

)
∩ 〈 x, z〉

=
(
〈x〉 ∩ 〈 x, z〉

)
+

(
〈y〉 ∩ 〈 x, z〉

)
.

Since〈y〉 and〈 x, z〉 are not coprime, the rules do not give the intersection〈y〉 ∩ 〈 x, z〉.
Here, we apply prime factorization. Letf ∈ 〈 x, z〉. Write f as a product of irreducible
factors. Sincey is irreducible, it must be associated with one of these irreducible factors,
provided f ∈ 〈y〉. We seef ∈ 〈 x · y, y · z〉 and, thus,〈y〉 ∩ 〈 x, z〉 ⊂ 〈 x · y, y · z〉. The
converse inclusion is obvious. We continue as follows:

(
〈x〉 ∩ 〈 x, z〉

)
+

(
〈y〉 ∩ 〈 x, z〉

)
= 〈x〉 + 〈 x · y, y · z〉 = 〈 x, y · z〉.

Next

〈 x, y · z〉 ∩ 〈 y, z〉 =
(
〈x〉 + 〈y · z〉

)
∩ 〈 y, z〉

=
(
〈x〉 ∩ 〈 y, z〉

)
+

(
〈y · z〉 ∩ 〈 y, z〉

)

= 〈x · y, x · z〉 + 〈 y · z〉
= 〈 x · y, x · z, y · z〉.

ii) If we have two finitely generated idealsI = 〈 f1, ..., fs 〉 andJ = 〈 g1, ..., gt 〉 in a ring
R, then one easily sees

I · J = 〈 f1 · g1, ..., f1 · gt, ..., fs · g1, ..., fs · gt 〉.

A similar result holds, if the ideals are specified by possibly infinite sets of generators.
We may apply this to the setting of the previous example:

〈 x, y 〉 · 〈 x, z〉 · 〈 y, z〉 = 〈 x2 · y, x2 · z, x · y2, x · y · z, x · z2, y2 · z, y · z2 〉.

We infer

〈 x, y 〉 · 〈 x, z〉 · 〈 y, z〉 ( 〈 x, y 〉 ∩ 〈 x, z〉 ∩ 〈 y, z〉.

I.8.9 Exercise(A primary decomposition inZ[
√
−5]). Define

p1 := 〈 3, 2+
√
−5 〉 and p2 := 〈 3, 2−

√
−5〉

i) Show thatp1 andp2 are prime ideals.
ii) Verify that the idealsp2

1 andp2
2 are coprime.

iii) Demonstrate that〈9〉 = p2
1 · p2

2 = p
2
1 ∩ p2

2.
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The Chinese Remainder Theorem

We generalize Example I.8.6.

I.8.10 Lemma. Let R be a ring and I1, ..., In ⊂ R ideals, such that Ik and Il are coprime
for 1 ≤ k < l ≤ n. Then,12

n∏

k=1

Ik := I1 · · · · · In =

n⋂

k=1

Ik.

Proof. We proceed by induction onn. The casen = 2 has already been dealt with in
Example I.8.6.

n− 1 −→ n.We set

J :=
n−1∏

k=1

Ik.

By induction hypothesis, we have

J =
n−1⋂

k=1

Ik.

It suffices to show thatJ and In are coprime. By assumption, there are elementsrk ∈ Ik

andsk ∈ In with
rk + sk = 1, k = 1, ..., n− 1.

There is an elements ∈ In with

n−1∏

k=1

rk =

n−1∏

k=1

(1− sk) = 1− s.

Since the element on the left hand side belongs toJ, we see that 1∈ J + In. �

Now, we would like to generalize the Chinese remainder theorem from elementary
number theory in the formulation [29], III.1.4. We place ourselves in the situation of the
lemma. To make the notation more precise, we denote the classof a ∈ R in the quotient
ring R/Ik by [a]k, k = 1, ..., n. Fork = 1, ..., n, there is the canonical surjection

πk : R −→ R/Ik

a 7−→ [a]k.

Using the cartesian product of rings (Example I.1.3, x), we define

ϕ : R −→
n

�

k=1

R/Ik

a 7−→
(
[a]1, ..., [a]n

)
.

Note that

ker(ϕ) =
n⋂

k=1

Ik.

12The associativity of the product shows that the definition isindependent of the brackets one implicitly
has to insert into the middle term, or, in other words, grantsthat the middle term is well-defined.
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By the isomorphism theorem, we get an induced injective homomorphism

ϕ : R/
n⋂

k=1

Ik −→
n

�

k=1

R/Ik.

Next, we would like to study whenϕ or, equivalently,ϕ is surjective. Let

ei := (0, ..., 0, 1, 0, ..., 0) ∈
n

�

k=1

R/Ik

be the element which has the entry 1 at thei-th place,i = 1, ..., n. Then, it is readily
checked that

ϕ is surjective ⇐⇒ ∀i ∈ { 1, ..., n } : ei ∈ im(ϕ).

Let us look at the conditione1 ∈ im(ϕ) in more detail. If it is satisfied, then there is an
elementa ∈ R with [a]1 = 1, i.e., 1− a ∈ I1, and [a]k = 0, that isa ∈ Ik, for k = 2, ..., n. In
particular, we have

1 = (1− a) + a ∈ I1 + Ik, k = 2, ..., n.

Conversely, assume thatI1 andIk are coprime, fork = 2, ..., n. Then, there are elements
rk ∈ I1 andsk ∈ Ik with

1 = rk + sk, k = 2, ..., n.

Set

a :=
n∏

k=2

sk =

n∏

k=2

(1− rk).

The second description ofa shows [a]1 = 1 and the first [a]k = 0, k = 2, ..., n. It follows
ϕ(a) = e1. Our discussion shows:

I.8.11 Lemma. The homomorphismϕ is surjective if and only if the ideals Ik and Il are
coprime, for1 ≤ k < l ≤ n.

We combine this observation with Lemma I.8.10:

I.8.12 Chinese remainder theorem.Let R be a ring and I1, ..., In ⊂ R ideals, such that Ik

and Il are coprime for1 ≤ k < l ≤ n. Then,

R/
n⋂

k=1

Ik = R/
n∏

k=1

Ik �

n
�

k=1

R/Ik.

I.8.13 Example.Let a ∈ Z be an integer and

a = pν1
1 · · · · · p

νn
n

its prime factorization. Then,Z/〈a〉 � Z/〈pν1
1 〉 × · · · × Z/〈pνn

n 〉.

I.8.14 Exercise(The Chinese remainder theorem). i) What is the smallest (positive) mul-
tiple of 10 which has remainder 2 when divided by 3, and remainder 3 when divided by
7?

ii) Let k be a field. Describe the ringk[x]/〈x2 − 1〉.
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Ideal Quotients

Let R be a ring andI , J ⊂ R ideals. Then, theideal quotientof I by J is set to be

(I : J) :=
{
a ∈ R | a · J ⊂ I

}
.

It is straightforward to check that (I : J) is an ideal. For an idealI ⊂ R, we call (〈0〉 : I )
theannihilatorof I .

Notation. ⋆ Ann(I ) := (〈0〉 : I ).
⋆ Fora ∈ R, we set Ann(a) := Ann(〈a〉).

I.8.15 Remark.The union
D :=

⋃

a∈R\{0}
Ann(a)

is the set of zero divisors of the ringR.

I.8.16 Example.Let R= Z anda, b ∈ Z be integers. We look at the prime factorizations

a =
∏

p prime number

pµp and b =
∏

p prime number

pνp.

There exists a positive integerc with

(
〈a〉 : 〈b〉

)
= 〈c〉.

Its prime factorization

c =
∏

p prime number

pγp

is determined by

γp = max{ µp − νp, 0 } = µp −min{ µp, νp }, p a prime number.

We see
c =

a
gcd(a, b)

.

I.8.17 Properties. Let R be a ring, S and T index sets, and I, J, K, Is, s ∈ S , and Jt,
t ∈ T, ideals in R. Then, the following properties are verified:

i) I ⊂ (I : J).
ii) ( I : J) · J ⊂ I.
iii)

(
(I : J) : K

)
=

(
I : (J · K)

)
=

(
(I : K) : J

)
.

iv)
(⋂

s∈S
(Is : J)

)
=

⋂

s∈S
(Is : J).

v)
(
I :

∑

t∈T
Jt

)
=

⋂

t∈T
(I : Jt).

The verifications are left as an exercise to the reader.
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Radicals of Ideals

Let R be a ring andI ⊂ R an ideal. Theradical of I is
√

I :=
{
a ∈ R | ∃k ≥ 1 : ak ∈ I

}
.

Note that
√

I is the preimage of the nilradicalN of the ringR/I under the canonical pro-
jectionπ : R−→ R/I . Proposition I.7.2, therefore, gives the following

I.8.18 Corollary. The radical
√

I is the intersection of all prime ideals which contain I.

I.8.19 Properties. Let R be a ring, I, J ⊂ R ideals, andp ⊂ R a prime ideal of R. Then,
we have the following properties:

i) I ⊂
√

I.

ii)
√√

I =
√

I.

iii)
√

I = R if and only if I= R.
iv)
√

I · J =
√

I ∩ J =
√

I ∩
√

J.

v)
√

I + J =
√√

I +
√

J.
vi) For every n> 0, one has

√
pn = p.

The proof is again left to the reader.

I.8.20 Examples.i) Let R = Z anda ∈ Z an integer. As usual, we look at the prime
factorization

a = pν1
1 · · · · · p

νn
n .

This means, in particular, thatνi > 0, i = 1, ..., n. Then, it is readily checked that
√
〈a〉 = 〈p1 · · · · · pn〉.

ii) We return to Example I.8.8, ii). More precisely, we look at the ideal

I = 〈 x2 · y, x2 · z, x · y2, x · y · z, y2 · z, y · z2 〉.

Notex · y < I , but (x · y)2 = x · (x · y2) ∈ I .

An ideal I ⊂ Rwhich is its own radical,I =
√

I , is aradical ideal. Radical ideals play
an important role in algebraic geometry (see Section I.9).

Extension and Contraction of Ideals

Let R,S be rings andϕ : R−→ S a homomorphism. It is important to compare the ideals
of R andS.13 Recall from Example I.2.1, viii), that the imageϕ(I ) of an idealI ⊂ R need
not be an ideal. For this reason, we have to resort to the construction in Lemma I.8.1: Let
I ⊂ R. Then, the ideal

Ie := I
(
ϕ(I )

)

of S generated by the imageϕ(I ) of I is theextensionof I via ϕ. We have

Ie =

{ n∑

i=1

si · f (ai)
∣∣∣n ∈ N, si ∈ S, ai ∈ I , i = 1, ..., n

}
.

13In Exercise I.4.17, iv), you have already encountered the induced continuous mapϕ# : Spec(S) −→
Spec(R).
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I.8.21 Remarks.If p ⊂ R is a prime ideal, thenpe ⊂ S need not be a prime ideal.14

For example, for the inclusionι : Z −→ Q, the extension of〈p〉, p a prime number,
is alwaysQ which is not a prime ideal. Another example is the canonical projection
π : k[x, y] −→ k[x, y]/〈x · y〉, k a field. Sincek[x, y] is an integral domain,〈0〉 is a prime
ideal ofk[x, y]. Obviously,〈0〉e = 〈0〉. But the quotient ringk[x, y]/〈x·y〉 has zero divisors,
e.g., [x] and [y]. Therefore,〈0〉 ⊂ k[x, y]/〈x · y〉 is not a prime ideal.

In the above setting, letJ ⊂ S be an ideal. Then,

Jc := ϕ−1(J)

is always an ideal ofS. It is called thecontractionof J via ϕ. Recall thatqc is a prime
ideal ofR, if q is a prime ideal ofS.

I.8.22 Remark.By Exercise I.2.4, we can factorizeϕ : R−→ S as

R
π−→ T := R/ker(ϕ)

ι
֒→ S.

Here,π is the canonical projection andι := ϕ is injective. Regarding the surjection

π : R−→ T,

we have

⋆ If I ⊂ R is an ideal, thenπ(I ) ⊂ T is an ideal (Example I.2.1).

⋆ The mapK ⊂ R/ker(ϕ) 7−→ π−1(K) ⊂ R induces an inclusion preserving bijection
between the set of ideals ofR/ker(ϕ) and the set of ideals ofRcontaining ker(ϕ).15

The above discussion reveals that most of the complicationsencountered in the exten-
sion and contraction of ideals show up for injective ring homomorphisms. Here is a nice
classical example from number theory.

I.8.23 Example.We look at the ring ofGaußian integers:Z[i] =
{
k+ l · i ∈ C | k, l ∈ Z }

.

This ring is euclidean (see [8], Chapter II, Definition 2.2.4, for the definition of a euclidean
ring and [8], Beispiel 2.2.5, 3), or [22], I.(1.2), for the proof of the above-mentioned fact).
In particular, it is a principal ideal domain ([8], Satz 2.2.6). The prime elements ofZ[i]
are described in [22], I.(1.4).

Let ϕ : Z −→ Z[i] be the natural inclusion. Using the classification of primeelements
in Z[i], one finds the following:

⋆ 〈2〉e = 〈(1+ i)2〉.

⋆ If p ≡ 1 mod 4, then〈p〉e is the product of two prime ideals. For example,〈5〉e =
〈2+ i〉 · 〈2− i〉.

14So, there is, in general, no induced mapϕ⋆ : Spec(R) −→ Spec(S).
15Be aware that, for distinct idealsI andI ′ which do not both contain ker(ϕ), it may very well happen

thatϕ(I ) = ϕ(I ′). Can you think of an easy example?
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⋆ If p ≡ 3 mod 4, then〈p〉e is a prime ideal.

This is just the ideal theoretic description of the classical result of number theory that an
odd prime number can be written as the sum of two squares if andonly if it is congruent
to 1 modulo 4 (see [22], Chapter I,§1).

We list further rules for the extension and contraction of ideals which the reader should
prove on her or his own.

I.8.24 Properties. Let R, S be rings, I, I1, I2 be ideals in R, J, J1, J2 ideals in S , and
f : R−→ S a ring homomorphism. Then:

i) I ⊂ Iec, J ⊃ Jce.
ii) Ie = Iece, Jc = Jcec.
iii) ( I1 + I2)e = Ie

1 + Ie
2, (J1 + J2)c ⊃ Jc

1 + Jc
2.

iv) (I1 ∩ I2)e ⊂ Ie
1 ∩ Ie

2, (J1 ∩ J2)c = Jc
1 ∩ Jc

2.
v) (I1 · I2)e = Ie

1 · Ie
2, (J1 · J2)c ⊃ Jc

1 · Jc
2.

vi) (I1 : I2)e ⊂ (Ie
1 : Ie

2), (J1 : J2)c ⊂ (Jc
1 : Jc

2).
vii) (
√

I )e ⊂
√

Ie, (
√

J)c =
√

Jc.

I.9 Algebraic Sets

So far, we have developed the calculus of ideals. In addition, we studied the problem
of prime factorizations in integral domains. The failure ofit led to Kummer’s idea that
ideals are generalizations of numbers which should help to save the prime factorization.
This is a strong motivation for introducing ideals. The mainmotivation to study ideals
in this course comes, however, from algebraic geometry. We will now illustrate how
basic notions concerning systems of polynomial equations may be elegantly treated in the
language of ideals. To do this, we will need some of the operations on ideals that we have
discussed. This is why we treat this material at such a late stage.

Roughly speaking, algebraic geometry is the study of solutions of systems of polyno-
mial equations over a field or even a ring. Let us formalize this. Letk be a field. The
n-dimensional affine space over kis16An

k :=
{
(a1, ..., an) | ai ∈ k, i = 1, ..., n

}
.

Let F ⊂ k[x1, ..., xn] be a subset. The set

V(F) :=
{

p = (a1, ..., an) ∈ An
k | ∀ f ∈ F : f (p) = f (a1, ..., an) = 0

}

is thevanishing locus of F. Its points are those which simultaneously solve all the poly-
nomial equationsf = 0, f ∈ F. Note thatF may be an infinite set.

A subsetZ ⊂ An
k is algebraic, if there is a subsetF ⊂ k[x1, ..., xn] with

Z = V(F).

For a subsetS ⊂ An
k, we introduce

I (S) :=
{

f ∈ k[x1, ..., xn] | ∀p ∈ S : f (p) = 0
}
.

16One uses this notation rather thankn to indicate that we are not interested in thek-vector space structure
of that set.
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Note thatI (S) is an ideal (compare Example I.2.1, vi). It is theideal of regular functions
vanishing on Sor simply theideal of S.

I.9.1 Properties. Let S,Y,Z ⊂ An
k and F,G,H ⊂ k[x1, ..., xn] be subsets. Then, one has:

i) The ideal I(S) of S is a radical ideal.
ii) I (Y ∪ Z) = I (Y) ∩ I (Z).
iii) If Y ⊂ Z, then I(Y) ⊃ I (Z).
iv) If G ⊂ H, then V(G) ⊃ V(H).
v) Let 〈F〉 be the ideal generated by F (see LemmaI.8.1). Then,

V
(
〈F〉

)
= V(F).

Proof. i) Let f ∈ k[x1, ..., xn] and l ≥ 1 be such thatf l ∈ I (S). This means thatf l(p) =
( f (p))l = 0 for all p ∈ S. Since the fieldk has no nilpotent element besides 0, this
condition is equivalent tof (p) = 0 for all p ∈ S, i.e., to f ∈ I (S).

ii), iii), and iv) are trivial.
v) SinceF ⊂ 〈F〉, we haveV(F) ⊃ V(〈F〉). Now, let p ∈ V(F) andh ∈ 〈F〉. We

have to show thath(p) = 0. There are a natural numbers, elementsf1, ..., fs ∈ F and
r1, ..., rs ∈ k[x1, ..., xn] with

h =
s∑

i=1

r i · fi.

It follows that

h(p) =
s∑

i=1

r i(p) · fi(p) = 0,

becausefi(p) = 0, i = 1, ..., s. �

Property I.9.1, v), tells us that, when dealing with algebraic sets, we may restrict to
vanishing loci of ideals. The set theoretic operations on algebraic sets reflect very nicely
in the operations on ideals.

I.9.2 Properties. i) The empty set∅ and the affine spaceAn
k are algebraic sets.

ii) Let I, J ⊂ k[x1, ..., xn] be ideals. Then,

V(I ) ∪ V(J) = V(I ∩ J) = V(I · J).

iii) Let K be an index set and(Ik)k∈K be a family of ideals in k[x1, ..., xn]. Then,

⋂

k∈K
V(Ik) = V

(∑

k∈K
Ik

)
.

Proof. i) We have∅ = V(〈1〉) andAn
k = V(〈0〉).

ii) Since I ∩ J ⊂ I and I ∩ J ⊂ J, we haveV(I ∩ J) ⊃ V(I ) ∪ V(J), by Property
I.9.1, iv). We also haveI · J ⊂ I ∩ J, so thatV(I · J) ⊃ V(I ∩ J). Let us show that
V(I · J) ⊂ V(I ) ∪ V(J). To this end, letp ∈ V(I · J) and assumep < V(I ). Then, we find a
polynomial f ∈ I with f (p) , 0. For everyg ∈ J, we obviously havef · g ∈ I · J, so that

∀g ∈ J : f (p) · g(p) = ( f · g)(p) = 0.

41



Chapter I. Basic Theory of Rings and their Ideals

Since f (p) , 0 andk is a field, this means

∀g ∈ J : g(p) = 0

and shows thatp ∈ V(J).
iii) It is readily verified that

⋂

k∈K
V(Ik) = V

(⋃

k∈K
Ik

)
.

By definition (see Page I.8),
∑
k∈K

Ik is the ideal generated by
⋃
k∈K

Ik. So, we conclude by

Property I.9.1, v). �

Property I.9.2 tells us that the algebraic subsets ofAn
k fullfil the axioms of the closed

subsets of a topological space (see [17], Abschnitt 1.3). Therefore, we say that a subset
Z ⊂ An

k is Zariski closed, if it is algebraic. A subsetU ⊂ An
k is Zariski open, if its

complementAn
k \ U is Zariski closed.

By Property I.9.2
T :=

{
U ⊂ An

k |U is Zariski open
}

is a topology onAn
k, theZariski topology.

I.9.3 Remark.i) We already see some of the nice features of algebraic geometry emerge:
the subtle interplay of topological, geometric and algebraic tools. The reader should be
careful about the topology. It is very distinct from, e.g., the usual topology onRn or Cn

(see the following exercise).
ii) In Property I.9.2, ii), we give two ideals which yield theunionV(I ) ∪ V(J), I , J ⊂

k[x1, ..., xn] ideals, namely,I ∩ J and I · J. The first description has the advantage that
I ∩ J will be a radical ideal, ifI andJ are radical ideals (Property I.8.19, iv). The second
description allows to determine easily equations forV(I ) ∪ V(J) from known generators
for I andJ. In fact, if ( fk)k∈K generateI and (gl)l∈L generateJ, then (fk ·gl)(k,l)∈K×L generate
I · J (compare Example I.8.8, ii).

I.9.4 Exercises.i) Describe the Zariski open subsets ofA1
k. (Recall thatk[x] is a principal

ideal domain.)
ii) Check that the Zariski topology onA2

k is not the product topology (see [17], Section
2.1) onA1

k × A1
k, the factors being endowed with the Zariski topology.

Let (X,T ) be a topological space andS ⊂ X a subset. Recall ([17], Definition, p. 11)
that theclosureS of Sis the smallest closed subset ofX that containsS, i.e.,

S =
⋂

Z⊂X closed:
S⊂Z

Z.

I.9.5 Lemma. i) For every ideal I⊂ k[x1, ..., xn], one has
√

I ⊂ I
(
V(I )

)
.

ii) Let S⊂ An
k be a subset. Then,

S = V
(
I (S)

)
.

42



I.9. Algebraic Sets

Proof. i) Clearly, I ⊂ I (V(I )). Hence,

√
I ⊂

√
I
(
V(I )

)
= I

(
V(I )

)
.

For the last equation, we used Property I.9.1, i).
ii) We clearly haveS ⊂ V(I (S)). SinceV(I (S)) is closed, we also findS ⊂ V(I (S)).

Let S ⊂ Z ⊂ An
k be a closed subset. There is an idealI ⊂ k[x1, ..., xn] with Z = V(I ). We

see
Z = V(I ) ⊃ V

(
I (Z)

)
⊃ V

(
I (S)

)
.

The first inclusion is a consequence ofI ⊂ I (Z) and the second one ofI (Z) ⊂ I (S) which,
in turn, follows fromZ ⊃ S. �

We have maps

Φ :
{
Algebraic sets inAn

k

}
−→

{
Radical ideals ink[x1, ..., xn]

}

Z 7−→ I (Z)

and

Ψ :
{
Radical ideals ink[x1, ..., xn]

}
−→

{
Algebraic sets inAn

k

}

I 7−→ V(I ).

Lemma I.9.5, ii), shows
Ψ ◦Φ = id .

In particular,Φ is injective andΨ is surjective.
Hilbert’s Nullstellensatz III.3.4 asserts that, ifk is algebraically closed, then also

Φ ◦ Ψ = id .

Then, we have translated the theory of algebraic sets into the theory of ideals in rings.
If k is not algebraically closed, we cannot expect such a result. Look, for example,

at the prime ideal17 I := 〈x2 + y2 + 1〉 ⊂ k[x, y]. Obviously,V(I ) = ∅ andI (V(I )) = 〈1〉.
I.9.6 Examples.i) We look at the idealsIx = 〈 y, z〉, Iy = 〈 x, z〉, andIz = 〈 x, y 〉 inside
k[x, y, z]. Then,V(Ix) is thex-axis,V(Iy) they-axis, andV(Iz) thez-axis. The idealsIx·Iy·Iz

andIx ∩ Iy ∩ Iz were computed in Example I.8.8. By Property I.9.2, ii), bothV(Ix · Iy · Iz)
andV(Ix ∩ Iy ∩ Iz) consist of the union of the coordinate axes.

∪ ∪ =

17x2 + y2 + 1 is an irreducible polynomial, because, if it could be written as the product of two linear
polynomials, it would have zeroes.
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Note that

Ix · Iy · Iz ( Ix ∩ Iy ∩ Iz ⊂ I
(
V(Ix ∩ Iy ∩ Iz)

)
= I

(
V(Ix · Iy · Iz)

)
.

We remark thatIx · Iy · Iz , I (V(Ix · Iy · Iz)) is already implied by the fact thatIx · Iy · Iz is
not a radical ideal (see Example I.8.20, ii).

ii) We look at the idealsI1 := 〈 y2 − x3, z〉 and I2 := 〈 x, y 〉 in the ringk[x, y, z]. The
vanishing locusV(I1) is Neil’s parabola ([27], Beispiel 4.1.2, iv) inside the (x, y)-plane
andV(I2) is, as before, thez-axis. The union of these two objects isV(I1 · I2). By Example
I.8.8, ii),

I1 · I2 = 〈 x · z, y · z, x · y2 − x4, y3 − x3 · y 〉.
Again, I1 · I2 is not a radical ideal. For example,y2 − x3

< I1 · I2 but

(y2 − x3)2 = y · y · (y2 − x3) − x2 · x · (y2 − x3) = y · (y3 − x3 · y) − x2 · (x · y2 − x4) ∈ I1 · I2.

We seeI1 · I2 ( I (V(I1 · I2)).

∪ =

I.9.7 Remark.Let Z ⊂ An
k be an algebraic set andI (Z) ⊂ k[x1, ..., xn] its ideal. The ring

k[Z] := k[x1, ..., xn]/I (Z)

is called thecoordinate algebraof Z. It describesZ as an “abstract object”, i.e., without
reference to the inclusionι : Z ֒→ An

k. We will elaborate on this later (see, e.g., the
following exercise).

I.9.8 Exercises(Maps between algebraic sets). Let k be a field andZ ⊂ An
k an algebraic

set. Itsalgebra of regular functionsis

k[Z] := k[x1, ..., xn]/I (Z).

Note that an elementf ∈ k[Z] defines indeed a functionf : Z −→ k. Let W ⊂ Am
k and

Z ⊂ An
k be algebraic sets andF : W −→ Z a map. Write the induced mapF : W −→ Z ⊂An

k asw 7−→ ( f1(w), ..., fn(w)). We say thatF is regular, if fi is a regular function onW,
i = 1, ..., n.

i) Show that a regular mapF : W −→ Z induces a homomorphism

F⋆ : k[Z] −→ k[W]

of k-algebras.
ii) Supposeϕ : k[Z] −→ k[W] is a homomorphism ofk-algebras. Show that there is a

unique regular mapF : W −→ Z with F⋆ = ϕ.
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Let I ⊂ k[x1, ..., xn] be an ideal. Then, we have its vanishing locusV(I ). As a subset
of An

k, it is endowed with an induced Zariski topology. On the otherhand, we introduced
Spec(k[x1, ..., xn]/I ). It carries a topology that was also called the Zariski topology. It is
important not to confuse these two objects.

I.9.9 Remark.By Lemma I.2.2 and Exercise I.2.3, the surjection

π : k[x1, ..., xn] −→ k[x1, ..., xn]/I

induces an injective map

π# : Spec(k[x1, ..., xn]/I ) ֒→ Spec(k[x1, ..., xn]),

and the Zariski topology on Spec(k[x1, ..., xn]/I ) agrees with the subspace topology (see
[17], Section 2.1).

In order to get an idea about the difference of these two objects, let us first relate them
to each other. First, note that, for a pointp = (a1, ..., an) ∈ An

k,

mp := 〈 x1 − a1, ..., xn − an 〉

is a maximal ideal.18 This provides us with the map

Φ : An
k −→ Spec

(
k[x1, ..., xn]

)

p 7−→ mp.

I.9.10 Lemma. For every point p= (a1, ..., an) and every ideal I⊂ k[x1, ..., xn], we have

p ∈ V(I ) ⇐⇒ I ⊂ 〈 x1 − a1, ..., xn − an 〉.

Proof. Let p ∈ V(I ). Then,〈 x1−a1, ..., xn−an 〉 ⊂ I ({p}) ( 〈1〉. Since〈 x1−a1, ..., xn−an 〉
is a maximal ideal, we must have equality. Thus, we see

〈 x1 − a1, ..., xn − an 〉 = I ({p}) ⊃ I
(
V(I )

)
⊃ I .

Conversely,I ⊂ 〈 x1 − a1, ..., xn − an 〉 yields

{p} = V
(
〈 x1 − a1, ..., xn − an 〉

)
⊂ V(I ).

This completes the proof. �

For any idealI ⊂ k[x1, ..., xn], the setsV(I ) ⊂ An
k andV(I ) ⊂ Spec(k[x1, ..., xn]) are,

thus, related by
V(I ) = Φ−1(V(I )

)
. (I.10)

In particular,Φ is continuous in the Zariski topology.

I.9.11 Exercise.Let R be a ring. A pointp ∈ Spec(R) is closed, if {p} is a Zariski closed
subset of Spec(R). Show thatp ∈ Spec(R) is a closed point if and only ifp is a maximal
ideal.

18The canonical map (see Page 5 and Exercise I.1.9)k[x1, ..., xn] −→ k that sendsxi to ai , i = 1, ..., n,
factorizes over an isomorphismk[x1, ..., xn]/〈 x1 − a1, ..., xn − an 〉 −→ k.

45



Chapter I. Basic Theory of Rings and their Ideals

In order to get a precise understanding ofΦ and, therefore, of the relation betweenAn
k

and Spec(k[x1, ..., xn]), we need to understand the maximal ideals ofk[x1, ..., xn].
If k is algebraically closed, Hilbert’s Nullstellensatz III.3.4 shows that all maximal

ideals ofk[x1, ..., xn] are of the form〈 x1−a1, ..., xn−an 〉, (a1, ..., an) ∈ An
k. So,Φ identifiesAn

k with the set of closed points of Spec(k[x1, ..., xn]). Note that Spec(k[x1, ..., xn]) contains
non-closed points, e.g.,〈0〉, and, if n ≥ 2, 〈xi〉, i = 1, ..., n and, more generally,〈 f 〉,
f ∈ k[x1, ..., xn] an irreducible polynomial.

If k is not algebraically closed, then Spec(k[x1, ..., xn]) contains in some way the
points ofAn

K, K/k a finite extension field. Let us look at the extensionC/R. The set
{ (±i, 1) ∈ A2C } corresponds to the maximal ideal〈 x2 + 1, y− 1 〉 ⊂ R[x, y]. Indeed,R[x, y]/〈 x2 + 1, y− 1 〉 � R[x]/〈x2 + 1〉 � C.
The fact that〈 x2 + 1, y − 1 〉 gives two points is reflected by the fact that we have twoR-linear isomorphisms betweenR[x]/〈x2+1〉 andC, namely, we may mapx either toi or
to−i.

The above discussion carries over toV(I ) and Spec(k[x1, ..., xn]/I ), I ⊂ k[x1, ..., xn] an
ideal. If k is not algebraically closed, it may happen thatV(I ) is empty (see Page 43).
For a non-zero ringR, the set Spec(R) is not empty, becauseR contains a prime ideal
(Theorem I.4.4).

46



II
Noetherian Rings

In this chapter, we present the concept of a noetherian ring.1 Noetherian rings are char-
acterized by a finiteness condition which may be phrased in several ways. Each of the
characterizations is given in terms of ideals of the ring. These rings are the most impor-
tant ones appearing in algebraic geometry. For example, allcoordinate algebras of alge-
braic varieties are noetherian rings. We also introduce a major tool for constructing new
rings, namely localization. The main theorem of this chapter is the existence of primary
decompositions of ideals in noetherian rings which has already been alluded to several
times. It vastly generalizes prime factorizations and has also a geometric flavour: It is
closely related to the decomposition of an algebraic set into its irreducible components.
Primary decompositions are not unique, in general, but manyimportant ingredients in a
primary decomposition are determined by the respective ideal. In order to prove these
uniqueness statements, we carefully investigate the extension and contraction of ideals
under localization.

II.1 Chain Conditions

A ring R is noetherian, if every idealI ⊂ R is finitely generated, i.e., there are a natural
numbern ≥ 1 and elementsa1, ..., an ∈ I , such that

I = 〈 a1, ..., an 〉.

Let R be a ring. Anascending chainin R is a sequence (Ik)k∈N of ideals with the
property

∀k ∈ N : Ik ⊂ Ik+1.

Likewise, adescending chainin R is a sequence (Ik)k∈N of ideals, such that

∀k ∈ N : Ik ⊃ Ik+1.

1Emmy Noether (1882 - 1935), german mathematician.
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Let (Ik)k∈N be an ascending or descending chain inR. It is stationary, if there is an index
k0 with

∀k ≥ k0 : Ik = Ik0.

Here are two alternative characterizations of noetherian rings.

II.1.1 Theorem. Let R be a ring. Then, the following conditions on R are equivalent:
i) The ring R is noetherian.
ii) The ring R satisfies theascending chain condition(ACC), that is, every ascending

chain in R is stationary.
iii) Every non-empty subsetΣ of ideals in R contains an element which is maximal

with respect to inclusion.

Let R , {0} be a notherian ring. Then, we can defineΣ as the set of all proper ideals
of R. Thus, the theorem asserts, in particular, that every non-zero noetherian ring has
a maximal ideal. This statement is weaker than Theorem I.4.4which asserts that every
non-zero ring has a maximal ideal. In the proof of Theorem II.1.1, we use the following:

II.1.2 Axiom of dependent choice.Let X be a non-empty set andR ⊂ X × X a relation,
satisfying the following property:

∀x ∈ X∃y ∈ X : (x, y) ∈ R.

Then, there is a sequence (xk)k∈N, such that

∀k ∈ N : (xk, xk+1) ∈ R.

If we do not assume the axiom of choice, this is really an axiom: One might try
to define the sequence (xk)k∈N by recursion. Having already constructedx0, ..., xk, there
is an elementy ∈ X with (xk, y) ∈ R. But y is, in general, not uniquely defined. We
have tochooseone. The choice, of course, depends on the previous element.So, the
construction of (xk)k∈N requires countably many choices and these are not possible without
some axiom. For a deeper discussion of this axiom, we refer the reader to [12], Chapter
2.

Proof of TheoremII.1.1. “i)=⇒ii)”. Let ( Ik)k∈N be an ascending chain of ideals. Then,

I :=
⋃

k∈N Ik

is also an ideal. By assumption, it is finitely generated. Pick n ≥ 1 anda1, ..., an ∈ I with
〈 a1, ..., an 〉 = I . There are natural numbersk1, ..., kn with ai ∈ Iki , i = 1, ..., n. Set

k0 := max{ k1, ..., kn }.

Then,ai ∈ Ik0, i = 1, ..., n. We see:

∀k ≥ k0 : Ik0 ⊂ Ik ⊂ I ⊂ Ik0.

This shows thatIk0 = Ik, k ≥ k0.
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“ii) =⇒iii)”. Suppose that iii) does not hold, and letΣ be a non-empty set of ideals in
R without maximal element. Then, there exists an ascending chain (Ik)k∈N with

∀k ∈ N : Ik ∈ Σ ∧ Ik ( Ik+1.

We found an ascending chain inR which is not stationary, a contradiction.
“iii) =⇒i)”. Let I ⊂ Rbe an ideal. We defineΣ as the set of all finitely generated ideals

of R which are contained inI . Note that〈0〉 ∈ Σ, so thatΣ , ∅. Let J ∈ Σ be a maximal
element. We haveJ ⊂ I , andJ is finitely generated. We have to show thatJ = I . If this
were wrong, we could pick an elementa ∈ I \ J. Then,

J ( J + 〈a〉.

This implies thatJ + 〈a〉 is not finitely generated. On the other hand, there existn ≥ 1
anda1, ..., an ∈ J with 〈 a1, ..., an 〉 = J. But then

J + 〈a〉 = 〈 a1, ..., an, a 〉,

a contradiction. �

II.1.3 Exercise.Where was the axiom of dependent choice used in the above proof? Spec-
ify the setX and the relationR to which it was applied.

II.1.4 Corollary. Let R,S be rings andϕ : R −→ S asurjectivering homomorphism. If
R is noetherian, then so is S .

Proof. Let J ⊂ S be an ideal ofS. Then,

J = ϕ(I ), I := ϕ−1(J).

Since I is an ideal ofR andR is noetherian, there exists a natural numbern ≥ 1 and
elementsa1, ..., an ∈ I with I = 〈 a1, ..., an 〉. Obviously,J is generated by the images
ϕ(a1), ..., ϕ(an).

We can also argue by using ACC: By Exercise I.2.4, ii),

S � R/ker(ϕ).

The ideals ofS are in inclusion preserving bijection to the ideals ofR containing ker(ϕ)
(Lemma I.2.2). So, the ascending chain condition inRclearly implies the ascending chain
condition inS. �

II.1.5 Examples.i) Fields are noetherian rings.
ii) Principal ideal domains are noetherian rings. Recall thatZ and the polynomial ring

k[x] over a fieldk are examples for principal ideal domains and, thus, for noetherian rings.
iii) We let R := C

0([0, 1]) be the ring of continuous functions on the interval [0, 1]
(compare Example I.1.3, vi). Set

Ik :=
{

f ∈ R
∣∣∣ f|[0,1/k] ≡ 0

}
, k ≥ 1.

Then, (Ik)k≥1 is an ascending chain which is not stationary. In particular, R is not a noethe-
rian ring.
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II.1.6 Hilbert’s basis theorem. If R is a noetherian ring, then the polynomial ring R[x]
is also a noetherian ring.

Proof. Assume thatR[x] is not noetherian. LetI ⊂ R[x] be an ideal which is not finitely
generated andX the set of all finite subsets ofI . It is obviously non-empty. Forx, y ∈ X,
we writex < y, if x ⊂ y, #y = #x+ 1, and the unique elementf ∈ y \ x satisfies

f < 〈x〉 ∧ ∀g ∈ I \ 〈x〉 : deg(g) ≥ deg(f ).

SinceI is not finitely generated, it is clear that we find for eachx ∈ X an elementy ∈ X
with x < y. By the axiom of dependent choice II.1.2, there is a sequence(xk)k∈N with
xk ∈ X andxk < xk+1, k ∈ N. This defines the sequence (fk)k≥1 with

{ fk} = xk \ xk−1, k ≥ 1.

Finally, we obtain the sequence (ak)k≥1 in R in which ak is the leading coefficient of fk,
i.e., the coefficient ofxdeg(fk) in fk, k ≥ 1.

Claim. ∀k ≥ 1 : 〈 a1, ..., ak 〉 ( 〈 a1, ..., ak, ak+1 〉.

If we had〈 a1, ..., ak 〉 = 〈 a1, ..., ak, ak+1 〉, then there were elementsr1, ..., rk ∈ R with

ak+1 =

k∑

i=1

r i · ai.

The definition of the relation “<” implies

∀k : deg(fk) ≤ deg(fk+1).

Therefore, we can define

g := fk+1 −
k∑

i=1

r i · xdeg(fk+1)−deg(fi ) · fi . (II.1)

But then,
deg(g) < deg(fk+1).

By construction of “<”, fk+1 has the least degree among all elements ofI that are not
contained in〈x0〉+ 〈 f1, ..., fk 〉. So, we must haveg ∈ 〈x0〉+ 〈 f1, ..., fk 〉. Now, (II.1) shows
fk+1 ∈ 〈x0〉 + 〈 f1, ..., fk 〉, and this is a contradiction. X

This claim shows that (〈 a1, ..., ak 〉)k≥1 is a non-stationary ascending chain inR. This
contradicts the assumption thatR is noetherian. �

II.1.7 Corollary. Let R be a noetherian ring, e.g., a field. Then, the polynomialring
R[x1, ..., xn] is noetherian, n≥ 1.

II.1.8 Remark(An application to algebraic sets). Let k be a field,n ≥ 1 a natural number,
k[x1, ..., xn] the polynomial ring inn variables, andF ⊂ k[x1, ..., xn] a possibly infinite
subset. We claim that there are a natural numberm≥ 1 and elementsf1, ..., fm ∈ F with

V(F) = V
(
{ f1, ..., fm }

)
.
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In particular, every algebraic set may be defined by finitely many equations. According
to Property I.9.1, v),

V(F) = V
(
〈F〉

)
.

Now, k[x1, ..., xn] is a noetherian ring, so that〈F〉 is finitely generated. Pick a natural
numbers≥ 1 and elementsg1, ..., gs with

〈F〉 = 〈 g1, ..., gs 〉.
Then,

V(F) = V
(
{ g1, ..., gs }

)
,

but the elementsg1, ..., gs need not belong toF. However, there are elements

ai j ∈ R and fi j ∈ F, j = 1, ...,mi, i = 1, ..., s,

such that

gi =

mi∑

j=1

ai j · fi j , i = 1, ..., s.

We obviously have
〈F〉 = 〈 f11, ..., f1m1, ..., fs1, ..., fsms 〉

and, consequently,

V(F) = V
(
〈F〉

)
= V

(
〈 f11, ..., f1m1, ..., fs1, ..., fsms 〉

)
= V

(
{ f11, ..., f1m1, ..., fs1, ..., fsms }

)
.

LetRbe a ring. AnR-algebrais a ringS together with a ring homomorphismϕ : R−→
S. An R-algebraS is finitely generated, if there are elementsf1, ..., fn ∈ S, such that the
homomorphism

R[x1, ..., xn] −→ S

that is associated withϕ and the assignmentxi 7−→ fi, i = 1, ..., n, is surjective (compare
Exercise I.1.9). One writes abusively

S = R[ f1, ..., fn].

II.1.9 Proposition. If R is a noetherian ring and S is a finitely generated R-algebra, then
S is also a noetherian ring.

II.1.10 Example.Let k be a field,n ≥ 1 a natural number, andZ ⊂ An
k an algebraic set.

Then, the coordinate algebra
k[x1, ..., xn]/I (Z)

is a finitely generatedk-algebra and, hence, a noetherian ring.

II.1.11 Exercise(Noetherian rings and spaces). i) Let k be a field. Then, one may define
the polynomial ringR := k[x1, x2, x3, ...] in the infinitely many variablesxi, i ≥ 1. Is R
noetherian?

ii) A topological spaceX is callednoetherian, if it satisfies the descending chain
condition for closed subsets, i.e., for any sequence

Z1 ⊃ Z2 ⊃ · · ·
of closed subsets ofX, there is an indexk0, such thatZk = Zk0, for everyk ≥ k0. Let R be
a noetherian ring. Show that Spec(R) is a noetherian topological space.

iii) Give an example of anon-noetherian ringR, such that Spec(R) consists of just one
point (and is, therefore, noetherian).
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Chapter II. Noetherian Rings

II.2 Artinian Rings

A ring satisfies thedescending chain condition(DCC), if every descending chain of ideals
in R is stationary. A ring which satisfies the descending chain condition is called an
artinian2 ring. It might be surprising that the descending chain condition is much more
restrictive than the ascending chain condition. In fact, itturns out that artinian rings are
very special noetherian rings (see [1], Theorem 8.5). We will not discuss this in full detail.
Instead we give some indications.

II.2.1 Proposition. In an artinian ring, every prime ideal is maximal.

Proof. Let Rbe an artinian ring andp ⊂ Ra prime ideal. Then,R/p is an integral domain.
Lemma I.2.2 shows thatR/p satisfies the descending chain condition (compare the proof
of Corollary II.1.4). Letx ∈ R/p be a non-zero element. Consider the descending chain

(
〈xk〉

)
k∈N.

For somek0 ≥ 0,
〈xk0〉 = 〈xk0+1〉.

Thus, there exists an elementa ∈ R/p with xk0 = a · xk0+1. In other words,

xk0 · (1− a · x) = 0.

SinceR/p is an integral domain,xk0 , 0 and, so, 1− a · x = 0 andx is a unit.
Every elementx ∈ (R/p) \ {0} is a unit. This shows thatR/p is a field andp is a

maximal ideal. �

II.2.2 Examples.Let k be a field.
i) Let Rbe ak-algebra which is finite dimensional as ak-vector space. Then,Rsatisfies

the ascending and descending chain condition for dimensionreasons. (Ideals inR are, in
particular, sub vector spaces.) So,R is both noetherian and artinian.

ii) For n ≥ 1, k[x]/〈xn〉 is ak-algebra which has dimensionn ask-vector space. By i),
it is an artinian ring.

II.3 Localization

Let R be a ring. A subsetS ⊂ R is multiplicatively closed, if

⋆ 1 ∈ S,

⋆ ∀s, t ∈ S: s · t ∈ S.

II.3.1 Example.Let R be a ring, f ∈ R, andp ⊂ R a prime ideal. Then, the following
subsets ofRare multiplicatively closed:

⋆ S :=
{
a ∈ R | a is not a zero divisor

}
.

⋆ S :=
{

f k | k ∈ N }
=

{
1, f , f 2, ...

}
.

2Emil Artin (1898 - 1962), austrian mathematician.
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II.3. Localization

⋆ S := R\ p.

Let R be a ring andS ⊂ R a multiplicatively closed subset. We define a relation “∼” on
R× S by:

∀(a, s), (b, t) ∈ R× S : (a, s) ∼ (b, t) :⇐⇒ ∃u ∈ S : u · (a · t − b · s) = 0.

II.3.2 Lemma. The relation “∼” is an equivalence relation on R× S .

Proof. Reflexivity and symmetry follow easily from 1∈ S. For transitivity, let (a, s),
(b, t), (c, u) ∈ R× S with (a, s) ∼ (b, t) and (b, t) ∼ (c, u). This means that there exist
elementsv,w ∈ S with

v · (a · t − b · s) = 0 and w · (b · u− c · t) = 0.

We multiply the first equation byu · w, the second byv · sand find

u · v · w · a · t − u · v · w · b · s = 0

u · v · w · b · s− v · w · c · t · s = 0.

Adding these two yields

t · v · w · (a · u− c · s) = u · v · w · a · t − v · w · c · t · s= 0.

SinceS is multiplicatively closed,t · v · w ∈ S, and we see (a, s) ∼ (c, u). �

II.3.3 Remarks.Assume thatR is an integral domain and 0< S. Then,3

∀(a, s), (b, t) ∈ R× S : (a, s) ∼ (b, t) ⇐⇒ a · t − b · s= 0.

If R does contain zero divisors, it is necessary to formulate therelation “∼” as above in
order to get an equivalence relation.

In the following, we write
a
s

for the equivalence class of (a, s), a ∈ R, s ∈ S, and set

RS :=
{ a

s

∣∣∣∣a ∈ R, s ∈ S
}
.

II.3.4 Notation. i) Other common symbols forRS areS−1R andR[S−1].
ii) Let f ∈ R andS = { f k | k ∈ N }. Then, we writeRf for RS.
iii) Let p ⊂ R be a prime ideal andS := R\ p. We will write Rp instead ofRS.

Next, we equipRS with the structure of a ring. Theadditionis defined via

+ : RS × RS −→ RS(
a
s
,
b
t

)
7−→

a · t + b · s
s · t

.

3Compare Page 24.
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We first check that this is well-defined. Let (a, s), (a′, s′), (b, t) ∈ R× S with

(a, s) ∼ (a′, s′).

We need to show
(a · t + b · s, s · t) ∼ (a′ · t + b · s′, s′ · t). (II.2)

For this, we observe

∆ := (a · t + b · s) · s′ · t − (a′ · t + b · s′) · s · t = a · s′ · t2 − a′ · s · t2 = (a · s′ − a′ · s) · t2.

If u ∈ S annihilatesa · s′ − a′ · s, thenu also annihilates∆. This establishes (II.2). X

The addition is clearly commutative, and

0 :=
0
1

is the neutral element. Finally, we check associativity: Let a/s, b/t, andc/u ∈ RS. We
compute

(
a
s
+

b
t

)
+

c
u
=

a · t + b · s
s · t

+
c
u

=
a · t · u+ b · s · u+ c · s · t

s · t · u
=

a
s
+

b · u+ c · t
t · u

=
a
s
+

(
b
t
+

c
u

)
.

Themultiplicationis defined as

· : RS × RS −→ RS(
a
s
,
b
t

)
7−→ a · b

s · t
.

Again, we verify that this is well-defined. For (a, s), (a′, s′), (b, t) ∈ R× S with

(a, s) ∼ (a′, s′),

we have to establish
(a · b, s · t) ∼ (a′ · b, s′ · t). (II.3)

We form
∆ := a · b · s′ · t − a′ · b · s · t = (a · s′ − a′ · s) · b · t.

If u ∈ S annihilatesa · s′ − a′ · s, thenu also annihilates∆. We infer (II.3). X

It is immediate that multiplication is commutative and associative and that

1 :=
1
1

is the neutral element.
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II.3. Localization

The last thing we verify is the distributive law. Fora/s, b/t, andc/u ∈ RS, we find

a
s
·
(
b
t
+

c
u

)
=

a
s
· b · u+ c · t

t · u

=
a · b · u+ a · c · t

s · t · u

=
a · b · s · u+ a · c · s · t

s2 · t · u

=
a · b
s · t
+

a · c
s · u

=
a
s
·

b
t
+

a
s
·

c
u
.

So, (RS,+, ·, 0, 1) is a ring.

II.3.5 Example.i) If R is an integral domain andS := R\ {0}, thenRS is the quotient field
of R that was already considered in Section I.6.

ii) In an arbitrary ringR,

S :=
{
s ∈ R | s is not a zero divisor

}

is a multiplicatively closed subset. In this case,Q(R) := RS is thetotal ring of fractions
of R.

iii) The ring RS is the zero ring if and only if 0∈ S. In fact, 0/1 = 1/1 is equivalent
to the existence of an elements ∈ S with s · 1 = 0. Multiplicatively closed subsets ofR
which contain zero are, e.g.,{ 0, 1 }, R.

We look at the homomorphism

ϕ : R −→ RS

a 7−→
a
1
.

Note that
a
1
= ϕ(a) = 0 ⇐⇒ ∃s ∈ S : s · a = 0.

This shows
ker(ϕ) =

⋃

s∈S
Ann(s).

In particular, ifR is an integral domain,ϕ is injective.

II.3.6 Proposition. i) For every ideal I⊂ R, the extension of I viaϕ is

Ie = J :=
{ a

s

∣∣∣∣a ∈ I , s ∈ S
}
.

ii) For an ideal I⊂ R,

Ie = RS ⇐⇒ I ∩ S , ∅.

iii) Every ideal J⊂ RS is an extended ideal.
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iv) For an ideal I⊂ R, we have

Iec =
⋃

s∈S

(
I : 〈s〉

)

v) An ideal I ⊂ R is a contracted ideal if and only if, for all s∈ S , [s] is not a zero
divisor in R/I.

Proof. i) It is clear thatϕ(I ) ⊂ J ⊂ Ie. SinceIe is the smallest ideal ofRS which contains
ϕ(I ), it suffices to show thatJ is an ideal. But this is immediate.

ii) “⇐=”. If s ∈ I ∩ S, then
1 =

s
s
∈ Ie.

“=⇒”. For a ∈ I ands ∈ S, the equation

a
s
= 1

implies that there is elementt ∈ S with

t · a− s · t = t · (a− s) = 0.

So,s · t ∈ I ∩ S.
iii) By Property I.8.24, i),Jce ⊂ J. So, we have to showJ ⊂ Jce. Let a/s ∈ J. Then,

a
1
=

s
1
· a

s
∈ J.

This showsa ∈ Jc anda/s ∈ Jce.
iv) “⊂”. Let a ∈ Iec. This means that there existb ∈ I ands ∈ S with

a
1
=

b
s
.

So, there exists an elementt ∈ S with

t · (a · s− b) = 0.

Foru := s · t ∈ S, we obtain

u · a ∈ I , i.e., a ∈
(
I : 〈u〉

)
.

“⊃”. Let s ∈ S anda ∈ (I : 〈s〉). Then,b := a · s ∈ I , so that

a
1
=

b
s
∈ Ie.

This showsa ∈ Iec.
v) SinceI ⊂ Iec (Property I.8.24, i), we have to investigate the conditionIec ⊂ I . By

iv), it is equivalent to
∀s ∈ S :

(
I : 〈s〉

)
⊂ I .

This condition is, in turn, equivalent to

∀s ∈ S∀a ∈ R : a · s ∈ I =⇒ a ∈ I .

This is equivalent to the condition that [s] ∈ R/I is not a zero divisor,s ∈ S. �
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II.3.7 Corollary. Let R, S , andϕ : R−→ RS be as in the proposition.
i) The assignmentp 7−→ pe gives an inclusion preserving bijection between the prime

ideals of R withp ∩ S = ∅ and the prime ideals of RS.
ii) Letp ⊂ R be a prime ideal. Then, Rp is a local ring with maximal idealpe.

Proof. i) Let p ⊂ R be a prime ideal withp ∩ S = ∅. By Part ii) of the proposition,pe is
a proper ideal ofR. We show that it is a prime ideal. Leta, b ∈ R ands, t ∈ S with

a · b
s · t
=

a
s
· b

t
∈ pe.

Then,a · b ∈ p. This meansa ∈ p or b ∈ p and

a
s
∈ pe or

b
t
∈ pe.

Finally, R/p is an integral domain (Proposition I.4.1, i). Sincep ∩ S = ∅, we have
0 , [s] ∈ R/p, i.e., [s] is not a zero divisor,s ∈ S. Proposition II.3.6, v), showspec = p.

ii) This follows immediately from i): For a prime idealq ⊂ R, q ∩ (R \ p) = ∅ is
equivalent toq ⊂ p. �

II.3.8 Exercise(The universal property of localization). Let R be a ring,S ⊂ R a mul-
tiplicatively closed subset, andϕ : R −→ RS, x 7−→ x/1, the canonical homomorphism
to the localization. Show that the pair (RS, ϕ) has the following universal property: For
any ringT and any homomorphismψ : R −→ T, such thatψ(S) ⊂ T⋆, there is a unique
homomorphismψS : RS −→ T with ψ = ψS ◦ ϕ.

To conclude this section, we will give another proof of Proposition I.7.2 which only
uses the axiom that every non-zero ring possesses a prime ideal. This axiom is weaker
than the axiom of choice (see Remark I.4.5, ii).

Alternative proof of PropositionI.7.2. The inclusion “⊂” is obtained as before. For the
converse inclusion, letf ∈ R\N. Then, the multiplicatively closed subsetS = { f k | k ∈ N }
does not contain 0, so thatRf , {0}, by Example II.3.5, iii). Letq ⊂ Rf be a prime ideal.
Then,p := qc is a prime ideal ofRwith

p ∩
{

f k | k ∈ N }
= ∅,

i.e., f < p. �

II.4 Primary Decomposition

In the ring of integers, we need powers of prime numbers in order to factorize all positive
integers. We now need the ideal theoretic analogs for powersof prime numbers. It turns
out that these are quite subtle.

Let R be a ring. An idealq ⊂ R is primary, if the following property holds:

∀a, b ∈ R : a · b ∈ q =⇒ a ∈ q ∨ ∃k ≥ 1 : bk ∈ q.

II.4.1 Lemma. An idealq ⊂ R is a primary ideal if and only if every zero divisor in the
ring R/q is nilpotent.
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Proof. Assume thatq is a primary ideal and thatb ∈ R is an element, such that [b] ∈ R/q
is a zero divisor. Then, there is an elementa ∈ R with [a] , 0 and [a · b] = [a] · [b] = 0.
This means thata ·b ∈ q buta < q. By assumption, there is an exponentk ≥ 1 with bk ∈ q,
i.e., [b]k = 0.

Now, assume that every zero divisor inR/q is nilpotent. Leta, b ∈ R with a · b ∈ q.
This means [a] · [b] = [a · b] = 0 in R/q. So, [a] = 0 or [b] is a zero divisor and there
exists a natural numberk ≥ 1 with [bk] = [b]k = 0. This showsa ∈ q or there is a natural
numberk ≥ 1 with bk ∈ q. �

II.4.2 Examples.i) A prime ideal is a primary ideal.
ii) If ϕ : R−→ S is a ring homomorphism andq ⊂ S is a primary ideal, thenqc ⊂ R is

a primary ideal. In fact, by Exercise I.2.4, ii), we have an injective homomorphism

ϕ : R/qc −→ S/q,

so that we may apply Lemma II.4.1.

II.4.3 Lemma. Let R be a ring andq ⊂ R a primary ideal, then the radical
√
q is a prime

ideal.

Proof. Let a, b ∈ R be elements witha · b ∈ √q. There is an exponentk ≥ 1 with

ak · bk = (a · b)k ∈ q.

Then,ak ∈ q or there is an exponentl ≥ 1 with

bk·l = (bk)l ∈ q.

This showsa ∈ √q or b ∈ √q as asserted. �

Let q ⊂ R be an ideal andp a prime ideal. We say thatq is ap-primary ideal, if it is a
primary ideal with

√
q = p.

II.4.4 Examples.i) The primary ideals ofZ are exactly the ideals of the form〈pk〉, p a
prime number,k ≥ 1 a natural number. First, letq ⊂ Z be a primary ideal. According
to Lemma II.4.3,

√
q is a prime ideal, i.e., of the form〈p〉, for some prime numberp. By

Example I.8.20, i),q = 〈pk〉, for some natural numberk ≥ 1. Second, letk ≥ 1 be a
natural number andp a prime number. For integersa, b ∈ Z, a · b ∈ 〈pk〉meanspk|(a · b).
Then, pk dividesa or p dividesb and, then,pk dividesbk. It follows that a ∈ 〈pk〉 or
bk ∈ 〈pk〉.

ii) Let k be a field,R= k[x, y], andq := 〈 x, y2 〉. Then,

R/q � k[y]/〈y2〉.

The zero divisors in that ring form the ideal〈y〉. The elements of that ideal are all nilpo-
tent. So,q is a primary ideal. Its radical is

√
q = 〈 x, y 〉 =: p.

Observe
p2 = 〈 x2, x · y, y2 〉 ( q = 〈 x, y2 〉 ( p = 〈 x, y 〉.

This shows:
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II.4. Primary Decomposition

Not every primary ideal is the power of a prime ideal.

iii) Let k be a field and

R := k[x, y, z]/〈 x · y− z2 〉.

We look at
p :=

〈
[x], [z]

〉
.

Since
R/p = k[y],

the idealp is a prime ideal. We claim that the idealp2 is not primary. We have

[x] · [y] = [z]2 ∈ p2.

Here, [x] < p2 and, for allk ≥ 1, [y]k
< p2. We note:

Not every power of a prime ideal is a primary ideal.

The phenomenon in Example II.4.4, iii), cannot be observed in rings in which every
non-zero prime ideal is a maximal ideal, such as principal ideal domains. More generally,
the following holds true:

II.4.5 Lemma. Let R be a ring andq ⊂ R an ideal, such thatm =
√
q is a maximal ideal.

Then,q is anm-primary ideal.

Proof. By Corollary I.8.18,
√
q is the intersection of all prime ideals which containq. The

assumption implies thatm is the only prime ideal which containsq, i.e., R/q is a local
ring. Letm be the image ofm in R/q. The elements ofm are nilpotent, and the elements
of (R/q) \ m are units. In particular, every zero divisor inR/q is nilpotent. By Lemma
II.4.1, q is anm-primary ideal. �

II.4.6 Primary decomposition in noetherian rings. Let R be anoetherian ring and
I ( R a proper ideal. Then, there exist a natural number m≥ 1 and primary ideals
q1, ..., qm, such that

I = q1 ∩ · · · ∩ qm.

Proof. Step 1.An idealq ⊂ R is irreducible, if, for idealsI , J ⊂ R, the equality

q = I ∩ J

impliesq = I or q = J.

Claim. For every proper ideal I( R, there exist a natural number m≥ 1 andirreducible
idealsq1, ..., qm, such that

I = q1 ∩ · · · ∩ qm.

Let Σ be the set of proper ideals inR which cannot be written as the intersection of
finitely many irreducible ideals. Assume thatΣ is non-empty. By Theorem II.1.1, this set
contains a maximal elementa. The ideala is not irreducible. So, there exist idealsa ( I
anda ( J with

a = I ∩ J.
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Note that this impliesI ( R andJ ( R, By definition ofa, the idealsI andJ are finite
intersections of irreducible ideals. But then,a is also an intersection of finitely many
irreducible ideals, a contradiction. X

Step 2.By Step 1, it remains to be shown that every irreducible idealis primary. Let
q ⊂ R be an irreducible ideal. In view of Lemma I.2.2, we may replace R by R/q. So,
without loss of generality, we may assumeq = 〈0〉. Let a, b ∈ R with a · b = 0 anda , 0.
We look at the ascending chain (

Ann(bk)
)
k∈N.

SinceR is noetherian, there exists a natural numberk0 ∈ N with

Ann(bk0) = Ann(bk0+1).

Claim. 〈a〉 ∩ 〈bk0〉 = 〈0〉.

Let c ∈ 〈a〉 ∩ 〈bk0〉. We writec = r · bk0 for a suitable elementr ∈ R. Sincec ∈ 〈a〉, we
have

0 = c · b = r · bk0+1.

This means
r ∈ Ann(bk0+1) = Ann(bk0),

so thatc = r · bk0 = 0. X

Since〈0〉 is irreducible and〈0〉 , 〈a〉, we have〈0〉 = 〈bk0〉, i.e.,bk0 = 0. �

The first step of the above proof bears strong resemblance to the proof of the existence
of a prime factorization in the ring of integers ([29], Satz I.3.2).

II.4.7 Corollary. Let R be a noetherian ring and I⊂ R aradical ideal. Then, there exist
prime idealsp1, ...,pm with

I = p1 ∩ · · · ∩ pm.

Proof. Let
I = q1 ∩ · · · ∩ qm

be a primary decomposition. According to our assumption andProperty I.8.19, iv), we
have

I =
√

I =
√
q1 ∩ · · · ∩

√
qm.

By Lemma II.4.3, the radical idealpi :=
√
qi is a prime ideal,i = 1, ...,m. �

II.4.8 Remarks.i) The theorem is also known as theLasker4–Noether theorem.
ii) A ring in which every ideal can be written as afinite intersection of primary ideals

is called alaskerian ring. The above theorem states that every noetherian ring is laskerian.
However, there exist laskerian rings which are not noetherian. An example is contained
in [9].

iii) The zero ideal in the ringC 0([0, 1]) of continuous functions on the unit interval
does not admit a primary decomposition (Exercise II.4.11).

4Emanuel Lasker (1868 - 1941), german chess player, mathematician, and philosopher.
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II.4.9 Caution. In the proof of the Lasker–Noether theorem II.4.6, we showedthat every
irreducible ideal in a noetherian ring is a primary ideal. The converse does not hold: Let
k be a field andR := k[x, y].5 We have

〈 x2, x · y, y2 〉 = 〈 x, y2 〉 ∩ 〈 y, x2〉.

All occurring ideals have the maximal idealm = 〈 x, y 〉 as radical, so they are allm-
primary, by Lemma II.4.5.

II.4.10 Exercise(Maximal ideals in rings of continuous functions). In this exercise, we
work in the ringR := C

0([0, 1]) of continuous functions on the interval [0, 1] ⊂ R.
i) Show that, for a pointx ∈ [0, 1],

mx :=
{

f ∈ R | f (x) = 0
}

is a maximal ideal inR.
ii) Let m ⊂ R be a maximal ideal ofR. Show that there exists a pointx ∈ [0, 1] with

m = mx. (Hint. Use the compactness of [0, 1].)

II.4.11 Exercise(An ideal without primary decomposition). Let R be as in the previous
exercise.

i) Let q ⊂ R be a primary ideal. Show that there is a unique pointx ∈ [0, 1] with
q ⊂ mx.

ii) Conclude that the zero ideal〈0〉 ⊂ Rcannot be written as the intersection of finitely
many primary ideals.

The First Uniqueness Theorem

For the considerations in this part, we do not need to assume that the ringR is noetherian.
Unfortunately, primary decompositions are, in general, not unique. First, there are

some stupid reasons for non-uniqueness which we will eliminate first. A primary decom-
position

I = q1 ∩ · · · ∩ qm
is minimalor irredundant, if the following two properties hold:

i) ∀i ∈ { 1, ...,m}:
⋂

j∈{ 1,...,m}\{i}
q j 1 qi.

ii) For 1 ≤ i < j ≤ m:
√
qi ,
√
q j.

II.4.12 Lemma. Let R be a ring, I⊂ R an ideal, and

I = q1 ∩ · · · ∩ qm

a primary decomposition. Then, the ideal possesses also a minimal primary decomposi-
tion

I = s1 ∩ · · · ∩ sn.
5Example taken fromhttp://math.stackexchange.com/questions/28620/primary-ideals-

of-noetherian-rings-which-are-not-irreducible
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Chapter II. Noetherian Rings

Proof. Step 1. Given any primary decomposition, one gets a primary decomposition
satisfying Condition i), by just removing some of the primary components.

Step 2. The idea is to collect the primary components with the same radical in one
primary component. For this, we need the following result:

Claim. Letp ⊂ R a prime ideal andr1, r2 ⊂ R twop-primary ideals. Then, the intersection

r := r1 ∩ r2

is also ap-primary ideal.

We first compute the radical with the help of Property I.8.19,iv):
√
r1 ∩ r2 =

√
r1 ∩
√
r2 = p ∩ p = p.

Now, we show thatr1 ∩ r2 is a primary ideal. Leta, b ∈ R with a · b ∈ r1 ∩ r2 and
a < r1 ∩ r2. We may assume without loss of generality thata < r1. Then, there exists an
exponentk ≥ 1 with bk ∈ r1. So,

b ∈
√
r1 =
√
r1 ∩ r2.

This means that there is also an exponentl ≥ 1 with bl ∈ r1 ∩ r2. X

Let p1, ..., pn be the distinct prime ideals with

{
p1, ..., pn

}
=

{√
q1, ...,

√
qm

}
.

Set
I j :=

{
i ∈ { 1, ...,m} |

√
qi = p j

}
and r j =

⋂

i∈I j

qi , j = 1, ..., n.

By the claim,
I = r1 ∩ · · · ∩ rn (II.4)

is a primary decomposition with satisfies Condition ii). If the primary decomposition we
started with satisfied Condition i), (II.4) will also satisfy Condition i). Otherwise we apply
Step 1 to (II.4). �

II.4.13 Example.Let k be a field andR= k[x, y]. Here, we have

〈 x2, x · y 〉 = 〈x〉 ∩ 〈 x, y 〉2 = 〈x〉 ∩ 〈 x2, y 〉. (II.5)

The ideal〈x〉 is a prime ideal, and

〈 x, y 〉 =
√
〈 x2, y 〉 =

√
〈 x, y 〉2.

This is a maximal ideal, so〈 x2, y 〉 and〈 x, y 〉2 are primary ideals. Therefore, (II.5) con-
tains two distinct minimal primary decompositions of the same ideal.

We can understand the underlying geometry at a heuristic level. The algebraic set
V(x2) is they-axis inA2

k. We should count it twice. The setV(x · y) is the union of the
coordinate axes. The intersectionV(x2) ∩ V(x · y) consists of they-axis. But the origin
occurs with multiplicity 2, because it occurs both inV(x2) and inV(x ·y) with multiplicity
2. This fact is reflected by the above primary decompositions.
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∩ =

The origin occurs with
multiplicity two in
both “varieties”.

b

This gives an “embedded”
point of multiplicity two

in the intersection.

b

II.4.14 First uniqueness theorem.Let R be a ring, I⊂ R an ideal,

I = q1 ∩ · · · ∩ qm

a minimal primary decomposition, andpi :=
√
qi, i = 1, ...,m. Then,

{
p1, ..., pm

}
=

{
p ⊂ R | p is a prime ideal: ∃r ∈ R withp =

√(
I : 〈r〉

) }
.

In particular, the set{ p1, ..., pm } depends only on I and not on the primary decomposition.

II.4.15 Corollary. Let R be anoetherianring. For everyradical ideal I ⊂ R, there exist
uniquely determined distinct prime idealsp1, ...,pm with

I = p1 ∩ · · · ∩ pm.

Let I ( R be a proper ideal. A prime idealp ⊂ R is associatedwith I , if there is an
elementr ∈ R with

p =

√(
I : 〈r〉

)
.

The set of prime ideals associated withI is denoted by

Ass(I ).

The prime ideals in Ass(I ) which are minimal with respect to inclusion among the ideals
in Ass(I ) are calledisolated. The remaining ones are calledembedded.

II.4.16 Example.We return to Example II.4.13 and the primary decomposition

〈 x2, x · y 〉 = 〈x〉 ∩ 〈 x, y 〉2.

The associated prime ideals are〈x〉 and〈 x, y 〉, and we have

〈x〉 ⊂ 〈 x, y 〉.

So, 〈x〉 is an isolated associated prime ideal and〈 x, y 〉 an embedded one. The corre-
sponding geometric objects are they-axisV(〈x〉) and the originV(〈 x, y 〉). The origin is
embedded into they-axis. This explains the terminology.
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We need some preparations for the proof of Theorem II.4.14.

II.4.17 Proposition (Prime avoidance). Let R be a ring.
i) Supposep1, ..., pm ⊂ R are prime ideals and I⊂ R an ideal with

I ⊂
m⋃

i=1

pi .

Then, there exists an index i0 ∈ { 1, ...,m} with

I ⊂ pi0.

ii) Let I1, ..., Im ⊂ R be ideals andp ⊂ R a prime ideal. If

p ⊃
m⋂

j=1

I j ,

then, there exists an index j0 ∈ { 1, ...,m} with

p ⊃ I j0.

Moreover, if

p =

m⋂

j=1

I j ,

then, there exists an index j0 ∈ { 1, ...,m} with

p = I j0,

i.e., prime ideals are irreducible.

Proof. i) We prove the following statement6 by induction onm:

∀i ∈ { 1, ...,m} : I 1 pi =⇒ I 1
m⋃

i=1

pi .

The casem= 1 is trivial. For the induction step “m−→ m+ 1”, we may choose elements
a1, ..., am+1 ∈ I with

ai < p j, j ∈ { 1, ...,m+ 1 } \ {i}, i = 1, ...,m+ 1.

If there is an indexi0 ∈ { 1, ...,m+ 1 } with ai0 < pi0, we are done. Thus, we need to
consider the caseai ∈ pi, i = 1, ...,m+ 1. We then form

b :=
m+1∑

i=1

a1 · · · · · ai−1 · ai+1 · · · · · am+1 ∈ I .

6This explains the name “prime avoidance”: IfI avoids the prime idealsp1, ...,pm, then it also avoids
their union.
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Let i ∈ { 1, ...,m+ 1 }. The i-th summand ofb is not contained inpi, but all the other
summands are. It followsb < pi, i = 1, ...,m+ 1.

ii) Suppose thatp 2 I j, j = 1, ...,m. Choose elementsa j ∈ I j \ p, j = 1, ...,m. Then,

a1 · · · · · am ∈
m∏

j=1

I j ⊂
m⋂

j=1

I j ,

but
a1 · · · · · am < p.

This is a contradiction.
Assume

p =

m⋂

j=1

I j .

By what has already been proved, there is an indexj0 ∈ { 1, ...,m}with p ⊃ I j0. We clearly
havep ⊂ I j0 and, thus,p = I j0. �

II.4.18 Lemma. Let R be a ring,p ⊂ R a prime ideal,q a p-primary ideal, and a∈ R.
Then,

(
q : 〈a〉

)
=



R, if a ∈ q
a p-primary ideal, if a < q

q, if a < p
.

Proof. The assertion fora ∈ q is clear. Next, let us assumea < p. If r ∈ (q : 〈a〉), we have
r · a ∈ q. Sincea < p =

√
q, we haver ∈ q. This shows (q : 〈a〉) ⊂ q. The other inclusion

is trivial.
Next, we just assumea < q. Let us first determine the radical of (q : 〈a〉). For

r ∈ (q : 〈a〉), we haver · a ∈ q. Sincea < q, we haver ∈ √q = p. This implies

q ⊂
(
q : 〈a〉

)
⊂ p.

Taking radicals yields
√

(q : 〈a〉) = p.
Finally, assume thatr, s ∈ R are elements withr · s ∈ (q : 〈a〉) ands < p =

√
(q : 〈a〉).

We have to check thatr ∈ (q : 〈a〉). With a · r · s ∈ q ands < p, we finda · r ∈ q, i.e.,
r ∈ (q : 〈a〉). �

Proof of TheoremII.4.14. Let I ⊂ R be an ideal and

I = q1 ∩ · · · ∩ qm

a minimal primary decomposition. By Property I.8.17, iv),

∀a ∈ R :
(
I : 〈a〉

)
=

( m⋂

i=1

qi : 〈a〉
)
=

m⋂

i=1

(
qi : 〈a〉

)
.

With Lemma II.4.18, this gives

∀a ∈ R :
√(

I : 〈a〉
)
=

m⋂

i=1

√(
qi : 〈a〉

)
=

⋂

i∈{ 1,...,m| a<qi }
pi . (II.6)
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a) Leta ∈ R be an element, such that
√

(I : 〈a〉) is a prime ideal. By (II.6) and Propo-
sition II.4.18, ii), there is an indexi0 ∈ { 1, ...,m | a < qi } with pi0 =

√
(I : 〈a〉).

b) Let i0 ∈ { 1, ...,m}. By the minimality of the primary decomposition, there is an
element

ai0 ∈
( ⋂

j∈{ 1,...,m}\{i0}
q j

)∖
qi0.

Lemma II.4.18 and (II.6) show
√(

I : 〈ai0〉
)
= pi0.

This concludes the proof. �

II.4.19 Exercise(Irreducible sets). A topological spaceX is calledirreducible, if it is non-
empty, and, ifX1 andX2 are closed subsets, such thatX = X1∪X2, thenX1 = X or X2 = X.
Let X be a topological space andY a subset ofX. Then,Y inherits a topology as follows:
A subsetU ⊂ Y is said to beopen, if there is an open subset̃U ⊂ X with U = Y ∩ Ũ. We
call a subsetY ⊂ X irreducible, if it is irreducible with respect to the induced topology.

i) Let X be a noetherian topological space andZ a closedsubset. Show that there are
irreducible closed subsetsZ1,...,Zr , such that

⋆ Z = Z1 ∪ · · · ∪ Zr ,

⋆ Zi 1 Zj, for i , j.

Show also that these closed subsets are uniquely determined. The setsZi, i = 1, ..., r, are
called theirreducible componentsof Z.

ii) Let R be a noetherian ring andI ⊂ R an ideal. What is the relation between the
primary decomposition ofI and the above decomposition of the closed subsetV(I ) ⊂
Spec(R) into irreducible components?

II.4.20 Exercise(Primary ideals). Show the following: In the polynomial ringZ[t], a) the
idealm = 〈2, t〉 is maximal and b) the idealq = 〈4, t〉 ism-primary, but c)q is not a power
of m.

II.4.21 Exercise(A primary decomposition). Let k be a field andR := k[x, y, z]. Set
p1 := 〈x, y〉, p2 := 〈x, z〉, andm := 〈x, y, z〉.

i) Show thatp1 andp2 are prime ideals, whilem is maximal.
ii) Let I := p1 · p2. Show that

I = p1 ∩ p2 ∩ m2

and that this a minimal primary decomposition ofI .
iii) Which components are isolated and which are embedded?

II.4.22 Exercise(A primary decomposition). We work in the ringR= k[x1, x2, x3, x4], k a
field. Show that

〈 x1x2 − x4, x1x3 − x4, x2x3 − x4 〉 =
= 〈 x1, x2, x4 〉 ∩ 〈 x1, x3, x4 〉 ∩ 〈 x2, x3, x4 〉 ∩ 〈 x1 − x2, x2 − x3, x

2
1 − x4 〉

is a minimal primary decomposition.
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The Second Uniqueness Theorem

II.4.23 Proposition. Let R be a ring, S⊂ R a multiplicatively closed subset,p ⊂ R a
prime ideal,q ⊂ R ap-primary ideal, and

ϕ : R−→ RS

the natural localization homomorphism. Then:
i) The assertion S∩ p , ∅ is equivalent to the assertionqe = RS.
ii) If S ∩ p = ∅, thenqe is ape-primary ideal andqec = q.

Proof. i) By Proposition II.3.6, ii), the extended idealqe equalsRS if and only ifS∩q , ∅.
Thus, we have to prove:

Claim. S ∩ p , ∅⇐⇒ S ∩ q , ∅.

“⇐=”. This is clear, becauseq ⊂ p.
“=⇒”. Let s ∈ S∩p. Sincep is the radical ofq, there is an exponentk ≥ 1 with sk ∈ q.

Furthermore,S is a multiplicatively closed subset, so thatsk ∈ S. X

ii) We use the description
qec =

⋃

s∈S

(
q : 〈s〉

)

from Proposition II.3.6, iv). Supposes ∈ S and r ∈ (q : 〈s〉). Then,r · s ∈ q. Since
sk
< q, k ≥ 1, we must haver ∈ q. This showsqec ⊂ q. The other inclusion is contained in

Property I.8.24, i), so that
qec = q.

By Proposition II.3.6, iii),Jce = J holds for every idealJ ⊂ RS. So, in order to verify√
qe = pe, it suffices to check (√

qe
)c
= pec.

With Property I.8.19, iv), we verify this as follows:

(√
qe

)c
=
√
qec =

√
q = p = pec.

Finally, we check thatqe is a primary ideal. Suppose we are givena, b ∈ R ands, t ∈ R
with

a · b
s · t
=

a
s
·

b
t
∈ qe.

Then,a · b ∈ qec = q, so thata ∈ q or bk ∈ q, for somek ≥ 1. This impliesa/s ∈ qe or
(b/t)k = bk/tk ∈ qe, for somek ≥ 1. �

II.4.24 Proposition. Let R be a ring, S⊂ R a multiplicatively closed subset, I⊂ R an
ideal, and

I =
m⋂

i=1

qi

a minimal primary decomposition. Setpi :=
√
qi, i = 1, ...,m, and suppose that the

numbering is such that

∃m0 ∈ { 0, ...,m}∀i ∈ { 1, ...,m} : S ∩ pi , ∅ ⇐⇒ i > m0.
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Then,

Ie =

m0⋂

i=1

qei and Iec =

m0⋂

i=1

qi , (II.7)

and these are both minimal primary decompositions.

Proof. Using Proposition II.3.6, iii), and Property I.8.24, iii),it is enough to check the
second equality in (II.7). We first apply Proposition II.3.6, iv), and Property I.8.17, iv), to
see

Iec =
⋃

s∈S

(
I : 〈s〉

)
=

⋃

s∈S


m⋂

i=1

qi : 〈s〉
 =

⋃

s∈S

m⋂

i=1

(
qi : 〈s〉

)
.

Our assertion amounts to ⋃

s∈S

m⋂

i=1

(
qi : 〈s〉

)
=

m0⋂

i=1

qi .

“⊂”. For s ∈ S and 1≤ i ≤ m0, we haves < pi. This inclusion, therefore, follows
from Lemma II.4.18.

“⊃”. For m0 + 1 ≤ i ≤ m, S ∩ pi , ∅. By Proposition II.4.23, i), we may pick an
elementsi ∈ S ∩ qi. Then,

∀i ∈ {m0 + 1, ...,m} : s := sm0+1 · · · · · sm ∈ qi .

Lemma II.4.18 shows

∀i ∈ {m0 + 1, ...,m} :
(
qi : 〈s〉

)
= R.

The second equation in (II.7) is a minimal primary decomposition, becauseI =
m⋂

i=1
qi

is one. By Proposition II.4.23, ii),qei is ape
i -primary ideal,i = 1, ...,m0. This shows that

the first equation in (II.7) is also a primary decomposition.To check that it is minimal,
we may contract it toR. This is the second equation in (II.7) which is minimal. �

II.4.25 Second uniqueness theorem.Let R be a ring, I⊂ R an ideal,

I =
m⋂

i=1

qi (II.8)

a minimal primary decomposition, and

Ass(I ) =
{
p1, ..., pm

}
.

i) Let { i1, ..., in } ⊂ { 1, ...,m} be a subset, such thatpi j is an isolatedassociated prime
ideal of I, j= 1, ..., n. Then, theintersection

n⋂

j=1

qi j

does not depend on(II.8).
ii) Letp ∈ Ass(I ) be an associated prime ideal and set

M(I , p) =
{
r ∈ Ass(I ) | r ⊂ p

}
.
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Let
{ i1, ..., in } =

{
i ∈ { 1, ...,m} |

√
qi ∈ M(I , p)

}
.

Then, theintersection
n⋂

j=1

qi j

does not depend on(II.8).

Proof. For i), we define
S := R\ (pi1 ∪ · · · ∪ pin)

and, for ii),
S := R\ p,

and look at the localization mapϕ : R−→ RS. In both cases,

Iec =

n⋂

j=1

qi j ,

by Proposition II.4.24. �

II.4.26 Remark.In general, we may associate with any subset{ pi1, ..., pim } ⊂ Ass(I ) an
ideal which is the intersection of some of the primary idealsin (II.8) and which does not
depend onI .

II.4.27 Corollary. The primary ideals in a minimal primary decomposition of I which
correspond to theisolatedassociated prime ideals are uniquely determined by I.

Proof. Let p ⊂ R be an isolated associated prime ideal. We apply i) to{p} ⊂ Ass(I ) or ii),
notingM(I , p) = {p}. �

To further familiarize us with primary decompositions, we study the primary decom-
position of the zero ideal.

II.4.28 Theorem. Let R be a noetherian ring. Write

{ pi1, ..., pk } = Ass
(
〈0〉

)

and let
{ pi1, ..., pim } ⊂ Ass

(
〈0〉

)

be the subset ofisolatedprime ideals associated with〈0〉. Then:
i) The nilradical of R is

N =
√
〈0〉 = p1 ∩ · · · ∩ pk = pi1 ∩ · · · ∩ pim.

ii) Letp ⊂ R be a prime ideal. Then, there exists an index j∈ { 1, ...,m} with

pi j ⊂ p,

i.e., the isolated prime ideals associated with〈0〉 are the minimal prime ideals of R.
iii) The zero divisors of R are exactly the elements of the set

k⋃

i=1

pk.
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Proof. i) Let
〈0〉 = q1 ∩ · · · ∩ qk

be a minimal primary decomposition withpi =
√
qi, i = 1, ..., k. Then,

√
〈0〉 =

√
q1 ∩ · · · ∩ qk =

√
q1 ∩ · · · ∩

√
qk = p1 ∩ · · · ∩ pk = pi1 ∩ · · · ∩ pim.

ii) By Proposition I.7.2,
√
〈0〉 ⊂ p, so that

pi1 ∩ · · · ∩ pim ⊂ p.

By prime avoidance (Proposition II.4.17), there is an indexj ∈ { 1, ...,m} with pi j ⊂ p.
iii) Assume first thata ∈ R is a zero divisor. There is an elementb ∈ R \ {0} with

a · b = 0. Since〈0〉 = q1 ∩ · · · ∩ qk, there is an indexi0 ∈ { 1, ..., k } with b < qi0. Sinceqi0
is a primary ideal, it follows thata ∈ √qi0 = pi0.

Next, let
a ∈ p1 ∪ · · · ∪ pk.

If a is nilpotent, thena is a zero divisor and we are done. Otherwise, we may choose
an indexi0 ∈ { 1, ..., k } and an exponentl ≥ 1 with al ∈ qi0. Note that the existence of
non-nilpotent zero divisors impliesk ≥ 2. We have

qi0 ·
(
q1 ∩ · · · ∩ qi0−1 ∩ qi0+1 ∩ · · · ∩ qk

)
⊂ q1 ∩ · · · ∩ qk = 〈0〉.

Since the primary decomposition is minimal, we infer

J := q1 ∩ · · · ∩ qi0−1 ∩ qi0+1 ∩ · · · ∩ qk , 〈0〉.

Chooseb ∈ J\{0}. Then,al ·b = 0. Letn ≥ 0 be the largest natural number withan ·b , 0.
We see thata · (an · b) = an+1 · b = 0 and thata is a zero divisor. �
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III
The Nullstellensatz

We prove here Hilbert’s famous Nullstellensatz. It completes our discussion from Section
I.9: Over an algebraically closed ground fieldk, there is a correspondence between alge-
braic sets inAn

k and radical ideals ink[x1, ..., xn]. This result, therefore, translates algebraic
geometry in affine spaces into commutative algebra and establishes the close ties between
these two areas of mathematics. There are many proofs of the Nullstellensatz. We will
present a very elementary one which is a variant of an argument due to Munshi. The proof
uses some basic facts about integral ring extensions. In order to speak about integral ring
extensions, we need the language of modules. For these reasons, we take the opportunity
to develop the language of modules and the formalism of finitering extensions in some
detail. We will also discuss normal rings and (Noether) normalization.

III.1 Modules

Let R be a ring. AnR-moduleis an abelian group (M,+, 0) together with ascalar multi-
plication

· : R× M 7−→ M,

such that the following conditions are satisfied:

⋆ ∀a ∈ R∀x, y ∈ M: a · (x+ y) = a · x+ a · y.

⋆ ∀a, b ∈ R∀x ∈ M: (a+ b) · x = a · x+ b · x.

⋆ ∀a, b ∈ R∀x ∈ M: (a · b) · x = a · (b · x).

⋆ ∀x ∈ M: 1 · x = x.

III.1.1 Remark.Let (M,+, 0) be an abelian group. The datum of a scalar multiplication
· : R× M −→ M is equivalent to the datum of a ring homomorphism1

ϕ : R−→ End(M).
1The ring End(M), which is, in general, non-commutative, was described in Example I.1.3, viii).
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In fact, let a scalar multiplication· : R× M −→ M be given. The first property states
that

µa : M −→ M

x 7−→ a · x

is an endomorphism of the abelian groupM. So, we can define

ϕ : R −→ End(M)

a 7−→ µa.

The fourth property says thatϕ(1) = idM, the second and third property express thatϕ is
compatible with addition and multiplication.

If we are give a ring homomorphism2

ϕ : R−→ End(M),

then it is easy to check that

· : R× M 7−→ M

(a, x) 7−→ ϕ(a)(x)

is a scalar multiplication.

III.1.2 Examples.i) If k is a field, ak-module is the same as ak-vector space (see [32],
§7).

ii) A Z-module is the same as an abelian group. In fact, the endomorphismsµn : M −→
M (see Remark III.1.1),n ∈ N, satisfy the recursion formula

∀n ∈ N∀x ∈ M : µn+1(x) = (n+ 1) · x = n · x+ 1 · x = n · x+ x = µn(x) + x. (III.1)

Furthermore, it is easy to see thatµ−1(x) = −x (compare Property I.1.2, ii). Thus,µ0 = 0
and

∀n ∈ N∀x ∈ M : µ−n(x) = (−n)·x =
(
(−1)·n

)
·x = n·

(
(−1)·x) = n·(−x) = µn(−x). (III.2)

So, theµk, k ∈ Z, or, equivalently, the scalar multiplication “·” are completely determined
by the conditionµ1 = idM. In particular, on every abelian group, there exists at mostone
scalar multiplication· : Z × M −→ M.

On the other hand, given an abelian groupM, we can start with the constant map
µ0 : M −→ M, x 7−→ 0, and defineµn by recursion (see [26], Satz 1.3.8) via (III.1) for
all natural numbers and, using (III.2), for all integers. Itis then checked with various
inductions (compare [26], Satz 1.3.12) that

· : Z × M −→ M

(k, x) 7−→ µk(x)

is a scalar multiplication.
2This implies thatϕ(1) = idM.

72



III.1. Modules

iii) Let k be a field andR = k[t] the polynomial ring in one variable overk. Any
R-moduleM is, in particular, ak-vector space, and

f := µt : M −→ M

x 7−→ t · x

is ak-linear map. So, anR-module determines a pair (M, f ) which consists of ak-vector
spaceM and ak-linear mapf : M −→ M.

Suppose, conversely, thatM is ak-vector space andf : M −→ M is a k-linear map.
Set

k[ f ] :=
{ n∑

i=0

λi · f i
∣∣∣∣ n ∈ N, λi ∈ k, i = 0, ..., n

}
⊂ End(M).

This is a commutative subring of End(M). By the universal property of the polynomial
ring (Page 5), idk and f ∈ k[ f ] define a (surjective) homomorphismk[t] 7−→ k[ f ] and,
thus, a homomorphism

ϕ : k[t] −→ End(M).

In this way, we get anR-module structure onM. It satisfiesµt = f .
Altogether, we can say thatR-modules identify with pairs (M, f ) composed of ak-

vector spaceM and ak-linear endomorphismf of M. Such objects are intensely studied in
any introduction to linear algebra, especially in the situation whenM is finite dimensional.

iv) Let R, S be rings andϕ : R−→ S a ring homomorphism. Then,

· : R× S −→ S

(a, b) 7−→ ϕ(a) · b

equipsS with the structure of anR-module. In particular, we can use idR: R −→ R to
view R as anR-module.

Let Rbe a ring andM,N R-modules. AnR-module homomorphismis a mapϕ : M −→ N,
such that

⋆ ∀x, y ∈ M: ϕ(x+ y) = ϕ(x) + ϕ(y).

⋆ ∀a ∈ R∀x ∈ M: ϕ(a · x) = a · ϕ(x).

Module homomorphisms are the maps that are compatible with the given group struc-
tures and scalar multiplications on the modules and, therefore, allow to compare different
modules. As usual, there are different modules which are in a certain sense “indistin-
guishable”. These are modules which are related by anisomorphism. The “categorical”
definition of an isomorphism reads as follows: LetR be a ring andM,N R-modules. A
mapϕ : M −→ N is anisomorphism of R-modules, if

⋆ ϕ is anR-module homomorphism,

⋆ there exists anR-module homomorphismψ : N −→ M with ϕ◦ψ = idM andψ◦ϕ =
idN.

III.1.3 Exercise.Let R be a ring,M,N R-Modules, andϕ : M −→ N anR-module homo-
morphism. Show thatϕ is an isomorphism if and only ifϕ is bijective.
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III.1.4 Example and Exercise.Let k be a field,R = k[x], and (M, f ) and (N, g) k-vector
spaces endowed withk-linear endomorphisms. According to Example III.1.2, iii), they
defineR-modules. A mapϕ : M −→ N is a homomorphism ofR-modules if and only if it
is k-linear and verifies

ϕ ◦ f = g ◦ ϕ,

i.e., the diagram

M
ϕ

//

f
��

N
g

��

M
ϕ

// N

commutes.
The classification of finite dimensionalC[x]-modules is provided by the theory of the

Jordan normal form (see [32],§54; compare Page 85ff).

Constructions

Let R be a ring andM anR-module. Asubmoduleis a subsetN ⊂ M, such that

⋆ N , ∅.

⋆ ∀x, y ∈ N: x+ y ∈ N.

⋆ ∀a ∈ R∀x ∈ N: a · x ∈ N.

Note that, forx ∈ N, we have−x = (−1) · x ∈ N. Let x0 ∈ N (N is non-empty). Then,
0 = x0 − x0 ∈ N. This proves thatN is a subgroup ofM. By the third property,N is also
equipped with a scalar multiplication. So,N inherits the structure of anR-module.

III.1.5 Example.Let Rbe a ring. According to Example III.1.2, iv), we may viewRas an
R-module. The submodules ofR are the ideals.

Suppose thatM is anR-module and thatN ⊂ M is a submodule. Then, we can form
the groupM/N (see [29], Satz II.9.4). We set

· : R× M/N −→ M/N
(
a, [x]

)
−→ [a · x].

The reader should verify that this is well-defined and equipsM/N with the structure of an
R-module. It is thequotient module of M by N.

III.1.6 Example and Exercise.Let R be a ring,M,N R-modules, andϕ : M −→ N a
homomorphism.

i) Then,

⋆ im(ϕ) is a submodule ofN.

⋆ ker(ϕ) is a submodule ofM.

⋆ The moduleN/im(ϕ) is called thecokernelof ϕ.
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ii) The first isomorphism theorem holds, i.e.,

M/ker(ϕ) � im(ϕ).

Let I , ∅ be a possibly infinite index set and (Mi)i∈I a family of R-modules indexed
by I . The cartesian product

�

i∈I
Mi

together with componentwise addition and scalar multiplication is anR-module. It is
called thedirect productof (Mi)i∈I .

The set

⊕

i∈I
Mi :=

{
(xi)i∈I ∈

�

i∈I
Mi

∣∣∣ xi = 0 for all but finitely manyi ∈ I
}

is a submodule of
�

i∈I
Mi. It is referred to as thedirect sumof (Mi)i∈I . Note that the direct

sum
⊕
i∈I

Mi equals the direct product
�

i∈I
Mi if and only if I is finite.

If M is anR-module andI , ∅ an index set, we may defineMi := M, i ∈ I . In this
case, we set ⊕

i∈I
M :=

⊕

i∈I
Mi .

For convenience, we also define ⊕

i∈∅
M := {0}.

Let M,N beR-modules, then

HomR(M,N) :=
{
ϕ : M −→ N | ϕ is a homomorphism ofR-modules

}

together with theaddition

∀ϕ, ψ ∈ HomR(M,N) : ϕ + ψ : M −→ N, x 7−→ ϕ(x) + ψ(x),

and thescalar multiplication

∀a ∈ R∀ϕ ∈ HomR(M,N) : a · ϕ : M −→ N, x 7−→ a · ϕ(x),

is anR-module, too. The neutral element for the addition is thezero homomorphism
0: M −→ N, x 7−→ 0.

III.1.7 Exercises(The universal properties of the direct sum and the direct product). i) Let
R be a ring, (Mi)i∈I a family ofR-modules, and

⊕
i∈I

Mi its direct sum. Define, fork ∈ I ,

jk : Mk −→
⊕

i∈I
Mi

m 7−→ (mi)i∈I with mi =

{
m, if i = k
0, if i , k

.
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Prove that
⊕
i∈I

Mi has the following universal property: Given anR-module N and a

collection of homomorphismsfk : Mk −→ N, k ∈ I , there is a unique homomorphism
f :

⊕
i∈I

Mi −→ N with f ◦ jk = fk, k ∈ I . In other words,

HomR

(⊕

i∈I
Mi ,N

)
�

�

i∈I
HomR (Mi ,N) .

ii) Let Rbe a ring, (Mi)i∈I a family ofR-modules, and
�

i∈I
Mi its direct product. Define,

for k ∈ I ,

pk :
�

i∈I
Mi −→ Mk

(mi)i∈I 7−→ mk.

Show that
�

i∈I
Mi has the following universal property: Given anR-moduleN and a col-

lection of homomorphismsfk : N −→ Mk, k ∈ I , there is a unique homomorphism
f : N −→

�

i∈I
Mi with pk ◦ f = fk, k ∈ I . In other words,

HomR

(
N,

�

i∈I
Mi

)
�

�

i∈I
HomR (N,Mi) .

Let Rbe a ring,M a submodule, andS ⊂ M asubset. Thesubmodule generated by S
is

〈S〉 :=
⋂

N⊂M submodule
S⊂N

N =

{ n∑

i=1

ai · xi

∣∣∣∣ n ≥ 1, ai ∈ R, xi ∈ S, i = 1, ..., n

}
.

An R-moduleM is free, if there are an index setI and an isomorphism

ϕ :
⊕

i∈I
R−→ M.

If I = { 1, ..., n }, we write

R⊕n :=
n⊕

i=1

R.

III.1.8 Exercise(The rank of a free module). Let R be a ring,s, t ∈ N natural numbers,
andϕ : R⊕s −→ R⊕t a surjective map. Prove thats ≥ t. In particular,R⊕s

� R⊕t if and
only if s= t.

If M is anR-module and there are afinite index setI and an isomorphismϕ :
⊕
i∈I

R−→

M, we call the number #I therankof M. By the last exercise, this is well-defined.
If k is a field, then every vector space has a basis3 (see [32],§28) and, so, every

k-module is free. Many concepts of linear algebra, such as thematrix formalism, may
be extended to free modules. However, the condition of freeness is rather restrictive, in
general. The following lemma gives a first illustration for this.

3if and only if the axiom of choice is admitted ([12], Theorem 4.44)
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III.1.9 Lemma. Let R be an integral domain and I⊂ R an ideal. Then, I is a free
R-module if and only if it is aprincipal ideal.

Proof. Let I be a principal ideal. IfI = 〈0〉, there is nothing to show. Otherwise,I = 〈a〉
with a , 0. Consider

ϕ : R −→ R

r 7−→ r · a

SinceR is an integral domain,ϕ is injective. The image ofϕ is 〈a〉, so that〈a〉 � R as
R-module.

AssumeI is a freeR-module. If it is of rank 0 or 1, thenI is a principal ideal. Other-
wise, there is an injective homomorphismϕ : R⊕2 −→ I . Set f := ϕ(1, 0) andg := ϕ(0, 1).
The elementsf andg are non-zero, becauseϕ is injective. Observe

ϕ(g,− f ) = g · ϕ(1, 0)− f · ϕ(0, 1) = g · f − f · g = 0.

Since (g,− f ) , 0, this contradicts the injectivity ofϕ. �

Let M be anR-module. Thetorsion submoduleof M is

Tors(M) :=
{
x ∈ M | ∃ non-zero divisora ∈ R : a · x = 0

}
.

If Tors(M) = {0}, thenM is said to betorsion free. If M = Tors(M), thenM is said to be
a torsion module.

III.1.10 Remark.Let us briefly verify that Tors(M) is indeed a submodule. Clearly, 0∈
Tors(M). Let x ∈ Tors(M), a ∈ R, andb ∈ R a non-zero divisor withb · x = 0. Then,
b · (a · x) = a · (b · x) = a · 0 = 0, so thata · x ∈ Tors(M). If x, y ∈ Tors(M) anda, b ∈ R
are non-zero divisors witha · x = 0 andb · y = 0. Then,a · b is not a zero divisor and

(a · b) · (x+ y) = (a · b) · x+ (a · b) · y = b · (a · x) + a · (b · y) = 0.

This illustrates the appearance of non-zero divisors in thedefinition of the torsion sub-
module.

III.1.11 Examples.i) A free R-module is torsion free.
ii) If k is a field, then everyk-module is free and, in particular, torsion free.
iii) If A is an abelian group, i.e., aZ-module (Example III.1.2, ii), thenx ∈ A lies in

Tors(A) if and only it is an element of finite order.
iv) Let k be a field and (M, f ) a k[x]-module (see Example III.1.2, iii). IfM is a

finite dimensional k-vector space, then (M, f ) is a torsion module. In fact, since the
vector space Endk(M) = Homk(M,M) is also finite dimensional, the powersf k, k ∈ N,
are linearly dependent. So, there is a polynomialp ∈ k[x] with p( f ) = 0,4 and, for every
x ∈ M,

p · x = p( f )(x) = 0.

4The theorem of Cayley–Hamilton ([32],§36) asserts that we may takep to be the characteristic poly-
nomial of f .
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Let M be anR-module andx ∈ M, then

Ann(x) := AnnR(x) :=
{
a ∈ R | a · x = 0

}

is an ideal inR. It is theannihilatorof x.
If N ⊂ M is a submodule, we set

Ann(N) := AnnR(N) :=
{
a ∈ R | ∀x ∈ N : a · x = 0

}
=

⋂

x∈N
Ann(x).

This is theannihilatorof N.

III.1.12 Remark.Let M be anR-module. Note thatM is in a natural way a module over
the ringR/Ann(M).

Modules over Principal Ideal Domains

The main theorem on finite abelian groups (see [29], II.13.5)classifies all finitely gener-
atedZ-modules. It generalizes to modules over a principal ideal domainR. We start with
the following

III.1.13 Theorem. Let R be aprincipal ideal domainand M a finitely generatedR-
module. Then,

⋆ M/Tors(M) is a free R-module.

⋆ The map

ϕ : M/Tors(M) ⊕ Tors(M) −→ M

(x, y) 7−→ x+ y

is an isomorphism.

The rank of the freeR-moduleM/Tors(M) is called therank of M and is denoted by
rk(M).

III.1.14 Remark.Let M,N be finitely generatedR-modules andϕ : M −→ N a homomor-
phism. It induces a homomorphism

ϕ : M/Tors(M) −→ N/Tors(N).

If ϕ is surjective, then so isϕ. In particular, rk(M) ≥ rk(N) in that case (see Exercise
III.1.8).

We need several preparations to prove this result.

III.1.15 Proposition. Let R be aprincipal ideal domain, m ∈ N a natural number, and
M a free module of rank m. Then, every submodule N of M is free ofrank n for some
n ∈ { 0, ...,m}.
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Proof. Without loss of generality, we may assumeM = R⊕m. We set

Mk :=
{
(a1, ..., ak, 0, ..., 0) ∈ R⊕m | ai ∈ R, i = 1, ..., k

}

and
Nk := N ∩ Mk, k = 1, ...,m.

We will prove inductively thatNk is a free module,k = 1, ...,m. Obviously,M1 is isomor-
phic toR (asR-module). Thus,N1 is isomorphic to a submodule ofR, i.e., to an ideal of
R (Example III.1.5). Lemma III.1.9 shows thatN1 is free of rank 0 or 1.

Fork ≥ 2, we set

I :=
{
b ∈ R | ∃b1, ..., bk−1 ∈ R : (b1, ..., bk−1, b, 0, ..., 0) ∈ Nk

}
.

This is an ideal inR. Pick an elementa ∈ R with I = 〈a〉 and elementsa1, ..., ak−1 ∈ R
with

x0 := (a1, ..., ak−1, a, 0, ..., 0) ∈ Nk.

If a = 0, thenNk = Nk−1 and Nk is free by induction hypothesis. For the rest of the
argument, we assumea , 0. For every elementx ∈ Nk, there exists an elementr ∈ Rwith
x− r · x0 ∈ Nk−1. This shows that the homomorphism

ϕk : Nk−1 ⊕ R −→ Nk

(x, r) 7−→ x+ r · x0

is surjective. It is also injective, because

Nk−1 ∩ 〈x0〉 = {0}.

So,Nk is free of rank rk(Nk−1) + 1. Note that the rank ofNk is at mostk. �

III.1.16 Remark.The proposition is false, ifR is not a principal ideal domain. In fact,R
is a free module of rank 1. IfR contains an ideal which is not principal, we may use the
argument given in the proof of Lemma III.1.9. IfR is not an integral domain, then we
pick a non-trivial zero divisorb. Then,

Ann
(
〈b〉

)
= Ann(b) , {0}.

But, for a non-zero free module, the annihilator is clearly{0}.

III.1.17 Corollary. Let R be a principal ideal domain and M a finitely generated R-
module. Then, every submodule N of M is finitely generated.

Proof. The assumption means that there exist a natural numberm ∈ N and a surjection

ϕ : R⊕m −→ M.

Now, ϕ−1(N) is a submodule ofM and, therefore, free. Letn ∈ { 1, ...,m} be its rank and
choose an isomorphismψ : R⊕n −→ ϕ−1(N). Then,

R⊕n ψ
−→ ϕ−1(N)

ϕ|ϕ−1(N)
−→ N

is a surjection, andN is finitely generated. �
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III.1.18 Remark.The corollary is true for everynoetherian ring (see Proposition III.1.29
and Lemma III.1.28).

III.1.19 Proposition. Let R be aprincipal ideal domainand M a finitely generatedtor-
sion freeR-module. Then, M is free.

Proof. We may clearly assumeM , {0}. Let us start with an isomorphism

ϕ : R⊕m −→ M.

Let ei := (0, ..., 0, 1, 0, ..., 0), 1 being thei-th entry, andxi := ϕ(ei), i = 1, ...,m. A subset
X ⊂ M is linearly independent, if

λ1 · x1 + · · · + λn · xn = 0 =⇒ λ1 = · · · = λn = 0

holds for alln ≥ 1, for all pairwise distinctx1, ..., xn ∈ X, and for allλ1, ..., λn ∈ R. Note
that, in a non-zero torsion free module, any set of cardinality 1 is linearly independent. Let
n ∈ { 1, ...,m} be the maximal cardinality of a linearly independent subsetof { x1, ..., xm }
and fix a linearly independent subset{ xi1, ..., xin } of { x1, ..., xm } with n elements. For
i = 1, ...,m, there exist ring elementsai, ai1, ..., ain ∈ Rwith

ai · xi + ai1 · xi1 + · · · + ain · xin = 0.

Note thatai , 0, because{ xi1, ..., xin } is linearly independent,i = 1, ...,m. So,

a := a1 · · · · · am , 0.

For i = 1, ...,m, we have
a · xi ∈ N := 〈 xi1, ..., xin 〉

and, thus,
a · M ⊂ N.

Note thatN is a free module of rankn. By Proposition III.1.15,a ·M is also free. Finally,

µa : M −→ M

x 7−→ a · x

is injective, becausea , 0 andM is torsion free. Sinceµa mapsM ontoa ·M, the module
M is free. �

III.1.20 Proposition. Let R be anarbitrary ring, M an R-module, N afree R-module,
andϕ : M −→ N a surjection. Then, there exists a submodule P⊂ M, such that

⋆ ϕ|P : P −→ N is an isomorphism,

⋆ the homomorphism

ψ : P⊕ ker(ϕ) −→ N

(x, y) 7−→ x+ y

is an isomorphism.
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Proof. Let I be an index set, such that

N �
⊕

i∈I
R.

Let ei = (ei j ) j∈I be the tuple witheii = 1 andei j = 0, j ∈ I \ {i}. We pick elementsxi ∈ M
with

ϕ(xi) = ei , i ∈ I .

By the universal property of the direct sum (Exercise III.1.7, i), there is a unique homo-
morphism̺ : N −→ M that mapsei to xi, i ∈ I . We set

P := im(̺).

Clearly,ϕ ◦ ̺ = idN. In particular,̺ is injective and, therefore, mapsN isomorphically to
P. It also follows thatϕ|P is inverse to̺ .

For x ∈ M, we have

ϕ
(
x− (̺ ◦ ϕ)(x)

)
= ϕ(x) − (ϕ ◦ ̺)

(
ϕ(x)

)
= ϕ(x) − ϕ(x) = 0

and
x = (̺ ◦ ϕ)(x)︸     ︷︷     ︸

∈P

+
(
x− (̺ ◦ ϕ)(x)︸          ︷︷          ︸

∈ker(ϕ)

)
.

It follows thatψ is surjective. It is also injective, becauseP∩ ker(ϕ) = {0}. �

Proof of TheoremIII.1.13. We first show thatM/Tors(M) is free. By Proposition III.1.13,
it is enough to verify that this module is torsion free. Let [x] ∈ M/Tors(M) be a torsion
element. There exists a non-zero divisorb with [b · x] = b · [x] = 0. This meansb · x ∈
Tors(M). So, there is a non-zero divisora ∈ R with

(a · b) · x = a · (b · x) = 0.

Sincea · b is a non-zero divisor,x ∈ Tors(M) and [x] = 0. To conclude, we apply
Proposition III.1.20 to the surjectionM −→ M/Tors(M). �

LetRbe a principal ideal domain. In order to understand all finitely generated modules
overR, we need to understand the finitely generated torsion modules. This we will do now.
Let P ⊂ R be a subset, such that for every prime elementq ∈ R, there exists one and only
one elementp ∈ P with q ∼ p, i.e.,P is a set of representatives for the equivalence classes
of prime elements inR with respect to the equivalence relation “being associated”.

Let M , {0} be a non-trivial torsion module overR. In this case, Ann(M) is a non-zero
proper ideal ofR. Pick a generatora ∈ R\ (R⋆ ∪ {0}) for Ann(M). The idea is to use the
prime factorization ofa to decomposeM further.

For any ring elementb ∈ R, let

µb : M −→ M

x 7−→ b · x

and
Mb := ker(µb).
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III.1.21 Proposition. Let c, d ∈ R becoprimeelements and b= c · d. Then,

Mb � Mc ⊕ Md.

Proof. It is evident thatMc ⊂ Mb andMd ⊂ Mc. Note that〈c〉 + 〈d〉 = 〈1〉. So, letr, s∈ R
with

r · c+ s · d = 1. (III.3)

With this equation, we see thatMc ∩ Md = {0}.
Next, letx ∈ Mb. By (III.3), we have

x = 1 · x = r · (c · x) + s · (d · x).

Now, d · x ∈ Mc andc · x ∈ Md. �

There are distinct elementsp1, ..., ps ∈ P and positive integersk1, ..., ks with

〈a〉 = 〈 pk1
1 · · · · · p

ks
s 〉.

By Proposition III.1.21,
M � M

p
k1
1
⊕ · · · ⊕ Mpks

s
.

III.1.22 Proposition. Suppose there are an element p∈ P and a natural number k≥ 1
with

M = Mpk.

Then, there exist positive integers l1, ..., l t, such that

M � R/〈pl1〉 ⊕ · · · ⊕ R/〈plt〉.

We need some preparations for the proof. LetM be anyR-mdoule. We call elements
x1, ..., xu ∈ M independent, if

∀λ1, ..., λu ∈ R : λ1 · x1 + · · · + λu · xu = 0 =⇒ λ1 · x1 = · · · = λu · xu = 0.

This condition is weaker than linear independence. In fact,independent elements can
exist in torsion modules whereas linearly independent elements can’t.

In the set-up of Proposition III.1.22,M is said to be ap-torsion module. The number

e := min{ k ∈ N |M = Mpk }

is theexponentexpp(M) of M. In the following,M is assumed to be ap-torsion module.
Let x ∈ M \ {0}. We call

s := min{ t ∈ N | pt · x = 0 }

theorderordp(x) of x. Clearly,

s≥ 1, ordp(x) ≤ expp(M),

and there is an elementx0 ∈ M for which equality is achieved.
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III.1.23 Lemma. In the above setting, let b∈ R be an element with b· x = 0. Then,

pordp(x)|b.

Proof. We may writeb = ps ·m with p andm coprime. Assumes < o := ordp(x). As in
the proof of Proposition III.1.21, we findr, s ∈ R with

1 = r · po−s + s ·m.

Now,
x = r · po−s · x+ s ·m · x

has order at mosts. This is a contradiction to the definition of the order. �

III.1.24 Lemma. Let M be a p-torsion module of exponent e and x0 ∈ M an element of
order e. Assume y1, ..., yn ∈ M/〈x0〉 are non-zero independent elements. Then, there exist
elements x1, ..., xn ∈ M, such that

⋆ [xi] = yi, i = 1, ..., n,

⋆ ordp(xi) = ordp(yi), i = 1, ..., n,

⋆ x0, x1, ..., xn are independent.

Proof. Let y ∈ M/〈x0〉, o := ordp(y), andx′ ∈ M an element with [x′] = y. Obviously,

ordp(x
′) ≥ ordp(y).

There exist 0≤ s≤ eand an elementm ∈ R which is coprime tom, such that

po · x′ = ps ·m · x0.

If s= e, thenpo · x′ = 0, and ordp(x′) ≤ ordp(y), so that finally ordp(x′) = ordp(y).
If s < e, thenps · m · x0 has ordere− s, by Lemma III.1.23. This means thaty has

ordero+ e− s. But, we also know

o+ e− s≤ e, i.e., o ≤ s.

In this case,
x := x′ − ps−o ·m · x0

has ordero and [x] = y.
These considerations show that we may findx1, ..., xn ∈ M, satisfying the first two

properties. Finally, leta0, a1, ..., an ∈ R with

a0 · x0 + a1 · x1 + · · · + an · xn = 0.

Then,
a1 · y1 + · · · + an · yn = 0.

By assumption,ai · yi = 0, i = 1, ..., n. According to Lemma III.1.23,

pordp(yi )|ai, i = 1, ..., n.

But then
ai · xi = 0, i = 1, ..., n,

and alsoa · x0 = 0. �
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From now on, we assume thatM is finitely generated. Let p ∈ P and supposeM is a
p-torsion module. By Corollary III.1.17,Mp is finitely generated. According to Remark
III.1.12, Mp is a module overR/〈p〉. The latter is a field. We shall denote it byK(p). So,
we may associate withM the number

dimK(p)(Mp) ∈ N.
Proof of PropositionIII.1.22. Let x0 ∈ M be an element of orderr andM = M/〈x0〉. We
prove

dimK(p)(Mp) < dimK(p)(Mp).

Note that elementsx1, ..., xn ∈ Mp or elementsy1, ..., yn ∈ Mp are independent if and only
if they areK(p)-linearly independent.

Let y1, ..., yn ∈ Mp form aK(p)-basis. By Lemma III.1.24, we can lift these elements
to K(p)-linear independent elementsx1, ..., xn ∈ Mp. The elementsx0, x1, ..., xn ∈ M are
independent. Then,pr−1 · x0, x1, ..., xn are also independent. Observe thatpr−1 · x0 ∈ Mp.
We see

dimK(p)(Mp) ≥ n+ 1 = dimK(p)(Mp) + 1.

We now prove the result by induction ond := dimK(p)(M). If d = 0, we claim that
M = {0}. Indeed, ifM , {0} andx ∈ M \ {0}, theno := ordp(x) ≥ 1 andpo−1 · x is an
element of order 1, i.e., a non-zero element inMp.

Now, suppose the result holds for all natural numbers< dimK(p)(Mp). Pick an element
x0 ∈ M of ordere= exp0(M). Then,

dimK(p)

((
M/〈x0〉

)
p

)
< dimK(p)(Mp).

By induction hypothesis,M/〈x0〉 is generated by independent elementsy1, ..., yn. We con-
structx1, ..., xn ∈ M as in Lemma III.1.24. Then,x0, x1, ..., xn generateM and are inde-
pendent. This means

M = 〈x0〉 ⊕ 〈x1〉 ⊕ · · · ⊕ 〈xn〉.

Furthermore,
〈xi〉 � R/〈pordp(xi )〉, i = 0, 1, ..., n.

This finishes the proof. �

III.1.25 Theorem (Modules over principal ideal domains). Let M be a finitely generated
torsion module. Then, there are positive integers s, t1, ..., ts, s distinct prime elements
p1, ..., ps ∈ P, and positive integers1 ≤ ki1 ≤ · · · ≤ kiti , i = 1, ..., s, such that

M � R/〈pk11
1 〉 ⊕ · · · ⊕ R/〈pk1t1

1 〉 ⊕ · · · ⊕ R/〈pks1
s 〉 ⊕ · · · ⊕ R/〈pksts

s 〉. (III.4)

The integers s, t1, ..., ts, ki j , j = 1, ..., ti, i = 1, ..., s, and the prime elements5 p1, ..., ps ∈P are uniquely determined by M.

Proof. The existence follows from the previous discussion. The uniqueness follows from
a careful look at submodules of the formNp whereN is constructed in some way fromM
andp ∈ P is a prime element.

5They depend, of course, on the choice ofP.
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III.1. Modules

First, we observe
{ p1, ..., ps } =

{
p ∈ P |Mp , {0}

}
.

Hence,sandp1, ..., ps are uniquely determined.
Next, we point out that

(Z/〈pk〉
)

p = 〈p
k−1〉/〈pk〉, p ∈ P, k ≥ 1.

This shows
ti = dimK(pi )(Mpi ), i = 1, ..., s.

Likewise one sees

#
{

j ∈ { 1, ..., ts } | ki j ≥ l
}
= dimK(pi )

((
M/〈pl−1

i 〉
)

pi

)
, l ≥ 1, i = 1, ..., s.

From these numbers, one may clearly determinek11, ..., ksts. �

As an application of this result, let us derive the theorem onthe Jordan normal form.
Let R = C[x] and let (M, f ) be a pair in whichM is a finite dimensional complex vector
space andf : M −→ M is an endomorphism. By Example III.1.2, ii), and Exercise
III.1.11, iv), this defines a torsion module overC[x].

We decompose it according to Theorem III.1.25. SinceC is algebraically closed, a
polynomialp ∈ C[x] is irreducible if and only if it is linear, i.e., of the formc · (x− λ), for
somec ∈ C⋆, λ ∈ C. We need to understand theC[x]-modules

Mλ,k = C[x]/
〈
(x− λ)k〉, λ ∈ C, k ≥ 1.

The elements
vi :=

[
(x− λ)k+1−i], i = 1, ..., k,

form aC-basis forMλ,x. Setv0 := 0. We have, fori = 1, ..., k,

x·vi = λ ·vi+(x−λ) ·vi = λ ·vi+(x−λ) ·
[
(x−λ)k+1−i ] = λ ·vi+

[
(x−λ)k+1−(i−1)] = λ ·vi+vi−1.

Thus, with respect to the orderedC-basis (v1, ..., vk) of Mλ,k, multiplication by x is de-
scribed by the matrix 

λ 1 0 · · · 0

0 λ
. . .

. . .
...

...
. . .

. . .
. . . 0

...
. . . λ 1

0 · · · · · · 0 λ



, λ ∈ C.
III.1.26 Theorem (Modules over principal ideal domains). Let R be a principal ideal
domain and M a finitely generated R-module. Then, there are a positive integer t and
elements a1, ..., at ∈ R\ {0} with

〈a1〉 ⊃ · · · ⊃ 〈at〉

and
M � R⊕rk(M) ⊕ R/〈a1〉 ⊕ · · · ⊕ R/〈at〉. (III.5)

Moreover, if a′1, ..., a
′
u are other elements with these properties, then t= u and ai ∼ a′i ,

i = 1, ..., t.
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Chapter III. The Nullstellensatz

Proof. By Theorem III.1.13, it suffices to look at the case rk(M) = 0, i.e., thatM is a
torsion module. We use Theorem III.1.25. Lett := max{ ti | i = 1, ..., s}. Define

l i1 := · · · := l i(t−ti ) := 0 and l i(t−ti+ j) := ki j , j = 1, ..., ti, i = 1, ..., s,

and
aν = pl1ν

1 · · · · · p
lsν
s , ν = 1, ..., t.

By the Chinese remainder theorem I.8.12, these elements clearly have the required prop-
erties.

Since we recover the decomposition (III.4) from (III.5), the asserted uniqueness fol-
lows from the corresponding statement in Theorem III.1.25. �

Noetherian Modules

Let R be a ring andM anR-module. We say thatM is noetherian, if every submoduleN
of M is finitely generated.

III.1.27 Remark.i) We may viewR as anR-module (Example III.1.2, iv). Then, the
submodules ofR are the ideals ofR (see Example III.1.5). So,R is noetherian asR-
module if and only ifR is noetherian as ring.

ii) If R is not noetherian, then there exist finitely generatedR-modules which are not
noetherian. In fact,R itself is such an example. It is free of rank 1 asR-module and
contains an idealI which is not finitely generated.

III.1.28 Lemma. Let M be an R-module and N⊂ M a submodule. Then, M is noetherian
if and only if N and M/N are noetherian.

Proof. We will use the canonical surjection

π : M −→ M/N.

Assume first thatM is noetherian. Every submodule ofN is also a submodule ofM.
Therefore,N is also noetherian. The fact that any submodule ofM/N is finitely generated
is shown with an argumet similar to the one in the proof Corollary III.1.17.

Next, assume thatN and M/N are noetherian andP is a submodule ofM. Let
x1, ..., xm ∈ P be generators of the moduleN ∩ P, y1, ..., yn ∈ M/N generators forπ(P) ⊂
M/N, andxm+i ∈ P with π(xm+i) = yi, i = 1, ..., n. Then, one easily checks thatx1, ..., xm+n

generateP. �

III.1.29 Proposition. Let R be anoetherianring, M afinitely generatedR-module. Then,
M is a noetherian R-module.

Proof. There exist a natural numberm ≥ 0 and a surjectionϕ : R⊕m −→ M. By Lemma
III.1.28, it suffices to show thatR⊕m is noetherian. This will be done by induction onm.

m= 1. This was explained in Remark III.1.27.
m−→ m+ 1. Let

N :=
{
(0, ..., 0, r) ∈ R⊕(n+1) | r ∈ R

}
.
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This is a submodule ofR⊕m. It is evidently isomorphic toR. The quotientR⊕(m+1)/N is
isomorphic toR⊕m. In fact,

ϕ : R⊕m −→ R⊕(m+1) −→ R⊕(m+1)/M
(a1, ..., am) 7−→ (a1, ..., am, 0)

(a1, ..., am, am+1) 7−→ [a1, ..., am, am+1]

is an isomorphism. By the induction hypothesis,N andR⊕(m+1)/N are noetherian. By
Lemma III.1.28,R⊕(m+1) is noetherian, too. �

III.1.30 The Nakayama lemma. Let R be alocal ring with maximal idealm. Let M be
a finitely generatedR-module, such that

m · M = M.

Then,
M = {0}.

Proof. AssumeM , {0} and letm ≥ 1 be minimal, such that there is a surjection
ϕ : R⊕m −→ M. Defineei as in the proof of Proposition III.1.20 and setxi := ϕ(ei),
i = 1, ...,m. Sincem · M = M, there are elementsa1, ..., at ∈ m, such that

xm = a1 · x1 + · · · + am · xm,

i.e.,
(1− am) · xm = a1 · x1 + · · · + am−1 · xm−1.

Sinceam ∈ m andR is a local ring, (1− am) is a unit. This shows thatxm is a linear
combination ofx1, ..., xm−1, so thatM is generated byx1, ..., xm−1. This contradicts the
choice ofm. �

We will discuss two applications of this result.

III.1.31 Krull’s intersection theorem. Let R be anoetherian local ring with maximal
idealm. Then,

I :=
⋂

k∈Nmk = {0}.

Proof. The intersectionI is an ideal. Set

Σ :=
{
J ⊆ R | J is an ideal withJ ∩ I = m · I

}
.

Note thatm · I ∈ Σ, so thatΣ , ∅. Let J0 be a maximal element ofΣ (see Theorem II.1.1).
By definition,m · I ⊂ J0.

Claim. There is a natural number k∈ N, such thatmk ⊆ J0.

If the claim is correct, we have

I ⊂ mk ⊂ J0,

so that
I ⊂ J0 ∩ I = m · I .
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Chapter III. The Nullstellensatz

We see
I = m · I .

Hence,I = {0}, by the Nakayama lemma III.1.30. X

Let us prove the claim. Sincem is finitely generated, it suffices to check:

∀ f ∈ m∃l ≥ 1 : f l ∈ J0.

In fact, let f1, ..., fn generatem and assumef li
i ∈ m, i = 1, ..., n. Fork ≥ 1,m is generated

by the monomials (compare Example I.8.8, ii)

f k1
1 · · · · · f kn

n with k1 + · · · + kn = k. (III.6)

If k ≥ l1 + · · · + ln, there is an indexi0 ∈ { 1, ..., n }with ki0 ≥ l i0, and then the monomial in
(III.6) belongs toJ0.

Let f ∈ m and look at the ascending chain

(
J0 : 〈 f k〉

)
k∈N.

There is an exponentk0 ≥ 1, such that

(
J0 : 〈 f k0〉

)
=

(
J0 : 〈 f k0+1〉

)
.

Choosex ∈ (J0 + 〈 f k0〉) ∩ I . This means

∃y ∈ J0∃a ∈ R : x = y+ a · f k0.

We see
f k0+1 · a = f · x− f · y ∈ m · I + J0 = J0

and concludea ∈ (J0 : 〈 f k0+1〉) = (J0 : 〈 f k0〉). Consequently,a · f k0 ∈ J0 andx ∈ J0. This
implies (

J0 + 〈 f k0〉
)
∩ I = J0 ∩ I = m · I and

(
J0 + 〈 f k0〉

)
∈ Σ.

SinceJ0 is maximal inΣ andJ0 ⊂ J0+ 〈 f k0〉, we inferJ0 = J0+ 〈 f k0〉, that is f k0 ∈ J0. �

Let M andN be finitely generatedR-modules andϕ : M −→ N a homomorphism of
R-modules. We also have the natural quotient map

π : N −→ C := coker(ϕ) = N/im(ϕ).

Note that we get induced homomorphisms

ϕ : M := M/(m · M) −→ N := M/(m · N)

and
π : N −→ C := C/(m ·C).

III.1.32 Lemma. i) We haveC � coker(ϕ).
ii) The homomorphismϕ is surjective if and only ifϕ is surjective.
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Proof. ii) If ϕ is surjective, thenϕ is obviously surjective, too. Ifϕ is surjective, then
coker(ϕ) = {0}. By i), C = {0}. The Nakayama lemma III.1.30 impliesC = {0}, i.e., the
surjectivity ofϕ.

i) We have to show that
ker(π) = im(ϕ).

The inclusion “⊃” is clear. For “⊂”, let y ∈ N be such thatπ([y]) = [π(y)] = 0. So, there
are an elementm ∈ m and an elementz ∈ N with π(y) = m · [z] in C. This, in turn, means
that there is an elementu ∈ im(ϕ) with

y = u+m · z.

We see that, inN, we have
[y] = [u],

and this element belongs to im(ϕ). �

III.1.33 Remark.The proof actually shows that the kernel of the induced surjection

N −→ C

is
im(ϕ) +m · N.

III.1.34 Exercise.Let R be a local ring with maximal idealm, M a finitely generated
R-module, andN ⊂ M a submodule. Prove that, if

M = m · M + N,

then
M = N.

III.2 Finite Ring Extensions

Let R,S be rings andϕ : R −→ S a ring homomorphism. We say thatϕ is a finite ring
extension, if ϕ is injective andS is finitely generated as anR-module.

III.2.1 Example.If K andL arefields, then a finite field extensionK ⊂ L, i.e., dimK(L) <
∞, is an example for a finite ring extension.

For the following definitions, we assume thatϕ is injective. An elements ∈ S is
integral over R, if there are a positive integern > 0 and elementsa1, ..., an ∈ R with6

sn + a1 · sn−1 + · · · + an−1 · s+ an = 0.

III.2.2 Example.Let K ⊂ L a field extension. Then,y ∈ L is integral overK if and only if
it is algebraic overK (see [8], Satz III.1.6.2, i). IfR andS aren’t fields, it is important to
keep in mind that the coefficient of the highest occurring power ofs is 1.

6The symbol “·” refers to theR-module structure ofS (Example III.1.2, iv).
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The ringR is integrally closed in S, if

∀s ∈ S : s is integral overR ⇐⇒ s ∈ R.

We say thatR is integrally closed, if R is integrally closed in its total ring of fractions (see
Example II.3.5, ii). A ringR is reduced, if

√
〈0〉 = {0}, i.e.,R does not contain non-trivial

nilpotent elements. It isnormal, if it is integrally closed and reduced.

III.2.3 Examples.i) We define

R := C[x, y]/〈x2 − y3〉.

One readily checks that the polynomialx2 − y3 is irreducible, so thatR is an integral
domain.

We will show thatR is not normal. For this, we look at the element

t :=
x
y
∈ Q(R)

in the quotient field ofR. We have

t2 =
x2

y3
=

y3

y2
= y and t3 = t · y = x.

In particular,t is integral overR, but is is not contained inR. This shows thatR is not
normal.

To conclude this example, let us compute thenormalization of R, i.e., its integral
closure inQ(R). We look at

S := R[t] ⊂ Q(R).

We see that
S � C[x, y, t]/〈 x2 − y3, t2 − y, t3 − x 〉.

Moreover, one checks that

ϕ : C[ϑ] −→ S

ϑ 7−→ t

and

ψ : S −→ C[ϑ]

t 7−→ ϑ

x 7−→ t3

y 7−→ t2

are homomorphisms which are inverse to each other. It is easyto verify that the poly-
nomial ringC[ϑ] is a normal ring. Hence, so isS. The integral extensionν : R ⊂ S is,
therefore, called thenormalization. Using the isomorphismS � C[ϑ] just described, it
is given as

ν : S −→ C[ϑ]

x 7−→ t3

y 7−→ t2.

90



III.2. Finite Ring Extensions

Its geometric counterpart is the map

f : A1C −→ V(x2 − y3) ⊂ A2
k

t 7−→ (t3, t2).

A1C f
−→

ii) Set
R := C[x, y]/〈 x, y 〉.

We write abusivelyx, y for [x], [y] ∈ R. Note thatR is not an integral domain but reduced
and that

〈0〉 = 〈x〉 ∩ 〈y〉

is a minimal primary decomposition. By Theorem II.4.28, iii), we have

{ zero divisors ofR} = 〈x〉 ∪ 〈y〉.

This shows thatx+ y is not a zero divisor, so that we may form the non-zero element

u :=
x

x+ y
∈ Q(R)

in the total ring of fractions ofR. It is not contained inR, but satisfies the integrality
condition

u2 − u =
x2

(x+ y)2
− x

x+ y
x·y=0
=

x · (x+ y)
(x+ y)2

− x
x+ y

=
x

x+ y
− x

x+ y
= 0.

This shows thatR is not normal.
iii) Set R := C[x]/〈x2〉. An elementa+ b · [x] is a unit if and only ifa , 0, a, b ∈ C.

Otherwise, it is nilpotent. We see thatQ(R) = R. The ringR is integrally closed, but not
normal, because it is not reduced.

The notion of normality is an important concept in commutative algebra and algebraic
geometry. The above examples already suggest that the notion of normality is related to
singularities. We will study normal rings and normalizations in more detail in Section
III.5.

Let K ⊂ L be a field extension. If it is finite, then every element ofL is algebraic over
K. Conversely, ifα ∈ L is algebraic overK, then the subfieldK(α) ⊂ L it generates is a
finite extension ofK. The sum and product of algebraic elements are algebraic, and so on.
The reader may consult, e.g., [8], Satz III.1.6.2, ii), for this. We will now prove similar
results in the realm of commutative rings.
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III.2.4 Proposition. Letϕ : R−→ S be aninjectivering homomorphism and s∈ S . The
following conditions are equivalent:

i) The element s is integral over R.
ii) The R-module R[s] ⊂ S is finitely generated.
iii) There is a finitely generated R-module T⊂ S which contains R[s].
iv) There exists an R[s]-module M, such that

⋆ M is finitely generated as R-module,

⋆ AnnR[s](M) =
{
y ∈ R[s] | y · M = {0} } = {0}.

Proof. “i)=⇒ii)”. Let n ≥ 1 anda1, ..., an ∈ R, such that

sn + a1 · sn−1 + · · · + an−1 · s+ an = 0.

Then,R[s] is generated as anR-module by 1, s, ..., sn−1. In fact, set

p(x) := xn + a1 · xn−1 + · · · + an−1 · x+ an ∈ R[x].

Foru ∈ R[s], there is a polynomialg ∈ R[x] with u = g(s). Since the leading coefficient of
p is a unit inR, polynomial division is possible. This implies that there are polynomials
q, r ∈ R[x], such that

g = q · p+ r

and deg(r) < n. Then,
u = g(s) = r(s) ∈ 〈 1, s, ..., sn−1 〉.

“ii) =⇒iii)”. We may takeT = R[s].
“iii) =⇒iv)”. Set M := T. Fory ∈ AnnR[s](M) ⊂ S, we havey · 1 = 0 and, thus,y = 0.
“iv)=⇒i)”. Let M be generated as anR-module by the elementsx1, ..., xm. There are

elementsai j ∈ R, i, j = 1, ...,m, such that

∀i ∈ { 1, ...,m} : s · xi = ai1 · x1 + · · · + aim · xm.

We form the (m×m)-matrix

B := s · Em− (ai j )i, j=1,...,m ∈ Matm
(
R[s]

)

with entries in the ringR[s]. By definition

B ·



x1
...

xm

 = 0. (III.7)

We note that the theory of determinants works over every commutative ring. In particular,
we have Cramer’s rule ([32],§27): For i, j = { 1, ...,m}, let Bi j ∈ Matm−1(R[s]) be the
matrix that is obtained fromB by deleting thei-th column and thej-th row andbi j :=
(−1)i+ j · det(Bi j ). The matrixBad := (bi j )i, j=1,...,m is theadjoint matrix of Band satisfies

Bad · B = det(B).

Multiplying Equation (III.7) byBad yields the conclusion

∀i ∈ { 1, ...,m} : det(B) · xi = 0, i.e., det(B) ∈ AnnR[s](M).

By assumption, det(B) = 0. Expanding the determinant ofB provides us with an integral-
ity equation fors. �
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This proposition has several important consequences.

III.2.5 Corollary. Let R, S be rings andϕ : R−→ S an injective ring homomorphism.
i) Suppose n≥ 1 and s1, ..., sn ∈ S are integral over R. Then, the R-subalgebra

R[s1, ..., sn] ⊂ S is finitely generated as R-module.
ii) If s, t ∈ S are integral over R, then so are s+ t and s· t. In particular,

T :=
{
s ∈ S | s is integral over R

}

is a subring of S .

The subringT in Part ii) of the corollary is called theintegral closure of R in S. In the
proof of the above corollary, we use the following

III.2.6 Lemma. Suppose A, B,C are rings and f: A −→ B and g: B −→ C are homo-
morphisms. If B is finitely generated as A-module and C is finitely generated as B-module,
then C is also finitely generated as A-module.

Proof. Supposex1, ..., xm ∈ B generateB asA-module and thaty1, ..., yn ∈ C generateC
asB-module. Using theB-module structure ofC, we introduce the elements

xi · yj , i = 1, ...,m, j = 1, ..., n.

It is readily checked that these elements generateC asA-module. �

Proof of CorollaryIII.2.5. i) We prove this result by induction onn. The casen = 1 is
Part ii) of Proposition III.2.4, ii).

n −→ n+ 1. For the induction step, we write (compare (I.2))

R[s1, ..., sn+1] = R[s1, ..., sn][ sn+1].

By induction hypothesis,R[s1, ..., sn] is finitely generated asR-module. Sincesn+1 is
integral overR, it is also integral overR[s1, ..., sn]. By Part ii) of Proposition III.2.4,
R[s1, ..., sn, sn+1] is a finitely generatedR[s1, ..., sn]-module. Lemma III.2.6 shows that
R[s1, ..., sn, sn+1] is also finitely generated asR-module.

ii) By Part i), we know that theR-moduleR[s, t] ⊂ S is finitely generated. Note
R[s+ t] ⊂ R[s, t] andR[s · t] ⊂ R[s, t]. Part iii) of Proposition III.2.4, iii), says thats+ t
ands · t are integral overR. �

III.2.7 Corollary. Let R,S,T be rings andϕ : R −→ S andψ : S −→ T injective ring
homomorphisms. If S is integral over R and T is integral over S, then T is also integral
over R.

Proof. Let t ∈ T. There exist a natural numbern ≥ 1 and elementsb1, ..., bn ∈ S with

tn + b1 · tn−1 + · · · + bn−1 · t + bn = 0.

SetS′ := R[b1, ..., bn]. The elementsb1, ..., bn are integral overR. By Corollary III.2.5,S′

is a finitely generatedR-module. The elementt is integral overS′. So,

S′[t] = R[b1, ..., bn, t]

is a finitely generatedS′-module. Lemma III.2.6 proves thatR[b1, ..., bn, t] is a finitely
generatedR-module. It containsR[t]. By Part iii) of Proposition III.2.4,t is integral over
R. �
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III.2.8 Corollary. Let R,S be rings,ϕ : R−→ S aninjectivehomomorphism, and T⊂ S
the integral closure of R in S . Then, T is integrally closed inS .

III.2.9 Example.This corollary can be applied to the homomorphismϕ : R−→ Q(R). If T
is the integral closure ofR in Q(R), thenQ(T) = Q(R) (Exercise III.2.11, ii). This means
thatT is an integrally closed ring.

III.2.10 Exercise(Integral ring extensions). Let R, S1,...,Sn be rings andfi : R −→ Si,
i = 1, ..., n, integral ring extensions. Show that

f : R −→
n

�

i=1

Si

x 7−→
(
f1(x), ..., fn(x)

)

is also an integral ring extension.

III.2.11 Exercises(Total rings of fractions and integral ring extensions). Let R be a ring
andQ(R) its total ring of fractions.

i) Show that the homomorphism

λR: R −→ Q(R)

a 7−→ a
1

is injective.
ii) Let S ⊂ Q(R) be a subring, containingλR(R). Prove that

ψ : Q(R) −→ Q(S)
a
s
7−→

λR(a)
λR(s)

is an isomorphism, so that, in particular,Q(Q(R)) = Q(R).
iii) Give an example of ringsR, S, an injective ring homomorphismϕ : R −→ S, and

an elementa ∈ R, such that

⋆ a ∈ R is not a zero divisor,

⋆ ϕ(a) ∈ S is a zero divisor.

Conclude that there is no ring homomorphismψ : Q(R) −→ Q(S), such that the diagram

R
ϕ

//

λR

��

S

λS

��

Q(R)
ψ

// Q(S)

commutes.
iv) Let R be a ring andS ⊂ Q(R) the integral closure ofR in Q(R). Demonstrate that

S is an integrally closed ring withQ(R) = Q(S).
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III.2.12 Exercise(Normal rings). i) Let R be an integral domain andS ⊂ R a multiplica-
tively closed subset. Note that one may interpret the localizationRS as a subring of the
quotient fieldQ(R). Using this interpretation, show that the following identity holds in
Q(R):

R=
⋂

m⊂R
maximal ideal

Rm.

Hint. Let sbe an element of the right hand intersection. Look at{ r ∈ R | r · s ∈ R}.
ii) Prove that an integral domainR is normal if and only ifRm is normal for every

maximal idealm ⊂ R.

III.3 The Nullstellensatz

In this section, we will present a fairly elementary proof ofHilbert’s Nullstellensatz, fol-
lowing Swan [33]. It is due to Munshi [21]. The next section contains a more geometric
proof, based on Noether’s normalization theorem.

III.3.1 Nullstellensatz — Field theoretic version. Let k be a field and R a finitely gen-
erated k-algebra, If R is a field, then k⊂ R is a finite field extension.

III.3.2 Exercise(Maximal ideals). Suppose thatk is analgebraically closedfield and that
m ⊂ k[x1, ..., xn] is a maximal ideal. Prove that there exists a point (a1, ..., an) ∈ An

k with

m = 〈 x1 − a1, ..., xn − an 〉.

III.3.3 Weak Nullstellensatz. Let k be analgebraically closedfield, n ≥ 1 a natural
number, and I( k[x1, ..., xn] a proper ideal. Then,

V(I ) , ∅.

Proof. There is a maximal idealm with I ⊂ m (Corollary I.4.8, i). By Exercise III.3.2,
there is a point (a1, ..., an) ∈ An

k, such that

m = 〈 x1 − a1, ..., xn − an 〉.

Then,
(a1, ..., an) ∈ V(I ).

This proves the claim. �

III.3.4 Strong Nullstellensatz. Let k be analgebraically closedfield, n ≥ 1 a natural
number, and I⊂ k[x1, ..., xn] an ideal. Then,

I
(
V(I )

)
=
√

I .

Proof. We apply thetrick of Rabinovich . Let I = 〈 f1, ..., fm 〉 ⊂ k[x1, ..., xn] and f ∈
I (V(I )) \ {0}. This means

∀a = (a1, ..., an) ∈ An
k :

(
∀i ∈ { 1, ...,m} : fi(a) = 0

)
=⇒ f (a) = 0.
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We infer that the polynomialsf1, ..., fm, (1−x0 · f ) ∈ k[x0, x1, ..., xn] do not have a common
zero inAn+1

k . By the weak Nullstellensatz III.3.3, there exist polynomials b0, ..., bm ∈
k[x0, ..., xm] with

b0 · (1− x0 · f ) + b1 · f1 + · · · + bm · fm = 1. (III.8)

Define

ϕ : k[x0, ..., xm] −→ k[x1, ..., xn] f

x0 7−→
1
f

xi 7−→ xi , i = 1, ..., n.

With ci := ϕ(bi), i = 1, ...,m, Equation (III.8) yields

c1 · f1 + · · · + cm · fm = 1. (III.9)

By construction of the localizationR[x1, ..., xn] f , there exists a natural numbers ∈ N with

di := f s · ci ∈ R[x1, ..., xn], i = 1, ...,m.

Multiplying Equation (III.9) by f s gives

d1 · f1 + · · · + dm · fm = f s.

and showsf s ∈ I and f ∈
√

I . �

III.3.5 Corollary. Let k be analgebraically closedfield, n≥ 1 a natural number. Then,
the mapsΦ andΨ defined on Page43 are bijections which are inverse to each other.

Next, we will prepare the proof of Theorem III.3.4.

III.3.6 Lemma. Let R be an integral domain and R[x] the polynomial ring in one variable
over R. Then, there does not exist an element f∈ R[x], such that the localization R[x] f is
a field.

Proof. Assume to the contrary thatf ∈ R[x] is an element, such thatR[x] f is a field.
Obviously, we must have deg(f ) ≥ 1. In particular, 1+ f , 0. There are a polynomial
g ∈ R[x] and an exponentk ∈ N, such that the equation

1
1+ f

=
g
f k

holds inR(x) := Q(R[x]). In implies the equation

f k = (1+ f ) · g (III.10)

in R[x]. We pass to the ringS := R[x]/〈1 + f 〉. Then, [f ] = −1 in S and (III.10) gives
[ f ]k = 0. We find

(−1)k = 0

in S. This meansS = {0} and〈1 + f 〉 = R[x]. So, 1+ f is a unit inR[x]. But this is
impossible, because deg(1+ f ) > 0 (Exercise I.3.10). �
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III.3.7 Lemma. Letϕ : R−→ S be anintegral ring extension. Then,

R∩ S⋆ = R⋆.

Proof. The inclusion “⊃” is obvious. For the converse inclusion, leta ∈ R∩ S⋆. Then,
there is an elementb ∈ S with a · b = 1. Sinceb is integral overR, there are a positive
integern ≥ 1 and elementsa1, ..., an ∈ R with

bn + a1 · bn−1 + · · · + an−1 · b+ an = 0.

We multiply this byan−1 and find

b = −a1 − a2 · a− · · · − an−1 · an−2 − an · an−1.

This showsb ∈ R anda ∈ R⋆. �

III.3.8 Exercise.Let R andS be integral domains,ϕ : R−→ S an integral ring extension,
andn ⊂ S be a maximal ideal andm := n ∩ R. Show thatm is a maximal ideal inR.

III.3.9 Lemma. Letϕ : R−→ S be anintegral ring extension. If S is a field, then so is R.

Proof. This is a direct consequence of Lemma III.3.7:R\ {0} = R∩ (S \ {0}) = R∩S⋆ =

R⋆. �

The central ingredient in the proof of the Nullstellensatz is

III.3.10 Proposition. Let R be an integral domain, n≥ 1 a positive integer, andm ⊂
R[x1, ..., xn] a maximal ideal with

m ∩ R= {0}.

Then, there exists an element a∈ R, such that

⋆ Ra is a field,

⋆ Ra ⊂ R[x1, ..., xn]/m is a finite field extension.

Proof. We prove the result by induction onn.
n = 1. Let f ∈ m \ {0} be a non-constant element andl ≥ 1 be its degree. Write

f = a0 · xl + a1 · xl−1 + · · · + al−1 · x+ al .

By assumption,a0 < m. Thus, we obtain the injective homomorphism (compare Exercise
II.3.8)

ϕ : Ra0 −→ R[x]/m = R[ξ], ξ := [x].

Observe that

g :=
1
a0
· f = xl + b1 · xl−1 + · · · + bl−1 · x+ bl , bi :=

ai

a0
, i = 1, ..., l,

is a polynomial inRa0[x] with
g(ξ) = 0.
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This shows thatϕ is an integral ring extension. By Lemma III.3.9,Ra is a field. Obvi-
ously,ϕ is a field extension of degree at mostl.

n −→ n+ 1. SetSi := R[xi], i = 1, ..., n+ 1. We apply the induction hypothesis toSi

and the polynomial ring

Si[x1, ..., xi−1, xi+1, ..., xn+1], i = 1, ..., n+ 1.

We infer from Proposition III.3.10 that

Si ∩ m , {0}, i = 1, ..., n+ 1.

Pick non-zero elements
fi ∈ Si ∩m

and write
fi = ai

0 · xl
i + ai

1 · xl−1
i + · · · + ai

l−1 · xi + ai
l, i = 1, ..., n+ 1.

As before, it follows thatai
0 < m, i = 1, ..., n+ 1, and

a := ai
1 · · · · · ai

l+1 < m.

We get the injective homomorphism

ϕ : Ra −→ R[x1, ..., xn+1]/m = R[ξ1, ..., ξn+1], ξi := [xi], i = 1, ..., n+ 1.

Note that
1

ai
0

=
a1

0 · · · · · ai−1
0 · ai+1

0 · · · · · an+1
i

a
∈ Ra, i = 1, ..., n+ 1,

so that we can form the polynomial

gi :=
1

ai
0

· f = xl
i + bi

1 · x
l−1
i + · · · + bi

l−1 · xi + bi
l, bi

j :=
bi

j

ai
0

, j = 1, ..., l,

in Ra[xi], i = 1, ..., n. We have

gi(ξi) = 0, i = 1, ..., n.

We see thatϕ is anintegral ring extension. As before, we conclude thatRa is a field and
ϕ is a finite field extension. �

Proof of TheoremIII.3.4. We find a positive integern ≥ 1 and a surjection

ϕ : k[x1, ..., xn] −→ R.

Its kernel is a maximal idealm ⊂ k[x1, ..., xn]. Since the elements ofk⋆ are units in
k[x1, ..., xn], we have

k∩m = {0}.
In Proposition III.3.10, we must haveRa = k, so that this proposition immediately yields
the claim. �

III.3.11 Exercise(Study’s lemma). Deduce the following result from the Nullstellensatz:
Let k be an algebraically closed field andf , g ∈ k[x1, ..., xn] polynomials. Assume thatf
is irreducible andV( f ) ⊂ V(g). Show thatf dividesg in k[x1, ..., xn].
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III.4 Noether Normalization

Let k be aninfinite field, e.g., an algebraically closed field. We first collect some elemen-
tary facts on the polynomial ringk[x1, ..., xn].

III.4.1 Lemma. Let f ∈ k[x1, ..., xn] \ {0} be a non-zero polynomial. Then, there exists a
point (a1, ..., an) ∈ An

k with
f (a1, ..., an) , 0.

Proof. We prove this result by induction onn. For n = 1, observe that a polynomial
f ∈ k[x1] has at most deg(f ) zeroes andk is infinite.

n −→ n + 1. For the induction step, setS := k[x1, ..., xn] and let f ∈ S[xn+1] be a
non-trivial polynomial andd ∈ N its degree. There are polynomialsg0, ..., gd ∈ S with
gd , 0, such that

f = gd · xd
n+1 + · · · + g1 · xn+1 + g0.

By the induction hypothesis, there is a point (a1, ..., an) ∈ An
k with gd(a1, ..., an) , 0. Then,

f (a1, ..., an, xn+1) = gd(a1, ..., an) · xd
n+1 + · · · + g1(a1, ..., an) · xn+1 + g0(a1, ..., an)

is a non-trivial polynomial ink[xn+1]. There exists an elementa ∈ k with

f (a1, ..., an, a) , 0,

and this finishes the proof. �

III.4.2 Exercises(Dominant regular maps). Let k be an algebraically closed field. An
affine algebraic varietyis an irreducible algebraic setX ⊂ An

k. Recall that an algebraic
setZ ⊂ An

k is irreducible if and only if its coordinate algebra

k[Z] := k[x1, ..., xn]/I (Z)

is an integral domain. A regular map (see Exercise I.9.8)f : X −→ Y between algebraic
varieties isdominant, if f (X) is dense inY.

i) Let F : X −→ Y be a regular map between algebraic varieties andF⋆ : k[Y] −→ k[X]
the corresponding homomorphism of algebras. Show thatF is dominant if and only ifF⋆

is injective.
ii) Let X be an algebraic variety. Thefunction fieldof X is the quotient field

k(X) := Q
(
k[X]

)

of the coordinate algebrak[X] of X. Show that a dominant morphismF : X −→ Y induces
a field extensionF# : k(Y) −→ k(X), such that the diagram

k[Y] F⋆
//

� _

��

k[X]� _

��

k(Y) F#
// k(X)

commutes.
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An elementm ∈ k[x1, ..., xn] is a monomial, if there are natural numbersk1, ..., kn ∈ N
with

m= xk1
1 · · · · · x

kn
n .

The number
deg(m) = k1 + · · · + kn

is thedegreeof m. The set of monomials is ak-basis fork[x1, ..., xn]. Let d ≥ 1 be a
natural number. A polynomialf ∈ k[x1, ..., xn] is homogeneous of degree d, if it is a linear
combination of monomials of degreed.

III.4.3 Remark.Lemma III.4.1 shows that a polynomialf ∈ k[x1, ..., xn] is homogeneous
of degreed if and only if

∀(a1, ..., an) ∈ An
k∀λ ∈ k : f (λ · a1, ..., λ · an) = λ

d · f (a1, ..., an).

Thedegreeof a not necessarily homogeneous non-zero polynomialf ∈ k[x1, ..., xn] \
{0} is the maximal degree of a monomial occuring with non-zero coefficient in f .

III.4.4 Noether normalization for hypersurfaces. Let d ≥ 1 be a natural number and
f ∈ k[x1, ..., xn] a polynomial of degree d. Then, there are linear polynomialsy1, ..., yn ∈
k[x1, ..., xn], polynomials g1, ..., gd ∈ k[x1, ..., xn−1], and a non-zero constant c∈ k⋆, such
that

ϕ : k[x1, ..., xn] −→ k[x1, ..., xn]

xi 7−→ yi

is an isomorphism and

ϕ( f ) = f (y1, ..., yn) = c · (xd
n + g1 · xd−1

n + · · · + gd−1 · xn + gd). (III.11)

Proof. There are uniquely determinedhomogeneouspolynomialsf0, ..., fd ∈ k[x1, ..., xn]
with

⋆ deg(fi) = i, i = 0, ..., d,

⋆ f = fd + fd−1 + · · · + f1 + f0,

⋆ fd , 0.

By Lemma III.4.1, there is an element (b1, ..., bn) ∈ An
k with c := fd(b1, ..., bn) , 0.

Note that (b1, ..., bn) , 0, becaused ≥ 1 and fd is homogeneous of degreed, so that
fd(0, ..., 0) = 0. After renumbering, we may assumebn , 0. Set

yn := bn · xn,

yi := bi · xn + xi , i = 1, ..., n− 1.

We leave it to the reader to check that the homomorphismϕ : k[x1, .., xn] −→ k[x1, ..., xn],
xi 7−→ yi, i = 1, ..., n, is an isomorphism. Leth := ϕ( f ). We compute (compare Remark
III.4.3)

h(0, ..., 0, xn) = fd(b1, ..., bn) · xd
n+ fd−1(b1, .., bn) · xd−1

n + · · ·+ f1(b1, ..., bn) · xn+ f0(b1, ..., bn).

This implies that there are polynomialsg1, ..., gd ∈ k[x1, ..., xn−1], such that Equation
(III.11) holds. �
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III.4.5 Remarks.i) Let f be a polynomial as in (III.11). Then,

k[x1, ..., xn]/〈 f 〉

is a finitely generatedk[x1, ..., xn−1]-module. Indeed, it is generated by 1, [xn], ..., [xd−1
n ]

(see the proof of Proposition III.2.4).
ii) Assume thatk is algebraically closed. There is a geometric interpretation of the

lemma. We letf be a polynomial as in (III.11) and look at the projection

π : An
k −→ An−1

k

(a1, ..., an) 7−→ (a1, ..., an−1)

and its restriction
π̃ := π|V( f ) : V( f ) −→ An−1

k

to the zero set off . Then,

⋆ π̃ is surjective,

⋆ any fiber of̃π consists of at mostd points, or exactlyd points when counted with
multiplicity.

This means that the hypersurfaceV( f ) ⊂ An
k may be presented as aramified covering of

degreed of affine (n − 1)-spaceAn−1
k . This suggests also that the dimension ofV( f ) is

n− 1. We will develop this in Chapter IV.

A1
k

b

b

b

b

b

b

b

b

π

V( f )

ramification/discriminant locus

III.4.6 The projection theorem. Let k be analgebraically closedfield, I ⊂ k[x1, .., xn]
an ideal, and f0 ∈ I an element for which there exist a natural number d≥ 1 and elements
g1, ..., gd ∈ k[x1, ..., xn−1], such that

f0 = xd
n + g1 · xd−1

n + · · · + gd−1 · xn + gd.

Set
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⋆ X := V(I ) ⊂ An
k,

⋆ I ′ := I ∩ k[x1, ..., xn−1],

⋆ X′ := V(I ′) ⊂ An−1
k .

Then, the projection

π : An
k −→ An−1

k

(a1, ..., an) 7−→ (a1, ..., an−1)

satisfies
π(X) = X′.

Proof. “⊂”. Let a = (a1, ..., an−1) ∈ π(X). There, there exists an elementb ∈ k with

(a, b) = (a1, ..., an−1, b) ∈ X.

For f ∈ I ′ ⊂ I , we havef (a, b) = 0. Since f ∈ k[x1, ..., xn−1], this meansf (a) = 0. We
concludea ∈ V(I ′).

“⊃”. Supposea = (a1, ..., an−1) < π(X). We will construct an elementg ∈ I ′ with
g(a) , 0, so thata < X′.

Claim. Let f ∈ k[x1, ...xn]. Then, there exist an element hf ∈ I and polynomials p0, ...,
pd−1 ∈ k[x1, ..., xn−1] with pi(a) = 0, i = 0, ..., d− 1, such that

f = p0 + p1 · xn + · · · + pd−1 · xd−1
n + hf .

We look at the homomorphism

ϕ : k[x1, ..., xn] −→ k[xn]

xi 7−→ ai , i = 1, ..., n− 1,

xn 7−→ xn,

i.e.,
ϕ( f ) = f (a, xn).

Sinceϕ is surjective, the imageϕ(I ) of I is an ideal. Note:

∃b ∈ k : b ∈ V
(
ϕ(I )

)
⇐⇒ ∃b ∈ k∀ f ∈ I : f (a, b) = 0 ⇐⇒ a ∈ π(X).

Since we assumeda < π(X), we seeV(ϕ(I )) = ∅. By the “Nullstellensatz in one variable”,
i.e., the definition of an algebraically closed field,ϕ(I ) = k[xn]. So, there exists an element
h′f ∈ I with

ϕ(h′f ) = ϕ( f ).

We set
gf := f − h′f .

We perform polynomial division byf0. There are a polynomialq ∈ k[x1, ..., xn] and
polynomialsp0, ..., pd−1 ∈ k[x1, ..., xn−1], such that

gf = q · f0 +
d−1∑

i=0

pi · xi
n.
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We look at the equation

0 = gf (a, xn) = q(a, xn) · f0(a, xn) +
d−1∑

i=0

pi(a) · xi
n.

Now, deg(f0(a, xn)) = d. This impliesq(a, xn) = 0 andpi(a) = 0, i = 0, ..., d− 1. With

hf := h′f + q · f0 ∈ I ,

we find

f = hf +

d−1∑

i=0

pi · xi
n

as asserted. X

Using this claim, we find polynomialspi j ∈ k[x1, ..., xn−1] with pi j (a) = 0, i, j =
0, ..., d− 1, andhi ∈ I , i = 0, ..., d− 1, with

1 = p0,0 + p0,1 · xn + · · · + p0,d−1 · xd−1
n + h0

xn = p1,0 + p1,1 · xn + · · · + p1,d−1 · xd−1
n + h1

...

xd−1
n = pd−1,0 + pd−1,1 · xn + · · · + pd−1,d−1 · xd−1

n + hd−1.

Define
A := Ed − (pi j )i, j=0,...,d−1 ∈ Matd

(
k[x1, ..., xn−1]

)
.

The above system of equations can be rewritten as

A ·



1
...

xd−1
n

 =



h0
...

hd−1

 .

Multiplying by the adjoint matrix (compare Page 92)Aad, we infer

det(A) ·



1
...

xd−1
n

 =



h′0
...

h′d−1

 , (III.12)

for appropriate polynomialsh′0, ..., h
′
n ∈ I . We would like to show thatg := det(A) ∈

k[x1, ..., xn−1] is the polynomial we are looking for. The first row in (III.12) showsg ∈ I
and, consequently,g ∈ I ′. Finally, pi j (a) = 0, i, j = 0, ..., d− 1. This givesg(a) = 1. �

We pause a minute to give an alternative proof of the weak Nullstellensatz III.3.3.

Proof of TheoremIII.3.3. We perform induction onn. For n = 0, 1, the theorem is true.
Since an algebraically closed field is infinite, we can apply Noether normalization for
hypersurfaces III.4.4 and assume without loss of generality that I contains an elementf0
as in the projection theorem. IfI ⊂ k[x1, ..., xn] is a proper ideal, so isI ′ ⊂ k[x1, ..., xn−1].
By induction hypothesis,V(I ′) , ∅. Since

π
(
V(I )

)
= V(I ′),

we also haveV(I ) , ∅. �
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III.4.7 Noether’s normalization theorem. Let k be aninfinite field and I⊂ k[x1, ..., xn]
a proper ideal. Then, there are linear polynomials z1, ..., zn ∈ k[x1, ..., xn] and a natural
number r≤ n, such that

ψ : k[x1, ..., xn] −→ k[x1, ..., xn]

xi 7−→ zi

is an isomorphism,

k[x1, ..., xr] −→ k[x1, ..., xn]/ψ(I )

xi 7−→ [xi], i = 1, ..., r,

is a finite ring extension. If I, 〈0〉, then r< n.

Proof. We perform induction onn. Note that the caseI = 〈0〉 is trivial.
n = 1. Let f ∈ k[x] \ {0} be a polynomial withI = 〈 f 〉. Then,k[x]/I is a finite

dimensionalk-vector space of dimension at most deg(f ) (compare Remark III.4.5, i).
n −→ n+ 1. Again, we may assumeI , 〈0〉. We lety1, ..., yn andϕ be as in Theorem

III.4.4, i.e., such thatϕ(I ) contains an elementf0 of the form given in (III.11). As was
explained in Remark III.4.5, i),k[x1, ..., xn]/〈 f0〉 is a finite module overk[x1, ..., xn−1]. Set
J := ϕ(I ) and

J′ := J ∩ k[x1, ..., xn−1].

Since f0 ∈ ϕ(I ), we have the commutative diagram

k[x1, ..., xn−1] //

��

k[x1, ..., xn]/〈 f0〉

��

k[x1, ..., xn−1]/J′ // k[x1, ..., xn]/J

in which the vertical maps are surjective and the horizontalones injective. So, the ring
k[x1, ..., xn]/J is a finite module overk[x1, ..., xn−1]/J′. Now, we apply the induction hy-
pothesis toJ′ ⊂ k[x1, ..., xn−1]. (The reader should pay attention how to combine the
choice ofy1, ..., yn and the choice of elements ink[x1, ..., xn−1] hidden in the application of
the induction hypotheses toJ′ to a single choice of elementsz1, ..., zn ∈ k[x1, ..., xn].) �

III.4.8 Lemma. Assume that k isalgebraically closed, and let I⊂ k[x1, ..., xn] be an ideal
and r ≤ n an integer, such that

k[x1, ..., xr ] −→ k[x1, ..., xn]/I

is injective and k[x1, ..., xn]/I is a finite k[x1, ..., xr]-module. Then, the restriction

π̃ := π|V(I) : V(I ) −→ Ar
k

of the projection

π : An
k −→ Ar

k

(a1, ..., an) 7−→ (a1, ..., ar)

to the algebraic set V(I ) is surjective.
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Proof. Set si := [xi] ∈ k[x1, ..., xn]/I , i = r + 1, ...., n. Sincesi is integral overS :=
k[x1, ..., xr], there are a positive integerdi ∈ Z and a polynomial

fi(xi) = xdi
i + g1 · xdi−1

i + · · · + gdi−1 · xi + gdi ∈ S[xi] (III.13)

with
fi(si) = 0,

i.e.,
fi ∈ I ∩ k[x1, ..., xi], i = r + 1, ..., n.

Define, fori = r + 1, ..., n,

Ji := I ∩ k[x1, ..., xi]

and

πi : Ai
k −→ Ai−1

k

(a1, ..., ai) 7−→ (a1, ..., ai−1).

Due to (III.13), the projection theorem III.4.6 implies that πi mapsV(Ji) surjectively
ontoV(Ji−1), i = r + 2, ..., n, andV(Jr+1) surjectively ontoAr

k. Since

π = πr+1 ◦ · · · ◦ πn,

this gives the assertion. We will see in Remark IV.2.5, ii), amore conceptual proof of this
statement. �

III.4.9 Exercises(Noether normalization). We study the map

v: C −→ C3

t 7−→ (t3, t4, t5).

i) Show that the image ofv is the setV(a) with

a := 〈 z2
2 − z1 · z3, z

3
1 − z2 · z3, z

2
3 − z2

1 · z2 〉.

ii) Prove that the projectionπ : C3 −→ C, (z1, z2, z3) 7−→ z1, gives a Noether normal-
ization ofV(a), such thatz2 is a primitive element for the corresponding field extension.
Determine the discriminant locus.

III.4.10 Exercise(Noether normalization). Let S be an integral domain andR ⊂ S a
subring, such thatS is finitely generated asR-algebra. Prove that there are a non-zero
elementf ∈ R\ {0}, a natural numbern, and elementsy1, ..., yn ∈ S, such that

⋆ y1, ..., yn are algebraically independent overR,7

⋆ the induced homomorphismϕ : Rf [y1, ..., yn] −→ S f is an integral ring extension.

7See Page 8 for the definition of algebraically independent elements.
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III.4.11 Exercise(Universal property of normalization). An affine algebraic varietyX is
said to benormal, if its coordinate algebrak[X] is normal (compare Exercise III.4.2). Let
k be an algebraically closed field andX an affine algebraic variety overk. Show that there
are anormal affine algebraic varietỹX and adominant regular map

ν : X̃ −→ X

which areuniversal, i.e., for every normal algebraic varietyZ and every dominant regular
mapϕ : Z −→ X, there is a unique regular mapϑ : Z −→ X̃ with ϕ = ν ◦ ϑ:

Z
∃!ϑ

//___

ϕ
��

>>
>>

>>
>>

X̃

ν

��

X.

The pair (̃X, ν) is thenormalizationof X.

III.5 Normal Rings

III.5.1 Lemma. Let R be afactorial ring.8 Then, R is a normal ring.

Proof. Recall that a factorial ring is an integral domain. LetQ(R) be the quotient field
of R and s ∈ Q(R) \ {0} a non-zero element which is integral overR. Pick d ≥ 1 and
a1, ..., ad ∈ Rwith

sd + a1 · sd−1 + · · · + ad−1 · s+ ad = 0. (III.14)

According to Lemma I.6.11, there are elementsq, r ∈ R \ {0} which are coprime and
satisfy

s=
q
r
.

By Equation (III.14),
rd−1 · sd ∈ R.

Therefore,
qd = rd · sd ∈ 〈r〉.

Sinceq and r are coprime, this is possible if and only ifr is a unit ofR. This implies
s ∈ R. �

III.5.2 Proposition. Let R be a normal noetherian local ring. Then, R is an integral
domain.

Proof. By definition, a normal ring is reduced, i.e.,
√
〈0〉 = 〈0〉. According to Corollary

II.4.7, there are a natural numberr ≥ 1 and prime idealsp1, ...,pr with

〈0〉 = p1 ∩ · · · ∩ pr .

We have to prove thatr = 1. So, let us assumer ≥ 2. We choose elements

8See Page 24.
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⋆ f ∈ p1 \ (p2 ∪ · · · ∪ pr) (compare Proposition II.4.17, i),

⋆ g ∈ (p2 ∩ · · · ∩ pr) \ p1.

Then,

⋆ f + g < p1 ∪ · · · ∪ pr , i.e., f + g is not a zero-divisor (Theorem II.4.28, iii),

⋆ f · g ∈ p1 · (p2 ∩ · · · ∩ pr) ⊂ p1 ∩ · · · ∩ pr = 〈0〉.

We look at the element (compare Example III.2.3)

u :=
f

f + g
∈ Q(R).

It satisfies

u2 =
f 2

( f + g)2

f ·g=0
=

f · ( f + g)
( f + g)2

=
f

f + g
= u, i.e., u · (u− 1) = 0.

This shows thatu is integral overR. SinceR is assumed to be integrally closed inQ(R),
this means thatu ∈ R. Noteu , 0, becausef , 0, andu , 1, becauseg , 0. Hence,u
and (1− u) are zero divisors inR. Thus, they are both contained in the maximal idealm

of R. But then 1= u+ (1− u) ∈ m, and this is impossible. �

III.5.3 Exercises9. i) Let R1 andR2 be integral domains. Describe the total ring of fractions
Q(R1 × R2) in terms of the quotient fieldsQ(R1) andQ(R2).

ii) Use Part i) to construct a normal ring which is not an integral domain.

We look atintegral domainsR, S, and at an injective ring extensionϕ : R−→ S. By
the universal property of a quotient field (Page 24), it induces a field extension

ϕ̃ : Q(R) −→ Q(S).

III.5.4 Remark.If ϕ is a finite ring extension, theñϕ is a finite field extension.

We need to recall some results from the theory of fields. LetK be a field,n ≥ 1, and

f (x) = xn + a1 · xn−1 + · · · + an−1 · x+ an

a monic polynomial inK[x]. Let K ⊂ L be a field extension, such thatf splits in L, i.e.,
there are elementsα1, ..., αn ∈ L, such that

f (x) = (x− α1) · · · · · (x− αn) in L[x].

Thediscriminantof f is
∆( f ) :=

∏

i, j∈{1,...,n }:
i, j

(αi − α j).

By the theory ofsymmetric functions ([16], Chapter IV,§6), ∆( f ) is a polynomial in
a1, ..., an with integral coefficients and does not depend onL. In particular,

∆( f ) ∈ K.

9It might be good to recall Exercise I.4.22
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III.5.5 Remark.We have∆( f ) = 0 if and only if f has a multiple root inL.

An irreducible monic polynomial f ∈ K[x] is separable, if ∆( f ) , 0. An arbi-
trary non-constant monic polynomialf ∈ K[x] is separable, if its irreducible factors,
normalized to have leading coefficient one, are separable. A fieldk is perfect, if every
non-constant monic polynomialf ∈ K[x] is separable.

III.5.6 Examples.i) Every field of characteristic zero is perfect ([8], Korollar III.3.4.8;
Exercise III.5.7, ii).

ii) Every finite field is perfect ([8], Korollar III.4.1.9; Exercise III.5.8, ii).
iii) Every algebraically closed field is perfect. (This is trivial, because the only irre-

ducible polynomials are those of degree one.)
iv) Let k be a field of characteristicp > 0 andk(t) := Q(k[t]) the quotient field of the

polynomial ring in one variable overk. Then,k(t) is not perfect. In fact, the polynomial
xp − t is not separable, because

xp − t = (x− ϑ)p

for every field extensionk(t) ⊂ L and every elementϑ ∈ L with ϑp = t.

III.5.7 Exercises(Separable polynomials). Let K be a field andf ∈ K[x] an irreducible
monic polynomial. Define the derivativef ′ of f by the usual rules of analysis ([26], Page
127).

i) Let K ⊂ L be a field extension, such thatf and f ′ split overL. Show thatf is
separable if and only iff and f ′ do not have a common zero inL.

ii) Prove thatf is inseparable, i.e., not separable, if and only iff ′ = 0.

III.5.8 Exercises(Perfect fields). i) Let k be aperfect field of characteristicp > 0. Show
that, for every elementa ∈ k and everys≥ 1, there is an elementb ∈ k with

bps
= a.

ii) Prove that a fieldk with the property that, for every elementa ∈ k, there is an
elementb ∈ k with bp = a is perfect.
Hint. Use Exercise III.5.7, ii), to show that an inseparable polynomial f ∈ k[x] lies in the
subringk[xp].

Let K ⊂ L be a finite field extension andα ∈ L. Then,

mα : L −→ L

v 7−→ α · v

is a K-linear automorphism. Theminimal polynomialof α is the minimal polynomial
µα ∈ K[x] of the linear mapmα (see [32],§36). It is, by definition, monic and irreducible.
We say thatα ∈ L is separableoverK, if µα ∈ K[x] is a separable polynomial. The field
extensionK ⊂ L is separable, if every elementα ∈ L is separable overK.

Let K ⊂ L be a field extension. An elementα ∈ L is primitive for this field extension,
if L = K(α). Here,K(α) is the smallest subfield ofL that containsK andα.

III.5.9 Remark.If the primitive elementα ∈ L is algebraic overK, thenK ⊂ L is a finite
extension and every element can be written as a polynomial inα with coefficients inK.
The degree of this polynomial can be chosen to be smaller thanthe degree of the minimal
polynomialµα of α. In fact, if r = deg(µα), then 1, α, ..., αr−1 is aK-basis forL.
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III.5.10 Theorem of the primitive element. Let K ⊂ L be afinite separablefield exten-
sion. Then, it has a primitive element.

Proof. [8], III.4.2.3; [16], Theorem V.4.6. �

III.5.11 Lemma. Let R be an integral domain, K:= Q(R) its quotient field, and K⊂ L a
finite field extension.

i) If there exists a primitive element for the field extension, then there exists also a
primitive element which isintegral over R.

ii) Assume that R is alsonormal, and letα ∈ L an element which is integral over R.
Then, the minimal polynomial ofα lies in R[x].

Proof. i) Let α ∈ L be a primitive element. Then, there are a natural numberr ≥ 1 and
elementsa1, ..., ar ∈ K with

αr + a1 · αr−1 + · · · + ar−1 · α + ar = 0.

SinceK is the quotient field ofR, we may find an elements ∈ R \ {0} with s · ai ∈ R,
i = 1, ..., r. We multiply the above equation bysr and find

(α · s)r + (a1 · s) · (α · s)r−1 + · · · + (ar−1 · sr−1) · (α · s) + (ar · sr) = 0.

This shows that the elementα · s is integral overR. Finally, K(α · s) = K(α), because
s ∈ K⋆.

ii) Let L ⊂ L be a field extension, such thatµα splits inL, and write

µα = (x− α1) · · · · · (x− αr) in L[x],

for suitable elementsα1, ..., αr ∈ L. We may assume that the numbering is such that
α = α1. Note thatµα is also the minimal polynomial forαi, i = 2, ..., r. Thus, there are
K-linear isomorphisms

ψi : K[x]/〈µα〉 −→ K(αi) (III.15)

sendingx to αi, i = 1, ..., r. We deduce thatαi is integral overR, i = 1, ..., r. The
coefficients ofµα are polynomials inα1, ..., αr with integer coefficients. By Corollary
III.2.5, ii), they are integral overR. SinceR is integrally closed inK, they must actually
belong toR, and this concludes the argument. �

III.5.12 Finiteness of integral closure I.Let R be a normal integral domain with quotient
field K := Q(R), K ⊂ L a finiteseparablefield extension, and S the integral closure of R
in L.10 Pick a primitive element11 α ∈ S for the given field extension, and let∆ ∈ R\{0} be
the discriminant of the minimal polynomialµα ∈ R[x].12 Then, the following properties
hold true:

i) If r = deg(µα), then S is contained in the R-submodule of L that is generatedby the
elements

1
∆
,
α

∆
, ...,

αr−1

∆
.

10See Page 93.
11See Theorem III.5.10 and Lemma III.5.11, i).
12See Lemma III.5.11, ii)
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In particular, for f ∈ S , there exists a polynomial q∈ R[x] with 0 ≤ deg(q) < deg(µα),
such that

∆ · f = q(α).

ii) We have
S∆ = R∆[α].

In particular, R∆[α] is normal.

III.5.13 Remark.Assume thatR is noetherian. Since theR-module (1/∆) ·R[α] is finitely
generated, theR-submoduleS is also finitely generated (Proposition III.1.29), i.e.,R⊂ S
is a finite ring extension. The theorem does not necessarily hold, if K ⊂ L is not separable!
See [14], Theorem 100, for a counterexample. In the case of aninseparable extension,
we have to add additional assumptions onR for the theorem to remain true (see Theorem
III.5.14).

Proof of TheoremIII.5.12. i) We fix a finite field extensionK ⊂ M, such thatµα splits in
M. Letα1, ..., αr ∈ M be such that

µα(x) = (x− α1) · · · · · (x− αr) ∈ M[x].

We may assumeα = α1. Sinceµα belongs toR[x] and is monic, the equationµα(αi) = 0
shows thatαi is integral overR, i = 1, ..., r.

Next, let f ∈ S be an element of the integral closure ofR in L. There are elements
q0, ..., qr−1 ∈ K with

f = q0 + q1 · α + · · · + qr−1 · αr−1.

We define
fi = q0 + q1 · αi + · · · + qr−1 · αr−1

i , i = 1, ..., r.

Note that f = f1. By (III.15), there is aK-linear isomorphismK(α) −→ K(αi) which
mapsα to αi and, therefore,f to fi, so thatfi is integral overR, i = 1, ..., r. We form the
matrix

A :=



1 α1 · · · αr−1
1

...
...

...

1 αr · · · αr−1
r

 ∈ Matr(M).

By definition,

A ·



q0
...

qr−1

 =



f1
...

fr



We multiply this equation by the adjoint matrixAad of A (see Page 92) and find

det(A) ·



q0
...

qr−1

 =



p1
...

pr

 .

The entries ofAad are polynomials in the elementsα j
i ∈ M, i = 1, ..., r, j = 0, ..., r − 1,

with integer coefficients. This implies that they are integral overR (see Corollary III.2.5,
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ii). Since f1, ..., fr are also integral overR, we infer thatp1, ..., pr are integral overR. Note
that det(A) is aVandermondedeterminant (see [18], Kapitel IV,§3, Beispiel 3). Hence,

det(A) =
∏

r≥i> j≥1

(αi − α j).

This implies that det(A) is integral overR. We finally see that

∆ · qi = ±det(A) · pi

is integral overR, i = 1, ..., r. Furthermore,∆ · qi ∈ K andR is normal, so that∆ · qi ∈ R,
i = 1, ..., r. We infer

∆ · f ∈ R[α].

ii) We clearly have
R[α] ⊂ S,

and Part i) shows
S ⊂ R∆[α].

This yields the assertion. �

III.5.14 Finiteness of integral closure II. Let k be aninfinite perfectfield,13 R a finitely
generated k-algebra and integral domain with quotient fieldK := Q(R), K ⊂ L a finite
field extension. Then, the integral closure S of R in L is a finitely generated R-module.

Proof. Let n ∈ N be a natural number, such thatRmay be generated overk by n elements.
By the Noether normalization theorem III.4.7, there are a natural number 0≤ r ≤ n and a
finite ring extension

ϕ : k[t1, ..., tr] −→ R.

This means that we may assume without loss of generality thatR = k[t1, ..., tr]. In partic-
ular, the theorem of Gauß I.6.4 and Lemma III.5.1 show thatR is normal.

By Theorem III.5.12, we only have to treat the case thatK ⊂ L is an inseparable
extension. We explain how we may reduce to the separable case. We fix an algebraically
closed extensionL ⊂ K ([8], Theorem III.2.1.8). Letp > 0 be the characteristic of the
field k. Let i = 1, ..., r, s≥ 1, andϑi,s ∈ K a root of the polynomial

xps − ti ∈ K[x].

Then,
xps − ti = (x− ϑi,s)

ps ∈ K[x].

In other words,ti has a uniqueps-th root inK, i = 1, ..., r, s≥ 1. Thus, we write

t1/ps

i := ϑi,s, i = 1, ..., r, s≥ 1.

Define14

Ks := k(t1/ps

1 , ..., t1/ps

r ), s≥ 1.

13e.g., an algebraically closed field as in Example III.5.6, iii)
14By definition, this is the smallest subfield ofK that containsk, t1/ps

1 , ..., t1/ps

r .
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Note
∀s≥ 1 : Ks ⊂ Ks+1.

Therefore, we may form

K∞ :=
⋃

s≥1

Ks.

This is a subfield ofK. For every elementa ∈ K∞, there is an indexs0 ≥ 1 with a ∈ Ks0,
so that we may define

s(a) := min
{
s≥ 1 | a ∈ Ks

}
. (III.16)

Claim. The field K∞ is perfect.

We apply Exercise III.5.8, ii). The fact thatk is perfect (Exercise III.5.8) gives

Ks =
{
b ∈ K | bps ∈ K

}
, s≥ 1, (III.17)

i.e., Ks consists of theps-th roots of elements ofK, s ≥ 1. Now, leta ∈ K∞. SinceK
is algebraically closed, there is an elementb ∈ K with bp = a. By Equation (III.17),
b ∈ Ks(a)+1 ⊂ K∞. X

Thecomposite L·K∞ of L andK∞ in K is the smallest subfield ofK that contains both
L andK∞. The extensionK∞ ⊂ L ·K∞ is finite and, by the claim, separable. Letβ ∈ L ·K∞
be a primitive element (Theorem III.5.10) andµβ ∈ K∞[x] its minimal polynomial.

Claim. There is an index s0 ≥ 1 with L ⊂ Ks0[β] andµβ ∈ Ks0[x]. In particular, Ks0[β] =
Ks0(β).

We haveL ⊂ K∞[β]. Let b ∈ L, m∈ N, andλ0, ..., λm ∈ K∞ with

b = λ0 + λ1 · β + · · · + λm · βm.

Then, in the notation of (III.16),

b ∈ Ks[β], s := max
{
s(λ0), ..., s(λm)

}
.

Now, let (b1, ..., bn) be aK-basis forL. The previous discussion shows that there is an
index s0 ≥ 1 with bi ∈ Ks0[β], i = 1, ..., n. This clearly impliesL ⊂ Ks0[β]. Likewise,
the fact thatµβ ∈ K∞[x] has only finitely many coefficients implies that we may suppose
µβ ∈ Ks0[x]. X

We chooses0 so large thatKs0[x] contains the minimal polynomialµβ of β. The
field extensionKs0 ⊂ Ks0[β] is separable, because theµβ is a separable polynomial ([8],
Korollar III.3.4.13).

SinceL ⊂ Ks0[β] is a finite field extension, we may replaceL by Ks0[β]. In fact, the
integral closureS of R in L is anR-submodule of the integral closureT of R in Ks0[β]. If
T is finitely generated asR-module, then so isS (Proposition III.1.29).

For the field extensionKs0 ⊂ Ks0[β], we may apply Theorem III.5.12. It remains to
investigate the extensionK ⊂ Ks0. Recall thatR= k[t1, ..., tr].

Claim. The elements t1/ps0

1 , ..., t1/ps0

r are algebraically independent over k.
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Indeed, ifq ∈ k[x1, ..., xr] is a polynomial with

q(t1/ps0

1 , ..., t1/ps0

r ) = 0,

thenu := qps0 is a polynomial in the subringk[xps0

1 , ..., xps0

r ] ⊂ k[x1, ..., xr]. So,u(t1/ps0

1 , ...,

t1/ps0

r ) is actually a polynomial int1, ..., tr, i.e., there exists a polynomialu′ ∈ k[x1, ..., xr]
with

u′(t1, ..., tr) = u(t1/ps0

1 , ..., t1/ps0

r ).

Sincet1, ..., tr are algebraically independent overk, u′ = 0. Using the injective mapN×r −→ N×r

(ν1, ..., νr) 7−→ (ps0 · ν1, ..., p
s0 · νr),

we find a bijection between the monomials inu and the monomials inu′. We inferu = 0
andq = 0. X

By this claim,

ι : k[x1, ..., xr] −→ Ks0

xi 7−→ t1/ps0

i , i = 1, ..., r,

is an injective homomorphism, andKs0 is isomorphic to the quotient field ofk[x1, ..., xr ].
The polynomial ringk[x1, ..., xr ] is normal (Theorem I.6.4 and Lemma III.5.1), so that
k[t1/ps0

1 , ..., t1/ps0

r ] is integrally closed inKs0. It remains to show that

k[t1, ..., tr] −→ k[t1/ps0

1 , ..., t1/ps0

r ]

is a finite ring extension. By Corollary III.2.5, i), it is enough to show thatτi := t1/ps0

i is
integral overk[t1, ..., tr], i = 1, ..., r. Finally,τi satisfies the integrality equationτps0

i −ti = 0,
i = 1, ..., r. �

III.5.15 Corollary (Finiteness of normalization). Let k be aninfinite perfect field, R a
finitely generated k-algebra and integral domain, and R⊂ S thenormalizationof R, i.e.,
the integral closure of the ring R in its quotient field Q(R).15 Then, the integral closure S
is a finitely generated R-module and, in particular, a finitely generated k-algebra.

Proof. By Theorem III.4.7, there arer ∈ N and a finite ring extension

ϕ : k[x1, ..., xr] −→ R.

By Corollary III.2.7, the integral closure ofk[x1, ..., xr] in Q(R) equals the integral closure
of R in Q(R). So, we may apply Theorem III.5.14 tok[x1, ..., xr ] andL := Q(R). �

III.5.16 Remark.Not every noetherian ring has a finite normalization. We refer to [23]
for a survey on counterexamples.

15See Example III.2.9.
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IV
Dimension Theory

The concept of dimension is very important in many areas of mathematics. That might be
partially due to the fact that we have a good intuition for dimension. It is our impression
that we live in a three-dimensional world, so that, adding time, we may visualize up to
four real dimensions. Now, it becomes an important task to introduce in a mathematically
rigid way a concept of dimension that matches our intuitive expectations. In commutative
algebra, this concept is the Krull dimension of a ring. It will be defined and discussed in
this chapter. For integral domains which are finitely generated over a field, it is possible to
identify the Krull dimension with the transcendence degreeof the quotient field. Another
important concept is the embedding dimension of a local ring. In the geometric context,
the embedding dimension is the dimension of the tangent space at a point.1 With the
embedding dimension, we may define regular and singular points of algebraic varieties.
Working over the complex numbers, a point of a variety is regular if and only if the variety
looks locally2 around that point like an open subset ofCk, k the dimension of the variety,
i.e., is a complex manifold around that point. So, near regular points, the local geometry
is very easy, whereas, at singular points, it can become veryintricate. We will see some
basic examples for this. We will also highlight some algebraic consequences of regularity.

IV.1 Krull Dimension

Let R be a ring. ItsKrull dimensionis

dim(R) := sup
{
k ∈ N | ∃ prime idealsp0 ( · · · ( pk

}
∈ N ∪ {∞}.

IV.1.1 Examples.i) A field has Krull dimension zero. Geometrically, a field is the coor-
dinate algebra of a point. So, this matches our expectation that a point should be zero-
dimensional.

1We recall that, for varieties over algebraically closed ground fields, we have a correspondence between
points of the variety and maximal ideals in the coordinate algebra. The local ring attached to a point of the
variety is the localization of the coordinate algebra of thevariety at the corresponding maximal ideal.

2in the euclidean topology ofAnC
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Chapter IV. Dimension Theory

ii) A principal ideal domain is either a field or has Krull dimension one. For example,
let k be a field. Then,k[x] is one-dimensional as ring. It is the coordinate algebra of
the affine lineA1

k. Again, our feeling that the affine line should be one-dimensional is
confirmed. It is worthwhile noting thatZ also has Krull dimension one. For this reason,
one draws Spec(Z) in a fashion which supports this fact (see [20], Chapter II.1, Example
C).3 It is, indeed, one of the big achievements of modern algebraic geometry that rings
such asZ andk[x] may be described on an equal footing.

IV.1.2 Remarks.i) Let k be a field,n ∈ N, I ⊂ k[x1, ..., xn] an ideal, and

R := k[x1, ..., xn]/I .

Then, the Krull dimension ofR is the supremum of all natural numberss for which there
exist irreducible algebraic sets

V(I ) ⊃ V0 ) · · · ) Vs

in the affine n-spaceAn
k. This illustrates the idea behind Krull dimension: Given two

irreducible subsetsY,Z ⊂ An
k, an inclusionY ⊂ Z is only possible, ifY = Z or the

dimension ofZ is larger than the one ofY. For example, an irreducible zero-dimensional
algebraic set is just a point. Any irreducible algebraic setproperly containing it has to be
at least one-dimensional, and so on.

ii) Let k be a field,n ∈ N, andR := k[x1, ..., xn]. We have the chain of prime ideals

〈0〉 ( 〈x1〉 ( · · · ( 〈 x1, ..., xn 〉.

This shows
dim

(
k[x1, ..., xn]

)
≥ n.

IV.1.3 Theorem. Assume that the field k is infinite. For any natural number n∈ N, we
havedim(k[x1, ..., xn]) = n.

IV.2 The Going-Up Theorem

We now investigate how dimension behaves under integral ring extensions.

IV.2.1 Lemma. Let R and S beintegral domainsand ϕ : R −→ S an integral ring
extension. Then, R is a field if and only if S is one.

Proof. We have already seen thatR is a field, ifS is one (Lemma III.3.9). Now, assume
thatR is a field. Lety ∈ S \ {0} be a non-zero element. Choosen ≥ 1 minimal, such that
there exist elementsa1, ..., an ∈ Rwith

yn + a1 · yn−1 + · · · + an−1 · y+ an = 0. (IV.1)

Since we chosen to be minimal andS is an integral domain, we havean , 0. Equation
(IV.1) can be read as

an = −y · (yn−1 + a1 · yn−2 + · · · + an−1).
3Accordingly,Z[x] should be two-dimensional. Here, you should consult your picture of the spectrum

of that ring (Exercise I.4.21). You will also find it in [20], Chapter II.1, Example H.
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IV.2. The Going-Up Theorem

This shows that

y−1 = − 1
an
· (yn−1 + a1 · yn−2 + · · · + an−1)

is an element ofS. �

IV.2.2 Lemma. Let R, S be rings,ϕ : R−→ S anintegral ring extension, q ⊂ S a prime
ideal, and

p := q ∩ R.

Then,q is a maximal ideal in S if and only ifp is a maximal ideal in R.4

Proof. The homomorphismϕ induces the homomorphism

ϕ : R/p −→ S/q.

Here,R/p andS/q are integral domains, andϕ is also an integral ring extension.
By Proposition I.4.1, ii),q is a maximal ideal inS if and only if S/q is a field. The

previous lemma says thatS/q is a field if and only ifR/p is a field. Using Proposition
I.4.1, ii), again,R/p is a field if and only ifp is a maximal ideal inR. This completes the
proof. �

IV.2.3 Lemma. Let R, S be rings,ϕ : R−→ S anintegral ring extension, andq ⊂ q′ ⊂ S
prime ideals. If

p := R∩ q = R∩ q′,

then
q = q′.

Proof. The setT := R\ p is a multiplicatively closed subset of bothRandS. By Exercise
II.3.8, the homomorphismϕ induces a homomorphism

ϕT : RT −→ ST.

It is readily verified thatϕT is an integral ring extension, too. We use the commutative
diagram

R

��

ϕ
// S

��

RT
ϕT

// ST .

(IV.2)

Define
n := qe ⊂ ST and n′ := q′e ⊂ ST .

Note that5

q ∩ T = ∅ = q′ ∩ T.

Thus, Proposition II.3.6, v), shows

n
c = q and n

′c = q′. (IV.3)

4Compare Exercise III.3.8.
5We useϕ to viewR as a subring ofS and write intersections instead of preimages.
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Chapter IV. Dimension Theory

Next,
m := pe ⊂ RT .

By Corollary II.3.7, ii), it is the maximal ideal ofRT . Using Proposition II.3.6, i), and the
maximality ofm, our assumption gives

n ∩ RT = m = n
′ ∩ RT .

We apply Lemma IV.2.2 toϕT. It shows thatn andn′ are maximal ideals inST . Since
n ⊂ n′, we infern = n′. So, Equation (IV.3) yields our claim. �

IV.2.4 Lying-over theorem. Let R, S be rings,ϕ : R −→ S anintegral ring extension,
andp ⊂ R a prime ideal. Then, there is a prime idealq ⊂ S with

p = q ∩ R.

IV.2.5 Remarks.i) The theorem says that the induced map

ϕ# : Spec(S) −→ Spec(R)

is surjective.
ii) Note that, by Lemma IV.2.2,ϕ# maps maximal ideals to maximal ideals, i.e.,ϕ# is

also surjective on the level of maximal ideals. Together with the correspondence between
the points of an algebraic set and the maximal ideals of its coordinate algebra provided by
the Nullstellensatz (Exercise III.3.2), we find a nice conceptual proof for Lemma III.4.8.

Proof of the lying-over theorem.As in the proof of Lemma IV.2.3, we localize at the mul-
tiplicatively closed subsetT := R\ p and look at Diagram (IV.2). Letn ⊂ ST be a maxi-
mal ideal (Theorem I.4.4). SinceϕT is an integral ring extension, we conclude by Lemma
IV.2.2 that

m := n ∩ RT

is a maximal ideal ofRT . Now, RT is a local ring (Corollary II.3.7, ii). So,m = pe and
mc = p. Finally,

q := nc ⊂ S

is a prime ideal. By construction,q ∩ R= p. �

IV.2.6 The going-up theorem.Let R, S be rings,ϕ : R−→ S anintegral ring extension,
k > l natural numbers,

p0 ( · · · ( pk

prime ideals in R, and
q0 ( · · · ( ql

prime ideals in S , such that

∀i ∈ { 0, ..., l } : qi ∩ R= pi .

Then, one finds prime ideals
ql+1 ( · · · ( qk

in S with
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IV.2. The Going-Up Theorem

⋆ ql ( ql+1,

⋆ qi ∩ R= pi, i = l + 1, ..., k.

Proof. It clearly suffices to treat the casek = l + 1. This case follows from applying the
lying-over theorem to the integral ring extension

ϕl : R/pl −→ S/ql

and the prime idealpk of R/pl (Lemma I.2.2). �

IV.2.7 Theorem. Let R, S be rings andϕ : R−→ S anintegral ring extension. Then, the
Krull dimensions of R and S are equal:

dim(R) = dim(S).

Proof. The lying-over theorem and the going-up theorem clearly show that

dim(R) ≤ dim(S).

Conversely, let
q0 ( · · · ( qk

be prime ideals inS and
pi := qi ∩ R.

By Lemma IV.2.3,
p0 ( · · · ( pk.

This implies
dim(R) ≥ dim(S)

and, therefore, the assertion of the theorem. �

Proof of TheoremIV.1.3. We proceed by induction onn. Forn = 0, we are dealing with
the fieldk. It has Krull dimension 0 (Example IV.1.1).

Now, assume that the theorem is true forn, and let

p0 ( · · · ( pk

be prime ideals in the polynomial ringk[x1, ..., xn+1]. Sincek[x1, ..., xn+1] is an integral
domain, we may assumep0 = 〈0〉. Moreover, we may supposek ≥ 1 (see Remark IV.1.2,
ii). Let f ∈ p1 \ {0}. Recall thatk[x1, ..., xn+1] is a factorial ring (Theorem I.6.4). Thus,
there are pairwise non-associated irreducible polynomials f1, ..., fs ∈ k[x1, ..., xn+1] and
positive integersk1, ..., ks, such that

f ∼ f k1
1 · · · · · f ks

s .

Sincep1 is a prime ideal, there is an indexi0 ∈ { 1, ..., s} with fi0 ∈ p1. We get the prime
ideals

p0 ( 〈 fi0〉 ( p1 ( · · · ( pk.
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Chapter IV. Dimension Theory

This shows that we may assume without loss of generality thatp1 is a principal ideal, say,
p1 = 〈g〉 with g ∈ k[x1, ..., xn+1] an irreducible polynomial. By the Noether normalization
theorem for hypersurfaces III.4.4, there is an integral ring extension

ϕ : k[x1, ..., xn] −→ k[x1, ..., xn+1]/〈g〉

By Theorem IV.2.7 and the induction hypothesis,

dim
(
k[x1, ..., xn+1]/〈g〉

)
= n.

This shows thatk ≤ n+ 1 and, consequently,

dim
(
k[x1, ..., xn+1]

)
≤ n+ 1.

Together with Remark IV.1.2, ii), we obtain the desired equality. �

IV.3 The Transcendence Degree of a Field

Let k ⊂ K be a field extension. A subsetS ⊂ K is said to bealgebraically independent
overk, if every finite subsetS′ ⊂ S is algebraically independent overk (in the sense of
Page 8). The algebraically independent subsets ofK are partially ordered by inclusion,
and∅ is an algebraically independent subset. Zorn’s lemma I.4.7gives:

IV.3.1 Lemma. The field K contains maximal algebraically independent subsets.

A maximal algebraically independent subsetS ⊂ K is called atranscendence basis
for K overk. We say thatK hasfinite transcendence degreeoverk, if there exists a finite
transcendence basis forK overk.

IV.3.2 Remark.The field extensionk ⊂ K is algebraic if and only if∅ is a transcendence
basis ofK overk.

IV.3.3 Proposition. Assume that K has finite transcendence degree over k. Let S⊂ K be
a transcendence basis and m:= #S . Then, every transcendence basis of K over k has m
elements.

If K has finite transcendence degree overk andS ⊂ K is a transcendence basis, we
call

trdegk(K) := #S

the transcendence degreeof K overk. By Proposition IV.3.3, this is well-defined. IfK
does not have finite transcendence degree, we say that it hasinfinite transcendence degree
and write

trdegk(K) := ∞.

Proof of PropositionIV.3.3. We may assume thatS has the minimal number of elements
among all transcendence bases forK. Write S = { s1, ..., sm } and letT = { t1, ..., tn } ⊂ K
be an algebraically independent subset withm ≤ n. We will then prove that there is a
subsetT′ ⊂ T with m elements, such thatK is algebraic overk(T′). This implies that
T \ T′ is empty and, thus,m = n, and thatT is a transcendence basis. The strategy is to
exchange elements ofS by elements ofT.
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IV.4. The Dimension of an Algebraic Variety

We set

r := max
{
̺ ∈ { 0, ...,m} | ∃i̺+1, ..., im ∈ { 1, ...,m} :

K is algebraic overk(t1, ..., t̺, si̺+1, ..., sim)
}
.

We will lead the assumptionr < m to a contradiction. After renumbering, we may as-
sume{ ir+1, ..., im } = { r +1, ...,m}. There exists a non-zero polynomialf ∈ k[x1, ...., xm+1]
with

f (t1, ..., tr , sr+1, ..., sm, tr+1) = 0 (in K).

Sincet1, ..., tr+1 are algebraically independent overk, there is an indexi0 ∈ { r + 1, ...,m},
such thatxi0 occurs in f , i.e., f < k[x1, ..., xr , xr+1, ..., xi0−1, xi0+1, ..., xm+1]. After renum-
bering, if necessary, we may assume thatr + 1 is such an index. This means thatsr+1

is algebraic overk(t1, ..., tr+1, sr+2, ...., sm) and, therefore,K is an algebraic extension of
k(t1, ..., tr+1, sr+2, ...., sm), contradicting the definition ofr. �

IV.3.4 Example.Let k be a field. Forn ∈ N, it follows readily that

trdegk

(
k(x1, ..., xn)

)
= n, k(x1, ..., xn) := Q

(
k[x1, ..., xn]

)
.

IV.4 The Dimension of an Algebraic Variety

IV.4.1 Theorem. Let k be aninfinite field, n ≥ 1, andp ⊂ k[x1, ..., xn] a prime ideal.
Then,

dim(k[x1, ..., xn]/p) = trdegk

(
Q(k[x1, ..., xn]/p)

)
.

Proof. By Noether normalization III.4.7, there are a natural number 0 ≤ m ≤ n and a
finite ring extension

ϕ : k[x1, ..., xm] −→ k[x1, ..., xn]/p.

The homomorphismϕ induces afinite field extension (see Page 24)

ϕ̃ : k(x1, ..., xm) = Q
(
k[x1, ..., xm]

)
−→ Q(k[x1, ..., xn]/p).

Since every finite field extension is algebraic ([8], Satz III.1.6.2, 1), we have

trdegk

(
Q(k[x1, ..., xn]/p)

)
= trdegk

(
k(x1, ..., xm)

)
= m.

On the other hand, Theorem IV.2.7 gives

dim(k[x1, ..., xn]/p) = dim
(
k[x1, ..., xm]

)
= m.

This settles the theorem. �

The Going-Down Theorem

Let R,T be rings,ψ : R −→ T an injective homomorphism, andI ⊂ R an ideal. We say
thatα ∈ T is integral over I , if there exist a positive natural numbern ≥ 1 and elements
a1, ..., an ∈ I with

αn + a1 · αn−1 + · · · + an−1 · α + an = 0. (IV.4)
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Chapter IV. Dimension Theory

IV.4.2 Lemma. Let R,S be integral domains,ϕ : R −→ S an integral ring extension,
ϕ̃ : K −→ L the corresponding algebraic field extension, K:= Q(R), L := Q(S), and
I ⊂ R an ideal.

i) An elementα ∈ S is integral over I if and only ifα ∈
√

Ie.
ii) Assume that R is normal. Letα ∈ L be an element which is integral over I. Then,

the minimal polynomialµα ∈ K[x] of α has coefficients in
√

I.

Proof. i) If α ∈ S is integral overI , then an integrality equation like (IV.4) showsαn ∈ Ie,
so thatα ∈

√
Ie.

Conversely, suppose thatα ∈
√

Ie and picks ≥ 1 with αs ∈ Ie. There arem ≥ 1,
r1, ..., rm ∈ I , anda1, ..., am ∈ S with

αs = a1 · r1 + · · · + am · rm.

Now, let M ⊂ S be the finitely generatedR-submodule generated bya1, ..., am and

ϕ : M −→ M

x 7−→ αs · x

is an endomorphism withϕ(M) ⊂ I · M. As in the proof of “iv)=⇒i)” of Proposition
III.2.4, we construct a monic polynomialp ∈ R[x] with coefficients inI , such thatp(αs)
annihilatesM. If α , 0, thenM , {0}. SinceS is an integral domain, this implies that
p(αs) = 0. Therefore,αs andα are integral overI .

ii) By Equation (IV.4) and the definition of a minimal polynomial, the minimal poly-
nomialµα of α divides p(x) := xn + a1 · xn−1 + · · · + an−1 · x + an. Therefore, the roots
α1, ..., αr of µα are integral overI . The arguments in the proof of Lemma III.5.11, ii),
show that the coefficients ofµα belong toR, and Part i) yields that they lie in

√
I . �

IV.4.3 The going-down theorem.Let R, S be integral domains,ϕ : R−→ S anintegral
ring extension, k > l natural numbers,

p0 ) · · · ) pk

prime ideals in R, and
q0 ) · · · ) ql

prime ideals in S , such that

∀i ∈ { 0, ..., l } : qi ∩ R= pi .

If R isnormal, one finds prime ideals

ql+1 ) · · · ) qk

in S with

⋆ ql ) ql+1,

⋆ qi ∩ R= pi, i = l + 1, ..., k.
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IV.4. The Dimension of an Algebraic Variety

Proof. Again, it suffices to treat the casek = l + 1. We look at the localization6 Sql
and the homomorphismR −→ Sql . It is sufficient to show that, with respect to this
homomorphism,

pec
l+1 = pl+1.

In fact, by Corollary II.3.7,pe
l+1, the extension being taken with respect toϕ, will do the

trick.
Let β ∈ pe

l+1. Then, we may writeβ = α/s with α ∈ S · pl+1 ands ∈ S \ ql. SinceS
is integral overR, it is clear thatα is integral overpl+1, and Lemma IV.4.2, ii), shows that
we may findn ≥ 1 anda1, ..., an ∈ pl+1 with

αn + a1 · αn−1 + · · · + an−1 · α + an = 0. (IV.5)

In fact, we may assume thatxn+a1 · xn−1+ · · ·+an−1 · x+an is the minimal polynomial of
α. Now, assume thatβ ∈ pec

l+1 \ {0}. Recall thats = α/β. We divide (IV.5) byβn and find
the integrality equation

sn + b1 · sn−1 + · · · + bn−1 · s+ bn = 0, bi :=
ai

βi
, i = 1, ..., n, (IV.6)

for s over K. We claim thatq(x) := xn + b1 · xn−1 + · · · + bn−1 · x + bn is the minimal
polynomial ofs. Indeed, if there were a polynomialr(x) ∈ K[X] of degree, say,l < n,
with r(s) = 0, then (βl · r)(α) = 0 andβl · r ∈ K[x]. This contradicts the choice ofn. By
Lemma III.5.11, it is a polynomial inR[x], i.e.,bi ∈ R, and

βi · bi = ai ∈ pl+1, i = 1, ..., n.

If β < pl+1, thenbi ∈ pl+1, i = 1, ..., n. Equation (IV.6) proves thatsn ∈ S · pl+1 ⊂ ql, and
this is impossible. So, after all,β ∈ pl+1. �

A Refined Version of Noether Normalization

IV.4.4 Theorem. Let k be an infinite field, R a finitely generated k-algebra, n:= dim(R),
and

I0 ( · · · ( I l

a chain of ideals in R. Then, there exist a finite ring extension

ϕ : k[t1, ..., tn] −→ R

and natural numbers
0 ≤ k0 ≤ · · · ≤ kl ≤ n

with
ϕ−1(I j) = 〈 t1, ..., tkj 〉, j = 0, ..., l.

Proof. Step 1. We first reduce to the case whenR is a polynomial ring. By definition,
there are a natural numberm≥ 1 and an idealJ ⊂ k[x1, ..., xm], such that

R= k[x1, ..., xm]/J.
6Corollary II.3.7 explains why this is natural.
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Chapter IV. Dimension Theory

By Theorem III.4.7, there is an integral ring extension

ψ : k[x1, ..., xn] −→ R.

We get the chain
J0 ⊂ · · · ⊂ Jl , Jk := ψ−1(Ik), k = 0, ..., l.

Since the composition of finite ring extensions is a finite ring extension (Lemma III.2.6),
we may assume without loss of generality thatR= k[x1, ..., xn].

Step 2.We first consider the casel = 0. Here, we will use several inductions. To start
with, we look at the caseI = 〈 f 〉 with f , 0.

Claim. The element f is transcendent over k.

According to the proof of Theorem III.4.4, we may assume thatthere are polynomials
g1, ..., gr ∈ k[x2, ..., xn], such that

f = xr
1 + g1 · xr−1

1 + · · · + gr−1 · x1 + gr . (IV.7)

For a non-zero polynomialp(t) = tl + a1 · tl−1 + · · · + al−1 · t + al ∈ k[t], we have

p( f ) = xr ·l
1 + terms involvingx2, ..., xn + lower order terms.

This is not zero. X

A similar argument shows that the elementsf , x2, ..., xn are algebraically independent
overk (compare Section IV.3). The inclusion

k[ f , x2, ..., xn] ⊂ k[x1, x2, ..., xn]

is a finite ring extension,

xr
1 + g1 · xr−1

1 + · · · + gr−1 · x1 + gr − f = 0

being an integrality equation forx1. Together with the isomorphism

k[t1, t2, ..., tn] −→ k[ f , x2, ..., xn]

t1 7−→ f

ti 7−→ xi , i = 2, ..., n,

we obtain the integral ring extensionϑ with

ϑ−1(〈 f 〉) = 〈t1〉.

Now, we are ready to prove the casel = 0 by induction onn. The casen = 1 is clear
by the foregoing discussion.

Next, assume thatI ⊂ k[x1, x2, ..., xn] is a non-trivial ideal. We letf ∈ I \ {0}. Suppose
that it has the form given in (IV.7) and construct an integralring extension

ϑ : k[u1, ..., un] −→ k[x1, ..., xn]

with ϑ−1(〈 f 〉) = 〈u1〉. So, we have an induced finite ring extension

ϑ : k[u2, ..., un] = k[u1, ..., un]/〈u1〉 −→ k[x1, ..., xn]/〈 f 〉.
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IV.4. The Dimension of an Algebraic Variety

Define I ′ as the image ofI in the ringk[x1, ..., xn]/〈 f 〉 and I ′′ := ϑ
−1

(I ′). By induction,
there are a natural number 2≤ k0 ≤ n and a finite ring extension

ψ : k[t2, ..., tn] −→ k[u2, ..., un]

with
ψ−1(I ′′) = 〈 t2, ..., tk0 〉.

Defineϕ as the composition ofϑ and the homomorphism

k[t1, ..., tn] −→ k[u1, ..., un]

t1 7−→ u1

ti 7−→ ψ(ti), i = 2, ..., n.

It is an integral ring extension with

ϕ−1(I ) = 〈 t1, ..., tk0 〉.

Step 3. Now, we can prove the general statement by induction onl. The casel = 0
has been settled in the previous step. LetI0 ⊂ · · · ⊂ I l+1 be a chain of ideals ink[x1, ..., xn].
By induction hypothesis, there are natural numbers 0≤ k0 ≤ · · · ≤ kl ≤ n and a finite ring
extension

ϑ : k[u1, ..., un] −→ k[x1, ..., xn]

with
ϑ−1(I j) = 〈 u1, ..., ukj 〉, j = 0, ..., l.

It induces a finite ring extension

ϑ : k[ukl+1, ..., un] = k[u1, ..., un]/〈 u1, ..., ukl 〉 −→ k[x1, ..., xn]/I l .

We conclude as in Step 2. �

IV.4.5 Remark.Assume in the statement of Theorem IV.4.4 that

p0 ( · · · ( pl .

Then, by Lemma IV.2.3,

ϕ−1(pi−1) ( ϕ
−1(pi), i = 1, ..., l,

i.e.,
0 ≤ k0 < · · · < kl ≤ n,

andk0 = 0 holds if and only ifp0 = 〈0〉.

IV.4.6 The chain theorem. Let k be an infinite field, n≥ 1 a natural number, R a finitely
generated k-algebra and an integral domain, and n= dim(R). Every finite chain

p0 ( · · · ( pl (IV.8)

of prime ideals in R can be completed to a finite chain of lengthn, i.e., there are prime
ideals

p′0 ( · · · ( p′n
such that

{ p0, ..., pl } ⊂ { p′0, ..., p′n }.
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Chapter IV. Dimension Theory

Proof. We apply Theorem IV.4.4 to (IV.8). Let 0≤ k0 < · · · < kl ≤ n be natural numbers
and

ϕ : k[t1, ..., tn] −→ R

be an integral ring extension with

ϕ−1(pi) = 〈 t1, ..., tki 〉, i = 0, ..., l.

Note that we may assumekl = n, because otherwise, by the going-up theorem IV.2.6,
there is an idealpl ( pl+1 with ϕ−1(pi) = 〈 t1, ..., tn 〉. This assumption and Remark IV.4.5
imply that, if l < n, there must be an indexi0 ∈ { 1, ..., l } with

ki0 − ki0−1 > 1.

We pass to the finite ring extension

ϕ : k[tκ+1, ..., tn] := k[t1, ..., tn]/〈 t1, ..., tκ 〉 −→ R/pi0−1 κ := ki0−1,

and look at the imagep of pi0 in R/pi0−1. By construction,

ϕ
−1(p) = 〈 tκ+1, ..., tki0

〉.

The assumptionki0 > κ + 1 implies

〈tκ+1〉 ( 〈 tκ+1, ..., tki0
〉

Sincek[tκ+1, ..., tn] is a normal ring (Theorem I.6.4 and Lemma III.5.1), we may apply the
going-down theorem IV.4.3. So, there exists an ideal

q ( p

with
ϕ
−1(q) = 〈tκ+1〉.

The preimageq of q in k[x1, ..., xn] satisfies

pi0−1 ( q ( pi0.

So, we have increased the length of the given chain by one. Iterating the argument, if
necessary, we arrive at a chain of lengthn. �

Heights

Let R be a ring andp ⊂ Ra prime ideal. Theheightof p is

ht(p) = sup
{
k | ∃ prime idealsp0 ( · · · ( pk = p

}
.

IV.4.7 Remark.
ht(p) = dim(Rp).
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IV.4.8 Corollary to the chain theorem. Let k be an infinite field, n≥ 1 a natural number,
q ⊂ k[x1, ..., xn] a prime ideal, and

R := k[x1, ..., xn]/q.

Then, for every prime idealp ⊂ R, we have

dim(R) = dim(R/p) + ht(p).

In particular, ifm ⊂ R is amaximal ideal, then

dim(R) = dim(Rm).

We now prove a variant ofKrull’s principal ideal theorem (see Theorem IV.5.6) for
k[x1, ..., xn]. If Z ⊂ An

k is an algebraic set, we define

dim(Z) := dim
(
k[Z]

)

to be thedimensionof Z.

IV.4.9 Proposition. Let k be an algebraically closed field, n≥ 1 a natural number, I⊂
k[x1, ..., xn] a radical ideal, and

V(I ) = V1 ∪ · · · ∪ Vs

the decomposition into irreducible components. Then, the following conditions are equiv-
alent:

i) The ideal I is a principal ideal.
ii) For i = 1, ..., s, one hasdim(Vi) = n− 1.

Proof. One reduces immediately tos= 1, i.e., to the case whenI is a prime ideal.
“i)=⇒ii)”. This is again an application of Noether normalizationfor hypersurfaces

III.4.4.
“ii) =⇒i)”. Since I is a prime ideal, we may apply Corollary IV.4.8. The assumption is

equivalent to ht(I ) = 1, i.e.,〈0〉 ( I is the maximal chain ending inI . As explained in the
proof of Theorem IV.1.3, we may always insert a non-zero principal ideal into that chain.
Therefore,I has to be a principal ideal. �

IV.4.10 Exercise(Dimension). Let k be a field,R a finitely generatedk-algebra, and
p1, ..., ps the minimal prime ideals ofR.

i) Assume thatk is algebraically closed and thatR is reduced. WriteR= k[x1, ..., xn]/I
for a suitable natural numbern and a suitable radical idealI ⊂ k[x1, ..., xn], and set
Z := V(I ) ⊂ An

k. Define p̃i ⊂ k[x1, ..., xn] as the preimage ofpi under the projection
k[x1, ..., xn] −→ k[x1, ..., xn]/I , i = 1, ..., n. What is the geometric significance of the
varietiesV(̃pi) ⊂ An

k, i = 1, ..., s?
ii) Set Ri := R/pi, i = 1, ..., s. Prove that

dim(R) = max
{
trdegk

(
Q(Ri)

) ∣∣∣ i = 1, ..., s
}
.

iii) Let S ⊂ R be a subalgebra. Prove that dim(S) ≤ dim(R).
Hint. If p1, ..., ps ∈ R are algebraically independent overk, thenk[p1, ..., ps] ⊂ R is an
integral domain.

127



Chapter IV. Dimension Theory

IV.5 Krull’s Principal Ideal Theorem

Let R be a ring andM anR-module. The number

l(M) := sup
{
l ∈ N | ∃ submodulesM0 ( · · · ( Ml

}
∈ N ∪ {∞}

is called thelengthof M.

IV.5.1 Remarks.i) Let R be a ring. We may viewR as anR-module. Then,l(R) is not the
same as dim(R). In fact, in the definition ofl(R), all ideals are used, not just the prime
ideals.

ii) As Part i) already suggests, anR-moduleM, even a noetherian one, will usually
have infinite length. In other words, modules of finite lengthare quite special.

IV.5.2 Example.Let k be a field andV ak-vector space. Then,l(V) = dimk(V).

IV.5.3 Lemma. Let R be a ring, M an R-module, and M0 ( · · · ( Ml a maximalchain of
submodules. Then, l(M) = l.

Proof. Note that the maximality of the chain impliesM0 = {0} andMl = M. We proceed
by induction onl. The casel = 0 is trivial.

l − 1 −→ l. Let l′ ∈ N and M′0 ( · · · ( M′l′ be a chain of submodules ofM with
M′0 = {0}. Set

r := max
{
t ∈ { 0, ..., l′ }

∣∣∣ M′t ⊂ Ml−1

}
.

Then,
Ml−1 + M′i = M, i = r + 1, ..., l′.

Observe that

M′i+1 = M′i+1 ∩ M = M′i+1 ∩ (Ml−1 + M′i ) = M′i + (Ml−1 ∩ M′i+1), i = r + 1, ..., l′ − 1.

SinceM′i ( M′i+1, we have

(Ml−1 ∩ M′i ) ( (Ml−1 ∩ M′i+1), i = r + 1, ..., l − 1.

We form

M′0 ( · · · ( M′r ⊂ (Ml−1 ∩ M′r+1) ( (Ml−1 ∩ M′r+2) ( · · · ( (Ml−1 ∩ M′l′).

This is a chain of length at leastl′ − 1. SinceM0 ( · · · ( Ml−1 is a maximal chain inMl−1,
the induction hypothesis givesl′ − 1 ≤ l − 1, i.e.,l′ ≤ l, and we are done. �

IV.5.4 Lemma. Let R be a ring, M an R-module, and N⊂ M a submodule. Then,

l(M) = l(N) + l(M/N).

Proof. If N or M/N has infinite length, then it is easy to check thatM has infinite length,
too. So, assume thatN andM/N have finite length. Then, we have maximal sequences

{0} = N0 ( · · · ( Nl(N) = N and {0} = M0 ( · · · ( Ml(M/N) = M/N

of submodules ofN andM/N, respectively. With the preimageMi of Mi under the pro-
jectionM −→ M/N, i = 0, ..., l(M/N), we get the maximal chain

{0} = N0 ( · · · ( Nl(N) = N = M0 ( · · · ( Ml(M/N)

of submodules ofM. Lemma IV.5.3 showsl(M) = l(N) + l(M/N). �
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IV.5. Krull’s Principal Ideal Theorem

IV.5.5 Lemma. Let R be a noetherian local ring and M a finitely generated R-module.
Then, the following holds:

dim
(
R/Ann(M)

)
= 0 =⇒ l(M) < ∞.

Proof. We supposeM , 0.
Step 1.Letm be the maximal ideal ofRandk := R/m. SinceRandM are noetherian,

m is finitely generated, and, for every natural numbers ∈ N, (ms ·M)/(ms+1 ·M) is a finite
dimensionalk-vector space. Note, fors ∈ N,

l
(
(ms · M)/(ms+1 · M)

)
= dimk

(
(ms · M)/(ms+1 · M)

)

and

l
(
M/(ms · M)

)
=

s−1∑

i=0

dimk
(
(mi · M)/(mi+1 · M)

)
.

The second formula results from Lemma IV.5.4.
Step 2.Let R := R/Ann(M) andm ⊂ R the image ofm under the surjectionR−→ R.

Then,R is a local ring with maximal idealm. The assumption dim(R) = 0 implies thatm
is also a minimal prime ideal ofR. Therefore, it equals the radical ofR (see Proposition
I.7.2). Sincem is finitely generated, there is a powers ≥ 1 with ms

= 〈0〉 (compare
Example I.8.8, ii), i.e.,

ms ⊂ Ann(M) and ms · M = 〈0〉.

Together with Step 1, we find our claim. �

Let R be a noetherian ring andx ∈ R \ R⋆. A minimal prime ideal containing xis a
prime idealx ∈ p ⊂ R whose imagep ⊂ R/〈x〉 is a minimal prime ideal.

IV.5.6 Krull’s principal ideal theorem. Let R be a noetherian ring, x∈ R\R⋆ andp ⊂ R
a minimal prime ideal containing x. Then,ht(p) ≤ 1.

Proof. We look at the localizationRp. In view of Remark IV.4.7, we have to show that
dim(Rp) ≤ 1. So, we have reduced to the case thatR is a local ring and the minimal prime
idealp containingx is the maximal ideal ofR.

Suppose we have a chainr ( q ( p of prime ideals inR. We may pass to the quotient
R/r and, therefore, assume thatr = 〈0〉 and thatR is anintegral domain.

Now, we work with the localizationR−→ Rq. We form the descending chain

qn
ec
+ 〈x〉 ⊂ R, n ∈ N, (IV.9)

of ideals inR. We claim that this sequence becomes stationary. It gives rise to a de-
scending chain (pn)n∈N in R := R/〈x〉. Note that our construction implies thatR is zero-
dimensional and, therefore, has finite length asR-module, by Lemma IV.5.5. For this
reason, the sequence (pn)n∈N becomes stationary. By Lemma I.2.2, this is also true for the
sequence (IV.9).

Pick a natural numbern0 with

qn0ec
+ 〈x〉 = qn0+1ec

+ 〈x〉.
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Chapter IV. Dimension Theory

In particular,
q

n0ec ⊂ qn0+1ec
+ 〈x〉.

Let r ∈ qn0ec. There are elementss ∈ qn0+1ec anda ∈ R with

r = s+ a · x.

We infer
a · x = r − s.

Sincex < q, we find, using Property I.8.24, ii),

a =
r − s

x
∈ qn0ece∩ R= qn0e∩ R= qn0ec.

Our discussion shows
qn0ec

= qn0+1ec
+ p · qn0ec

.

Using Exercise III.1.34, we find
qn0ec

= qn0+1ec
.

This yields
qn0e
= qn0ece

= qn0+1ece
= qn0+1e

= qn0e · qe

in Rq. Note thatqe is the maximal ideal ofRq (Corollary II.4.7). We apply the Nakayama
lemma III.1.30 once more. It gives

qn0e
= 〈0〉.

SinceR is an integral domain, this implies thatqn0 = 〈0〉 (see Page 55) and, thus,q = 〈0〉.
This contradicts our assumption onq. �

IV.5.7 Exercise(Krull’s Höhensatz). Let R be a noetherian ring andI ( R a proper ideal.
We say thatI ⊂ p is a minimal prime ideal containing I, if the imagep of p in R/I is a
minimal prime ideal ofR/I .

Assume that there ares ∈ N anda1, ..., as ∈ Rwith 〈 a1, ..., as 〉 = I . Prove that

ht(p) ≤ s

for every minimal prime idealp ⊂ RcontainingI . What is the geometric interpretation of
this statement?

IV.6 Embedding Dimension

Let R be alocal notherian ring andm ⊂ R its maximal ideal. Then,

m/m2

is a vector space over the fieldR/m.
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IV.6. Embedding Dimension

IV.6.1 Remark.The idealm is finitely generated, becauseR is a noetherian ring. Lets≥ 1
anda1, ..., as ∈ m be such that

〈 a1, ..., as 〉 = m.
Then, the classes [a1], ..., [as] ∈ m/m2 generatem/m2 as a vector space overR/m, i.e.,

dimR/m(m/m2) ≤ s.

The natural number
edim(R) := dimR/m(m/m2)

is called theembeddingor tangential dimensionof R.

IV.6.2 Proposition. Let a1, ..., as ∈ m be elements, such that the classes[a1], ..., [as] ∈
m/m2 generatem/m2 as a vector space over R/m. Then,

〈 a1, ..., as 〉 = m.

In particular, the embedding dimension of R equals the minimal number of generators for
the maximal idealm.

Proof. We look at the homomorphism

ϕ : R⊕s −→ m

(r1, ..., rs) 7−→ r1 · a1 + · · · + rs · as

of R-modules. The assumption states that the induced homomorphism

ϕ : (R/m)⊕s −→ m/m2

is surjective. By Lemma III.1.32, ii),ϕ is surjective. �

A noetherian local ringR is regular, if

dim(R) = edim(R).

IV.6.3 Remarks.i) Let R, S be not necessarily local rings andϕ : R −→ S a surjective
homomorphism. Ifn ⊂ S is a maximal ideal inS, thenm = ϕ−1(n) is a maximal ideal in
R, and we have an induced surjection

ϕ : m/m2 −→ n/n2.

ii) Let R be a not necessarily local ring,m ⊂ R a maximal ideal, andϕ : R −→ Rm
the localization. Then,Rm is a local ring with maximal idealn = me. Then, by Corollary
II.3.7, i),

nc = mec = m and (m2)ec = m2.

It is also evident (Proposition II.3.6) that

(m2)e = n2.

Thus, we have an induced injective homomorphism

ϕ : m/m2 −→ n/n2.

It is also clear thatϕ is surjective and, therefore, an isomorphism.
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Chapter IV. Dimension Theory

IV.6.4 Examples.i) Let k be an algebraically closed field,n ≥ 1 a natural number,R :=
k[x1, ..., xn] andm ⊂ Ra maximal ideal. Then,

dimk(m/m
2) = n.

This is obvious form = 〈 x1, ..., xn 〉. In general, there is a point (a1, ..., an) ∈ An
k with

m = 〈 x1 − a1, ..., xn − an 〉,

and

ϕ : k[x1, ..., xn] −→ k[x1, ..., xn]

xi 7−→ xi − ai, i = 1, ..., n,

is an automorphism which maps〈 x1, ..., xn 〉 to m. Corollary IV.4.8 and Remark IV.6.3,
ii), show thatRm is a regular local ring of dimensionn.

ii) Let k be an algebraically closed field,n ≥ 1 a natural number,I ⊂ k[x1, ..., xn] an
ideal,R := k[x1, ..., xn]/I , andm ⊂ R a maximal ideal. Then,

edim(Rm) ≤ n.

In fact, let
π : k[x1, ..., xn] −→ R

be the canonical surjection. There is a point (a1, ..., an) ∈ An
k with

π
(
〈 x1 − a1, ..., xn − an 〉

)
= m.

By Remark IV.6.1,
dim(m/m2) ≤ n.

The contention follows now from Remark IV.6.3, ii). This gives (a partial) explanation for
the name embedding dimension: Given an affine varietyX with coordinate algebraR :=
k[X], k an algebraically closed field. Then, the maximum7 of the embedding dimensions
of the localizations ofRat all maximal ideals is a lower bound for the minimal numbern,
such thatX can be embedded intoAn

k.

IV.7 Singular Points of Algebraic Varieties

We now work over analgebraically closed fieldk. Fix a natural numbern ≥ 1, and a
radical ideal I ⊂ k[x1, ..., xn]. Define

Z := V(I ) ⊂ An
k

as the corresponding algebraic set and

R := k[x1, ..., xn]/I

7The above discussion shows that this maximum exists. In fact, it is bounded bym, if X ⊂ Am
k .
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as its coordinate algebra. According to Exercise III.3.2, the assignment

a 7−→ ma :=
{

f ∈ R | f (a) = 0
}

establishes a bijection betweenV(I ) and the set of maximal ideals of thek-algebraR.
We say thata ∈ Z is a regular pointof Z or thatZ is non-singularat a, if Rma is a

regular local ring. Otherwise, we say thata is asingular pointof Z or thatZ is singular
at a. Thek-vector space

TaZ := Homk(ma/m
2
a, k)

is theZariski tangent spaceof Z at a. Observe that it is defined intrinsically in terms of
the coordinate algebra ofZ, i.e., without reference to the embeddingZ ⊂ An

k.
A derivationof R ata is a k-linear map

t : R−→ k

which satisfies theLeibniz rule

∀ f , g ∈ R : t( f · g) = t( f ) · g(a) + f (a) · t(g).

The space
Dera(R) :=

{
t ∈ Homk(R, k) | t is a derivation ata

}

of all derivations ofR at a is a sub vector space of Homk(R, k).
Now, supposet : R−→ k is a derivation ofR at a. We find

t(1) = t(1 · 1) = 2 · t(1).

This impliest(1) = 0 and, byk-linearity,

∀λ ∈ k : t(λ) = 0. (IV.10)

Note that

F : R −→ k⊕ma

f 7−→
(
f (a), f − f (a)

)

is an isomorphism ofk-vector spaces. By (IV.10),t is determined by its restriction toma.
Next, let f , g ∈ ma. Then,

t( f · g) = t( f ) · g(a) + f (a) · t(g) = 0.

Thus,t|ma factorizes over ak-linear map

t : ma/m
2
a −→ k.

IV.7.1 Proposition. The map

H : Dera(R) −→ TaZ = Homk(ma/m
2
a, k)

t 7−→ t

is an isomorphism of k-vector spaces.
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Proof. The injectivity andk-linearity are clear from the definition and the above discus-
sion. Now, suppose we are givenl ∈ Homk(ma/m

2
a, k). We set

t : R −→ k

f 7−→ l
([

f − f (a)
])
.

Now, let f , g ∈ R. Then, (
f − f (a)

)
·
(
g− g(a)

)
∈ m2

a.

We now compute

t( f · g) = t
(
f · g−

(
f − f (a)

)
·
(
g− g(a)

))

= t
(
f · g(a) + f (a) · g− f (a) · g(a)

)

= t( f ) · g(a) + f (a) · t(g) − f (a) · g(a) · t(1)

= t( f ) · g(a) + f (a) · t(g).

So,t is a derivation ofR ata with t = l, i.e.,H is also surjective. �

IV.7.2 Example(Taylor expansion). Let a = (a1, ..., an) ∈ An
k be a point andm := 〈 x1 −

a1, ..., xn − an 〉 ⊂ k[x1, ..., xn] the corresponding maximal ideal. The homomorphism

τa : k[x1, ..., xn] −→ k[x1, ..., xn]

xi 7−→ xi − ai, i = 1, ..., n,

is ak-linear isomorphism. So, for a polynomialf ∈ k[x1, ..., xn], there exists a polynomial
Ta f ∈ k[x1, ..., xn] with

f (x1, ..., xn) = Ta f (x1 − a1, ..., xn − an).

We callTa f theTaylor expansionof f at a. We have

Ta f (x1 − a1, ..., xn − an) = f (a) +
n∑

i=1

δ f ,i(a) · (xi − ai) + higher order terms.

The vector spacema/m
2
a has the basis [x1 − a1], ..., [xn− an]. Let l1, ..., ln be the dual basis

of Homk(ma/m
2
a, k). Then,

∀ f ∈ k[x1, ..., xn] : l i( f ) = δ f ,i(a).

On the other hand, we may define thepartial derivatives

∂ f
∂xi
∈ k[x1, ..., xn], i = 1, ..., n,

by formally applying the rules we know from analysis ([27], Kapitel 5). Then, one finds

δ f ,i(a) =
∂ f
∂xi

(a), i = 1, ..., n. (IV.11)

In fact, for i ∈ { 1, ..., n }, the operatorsδ·,i(a) and (∂/∂xi)(a) are bothk-linear and satisfy
theLeibniz rule , i.e., for f , g ∈ k[x1, ..., xn],

δ f ·g,i(a) = δ f ,i(a) · g(a) + f (a) · δg,i(a) and
∂( f · g)
∂xi

(a) =
∂ f
∂xi

(a) · g(a) + f (a) · ∂g
∂xi

(a).

For this reason, it is enough to check (IV.11) for constant polynomials and the polynomials
x1, ..., xn. For all of these, (IV.11) is trivial.
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IV.7.3 Remark.In principle, we could try to compute the Taylor expansion also up to
higher orders. Here, we have to be a little cautious: The usual Taylor formula ([27], Satz
7.2.2; [4], Kapitel I, Satz (2.9)) requires division by natural numbers of the forml1! ·· · ··ln!
with l1 + · · · + ln = l in the term of orderl. So, the characteristic of our base fieldk must
be larger thanl, if we would like to have the usual formula for the term of order l in the
Taylor expansion. If we allow, as we do, fields of characteristic 2, it makes only sense to
look at the linear terms of the Taylor expansion.

Now, let g1, ..., gs ∈ k[x1, ..., xn] be such thatI = 〈 g1, ..., gs 〉. For every derivation
D : R−→ k at a, the composition

D̃ : k[x1, ..., xn]
π−→ R

D−→ k

is a derivation ofk[x1, ..., xn] at a.

IV.7.4 Lemma. A derivation D̃ : k[x1, ..., xn] −→ k at a factorizes over a derivation
D : R−→ k of R at a if and only if

∀i ∈ { 1, ..., s} : D̃(gi) = 0.

Proof. The implication “=⇒” is trivial. For the converse, we have to show thatD̃ vanishes
on all elements ofI . An element ofI has the formf1·g1+· · ·+ fs·gs for suitable polynomials
f1, ..., fs ∈ k[x1, ..., xn]. Since a derivation is ak-linear, it suffices to look at elements of
the shapef · gi, f ∈ k[x1, ..., xn], i ∈ { 1, ..., s}. For such an element we have

D̃( f · gi) = D̃( f ) · gi(a) + f (a) · D̃(gi) = 0.

Indeed, the first summand vanishes, becausea ∈ V(I ) ⊂ V(gi) and the second one by
assumption. �

Example IV.7.2 and Lemma IV.7.4 give the following description of the tangent space
of a variety at a point.

IV.7.5 Proposition. Let I = 〈 g1, ..., gs 〉 ⊂ k[x1, ..., xn] be an ideal, R:= k[x1, ..., xn]/I,
Z := V(I ), and a= (a1, ..., an) ∈ Z. Then,

TaZ �

{
(t1, ..., tn) ∈ kn

∣∣∣∣
n∑

j=1

t j ·
∂gi

∂xj
(a) = 0, i = 1, ..., s

}
.

In the situation of Proposition IV.7.5, setG := (g1, ..., gs). The matrix

JG :=

(
∂gi

∂xj

)

i=1,...,s
j=1,...,n

∈ Mat
(
s, n, k[x1, ..., xn]

)

is theJacobian matrixof the ordered tupleG of polynomials. Putting everything together,
we find the following result.

IV.7.6 Proposition (Jacobian criterion). Let I = 〈 g1, ..., gs 〉 ⊂ k[x1, ..., xn] be an ideal,
R := k[x1, ..., xn]/I, Z := V(I ), and a= (a1, ..., an) ∈ Z. Then,

edim(Rma) = n− rk
(
JG(a)

)
, JG(a) :=

(
∂gi

∂xj
(a)

)

i=1,...,s
j=1,...,n

∈ Mat(s, n, k).
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Moreover, if all the irreducible components of Z have the same dimension, Rma is a regular
local ring if and only if

rk
(
JG(a)

)
= n− dim(Z).

The reader should compare this with the corresponding result in real analysis ([27],
Abschnitt 11.2). Given a set of elementsg1, ..., gs ∈ k[x1, ..., xn], it is not obvious what the
dimension ofV(g1, ..., gs) is. However, ifs = 1, we know from Proposition IV.4.9 that it
is n − 1. In this case, the Jacobian criterion is easy to check. Forg ∈ k[x1, ..., xn] \ {0},
the hypersurfaceV(g) is non-singular ata ∈ V(g) if and only if there is at least one index
j ∈ { 1, ..., n } with (∂g/∂xj)(a) , 0.

IV.7.7 Examples.i) We define the curve

Z := V(x3 − y2 − y3) ⊂ A2C
and compute the partial derivatives off := x3 − y2 − y3:

∂ f
∂x
= 3x2,

∂ f
∂y
= −y · (2+ 3y).

They both vanish at (0, 0) and (0,−2/3). The second point does not lie onZ. So,Z has
exactly one singular point at the origin.

ii) Set f := y · (3x2 − y2) − (x2 + y2)2 andZ := V( f ) ⊂ A2C. This is aclover leaf.
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The partial derivatives are

∂ f
∂x
= 6xy− 4x · (x2 + y2),

∂ f
∂y
= 3x2 − 3y2 − 4y · (x2 + y2).

We look at points where both partial derivatives vanish. These points verify the equation

0 = 3x3 − 3xy2 − 6xy2 = 3x · (x2 − 3y2).

This givesx = 0 or x = ±
√

3 · y. In the first case, we must also have−y2 · (3+ 4y) = 0,
that is,y = 0 ory = −3/4. The origin (0, 0) is a singular point ofZ, but (0,−3/4) does not
belong to the curve. In the second case, we plug the result into the second derivative:

0 = 9y2 − 3y2 − 4y · 4y2 = 2y2 · (3− 8y).

So,y = 0 andx = 0, ory = 3/8 andx = 3 ·
√

3/8. The point (3·
√

3/8, 3/8) does not lie
on the curve.

iii) We look at Cayley’s ruled surface

Z := V(x2
1x3 + x3

2 + x1x2) ⊂ A3C.
The partial derivatives off := x2

1x3 + x3
2 + x1x2 are

∂ f
∂x1
= 2x1x3 + x2,

∂ f
∂x2
= 3x2

2 + x1,
∂ f
∂x3
= x2

1.

They all vanish on the line

l := { x1 = 0 = x2 } ⊂ Z.

In other words,Z is singular along the linel.
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Let us add a simple example which is not a hypersurface.

IV.7.8 Example(The twisted cubic8). We look at the regular map

ϕ : A1
k −→ A3

k

t 7−→ (t, t2, t3).

The points in the image clearly satisfy the equations9

x2 − y = 0, x3 − z= 0, y3 − z2 = 0.

Setg1 := x2 − y, g2 := x3 − z, g3 := y3 − z2, I := 〈 g1, g2, g3 〉, andZ := V(I ). The map

ψ : Z −→ A1
k

(x, y, z) 7−→ x

is inverse toϕ. Let us determine the corresponding homomorphisms of algebras (Exercise
I.9.8):

ϕ# : k[x, y, z]/I −→ k[t]

[x] 7−→ t

[y] 7−→ t2

[z] 7−→ t3

and

ψ# : k[t] −→ k[x, y, z]/I

t 7−→ [x].

8In this example, we will slightly abuse notation, by not distinguishing between coordinate functions
and coordinates.

9The third one being redundant.
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So, the varietiesA1
k andZ are isomorphic and one dimensional. In particular,Z is non-

singular. Let us check this with the Jacobian criterion:

JG =


2x −1 0
3x2 0 −1
0 3y2 −2z

 .

This matrix has everywhere rank at least two. We add (3y2)× the first line and (−2z)× the
second line to the last line and find

(
6x · (y2 − xz) 0 0

)
.

This vanishes at every point ofZ. So, the matrix has, in fact, rank two at every point of
Z.10

IV.7.9 Lemma. Let k be an algebraically closed field, n≥ 1, f ∈ k[x1, ..., xn] an irre-
duciblepolynomial, and Z:= V( f ) ⊂ An

k. Then,

Sing(Z) :=
{
a ∈ Z |Z is singular at a

}

is aproperZariski closed subset of Z.

Proof. By the Jacobian criterion IV.7.6, we have

Sing(Z) = V

(
f ,
∂ f
∂x1

, ...,
∂ f
∂xn

)
.

This shows that Sing(Z) is Zariski closed inZ. AssumeZ = Sing(Z). This means

V( f ) ⊂ V

(
∂ f
∂xi

)
,

i.e.,

f
∣∣∣∣
∂ f
∂xi

, i = 1, ..., n,

by the lemma of Study III.3.11. Since deg(∂ f /∂xi) < deg(f ), this is only possible if

∂ f
∂xi
= 0, i = 1, ..., n. (IV.12)

In characteristic zero, it follows thatf is constant. But, this is ruled out by the assumption
that f be irreducible.

If char(k) = p > 0, then (IV.12) implies thatf is a polynomial inxp
1, ..., x

p
n. The field

k is perfect, because it is algebraically closed (Example III.5.6, iii). So, we may find a
polynomialg ∈ k[x1, ..., xn] with

f = gp.

Again, this contradicts the assumption thatf be irreducible. �

We would like to extend this result to arbitrary varieties. For this, we need some
preparations.

10The fact that the rank ofJG can never be three at a point ofZ follows, indeed, from Theorem IV.7.16,
ii).
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Chapter IV. Dimension Theory

Semicontinuity of the embedding dimension

Let R be a ring,r, s ∈ N, M ∈ Mat(r, s,R) an (r × s)-matrix with coefficients inR, and
1 ≤ t ≤ min{ r, s}. A t-minorof M is the determinant of a (t × t)-matrix which is obtained
from M by deletingr−t rows ands−t columns. It is an element ofRand can be expressed
as a polynomial with integer coefficients in the entries ofM. Recall the following basic
result from linear algebra ([7], 3.3.6, Satz):

IV.7.10 Lemma. Let K be a field, r, s ∈ N, M ∈ Mat(r, s,K), and1 ≤ t ≤ min{ r, s}.
Then, the rank of the matrix M is at least t if and only if it has anon-vanishing t-minor.

Now, let k be an algebraically closed field,n ≥ 1, I ⊂ k[x1, ..., xn] a radical ideal,
R := k[x1, ..., xn]/I , Z := V(I ) ⊂ An

k, and

M = ( fi j ) i=1,...,r
j=1,...,s
∈ Mat(r, s,R).

For every pointa ∈ Z, we obtain the matrix

M(a) := ( fi j (a)) i=1,...,r
j=1,...,s
∈ Mat(r, s, k).

For t ∈ { 1, ...,min{ r, s} }, a t-minor of M is a regular function onZ, i.e., an element ofR.

IV.7.11 Exercises.i) Let a ∈ Z be a point andt := rk(M(a)). Show that there is a Zariski
open subseta ∈ U ⊂ Z, such that

∀a ∈ U : rk
(
M(a)

)
≥ t.

ii) Show that there are a non-empty Zariski open subset∅ , U ⊂ Z and a natural
numbert ∈ { 0, ...,min{ r, s} }, such that

∀a ∈ U : rk
(
M(a)

)
= t

and
∀a ∈ Z : rk

(
M(a)

)
≤ t.

Supposeg1, ..., gl ∈ k[x1, ..., xn] generateI and setG := (g1, ..., gl). Then, the above
discussion can be applied to the Jacobian matrixJG. An immediate consequence of Exer-
cise IV.7.11 is:

IV.7.12 Proposition. There are a non-empty Zariski open subset∅ , U ⊂ Z and a
natural number t∈ { n−min{ l, n }, ..., n }, such that

∀a ∈ U : edim(Rma) = t, ma =
{

f ∈ R | f (a) = 0
}
,

and

∀a ∈ Z : edim(Rma) ≥ t.

We will see later (Theorem IV.7.16) thatt = dim(Z).
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IV.7. Singular Points of Algebraic Varieties

Principal open subsets

Let k be an algebraically closed field,n ≥ 1, and f ∈ k[x1, ..., xn] \ {0}. Then, we call

D( f ) := An
k \ V( f )

theprincipal open subset associated with f(compare Exercise I.4.18).

IV.7.13 Remark.Let U ⊂ An
k be a non-empty Zariski open subset. Then, there is a non-

zero idealI ⊂ k[x1, ..., xn] with An
k \ U = V(I ). Pick f ∈ I \ {0}. According to Property

I.9.1, iv),V(I ) ⊂ V( f ), and, therefore,

D( f ) ⊂ U.

IV.7.14 Exercise.Let U ⊂ An
k be a non-empty Zariski open subset. Prove that there are

finitely many elementsf1, ..., fs ∈ k[x1, ..., xn] \ {0} with

U = D( f1) ∪ · · · ∪ D( fs).

The regular functionf doesn’t vanish anywhere onD( f ). For this reason, we consider

k[x1, ..., xn] f

as thering of regular functions on D( f ). There is an even better justification for doing
this: The homomorphisms

ϕ : k[x1, ..., xn+1]/〈xn+1 · f − 1〉 −→ k[x1, ..., xn] f

xi 7−→ xi , i = 1, ..., n

xn+1 7−→
1
f

and

ψ : k[x1, ..., xn] f −→ k[x1, ..., xn+1]/〈xn+1 · f − 1〉
xi 7−→ xi , i = 1, ..., n
1
f
7−→ xn+1

are inverse to each other. Now, the algebrak[x1, ..., xn+1]/〈xn+1 · f − 1〉 is attached to the
hypersurface

V(xn+1 · f − 1) ⊂ An+1
k .

This hypersurface is the graph of the function

D( f ) −→ A1
k

a 7−→ 1
f (a)

.

The projection

π : An+1
k −→ An

k

(a1, ..., an+1) 7−→ (a1, ..., an)

141



Chapter IV. Dimension Theory

induces a homeomorphism betweenV(xn+1 · f − 1) andD( f ). In this way, we may view
D( f ) as an affine algebraic variety. The inclusion

D( f ) ⊂ An
k

corresponds to the localization homomorphism

k[x1, ..., xn] 7−→ k[x1, ..., xn] f .

IV.7.15 Example.Look at
D(x) = A1

k \ {0} ⊂ A1
k.

The above construction embedsA1
k \ {0} as a hyperbola intoA2

k.

The same thing can be done for every algebraic variety. Indeed, letp ⊂ k[x1, ..., xn] be
a prime ideal,R := k[x1, ..., xn]/p, andZ = V(p). For f ∈ R\ {0},

D( f ) := Z \ V( f )

is a non-empty open subset. By Property I.9.1, iv), and Exercise III.3.2, its points are in
one-to-one correspondence with the maximal idealsm ⊂ R, such that

f < m. (IV.13)

The setD( f ) inherits a topology from the Zariski topology ofZ (compare [17], Section
2.1). On the other hand,Rf is a finitely generatedk-algebra, and thus defines an affine
algebraic varietyZf . By Corollary II.3.7, ii), the points ofZf correspond to the maximal
ideals ofR, satisfying (IV.13). Again,Zf comes with a topology. The reader should check
that both topologies on the set of maximal ideals ofR, satisfying (IV.13), thus obtained
do agree and that the localizationR−→ Rf gives (via Exercise I.9.8) rise to the inclusion
D( f ) ⊂ Z.

The singular locus of an algebraic variety

IV.7.16 Theorem. Let k be an algebraically closed field, n≥ 1, p ⊂ k[x1, ..., xn] a prime
ideal, S := k[x1, ..., xn]/p, and Z:= V(p).

i) The singular locus

Sing(Z) :=
{
a ∈ Z |Z is singular at a

}
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IV.7. Singular Points of Algebraic Varieties

is a proper Zariski closed subset of Z.
ii) For every point a∈ Z, we have

edim(Sma) ≥ dim(Z).

Proof. We will reduce to the case of a hypersurface (Lemma IV.7.9). In fact, we will
show thatZ looks almost everywhere like a hypersurface. This is basically a consequence
of the theorem of the primitive element III.5.10.

Let L := Q(S) be the quotient field ofS. The proof of Theorem III.5.14 shows that
there is an injective homomorphism

ϕ : k[t1, ..., ts] −→ L,

such that the induced field extension

ϕ̃ : K := k(t1, ..., ts) −→ L

is separable. Now, there are elementsg1, ..., gs, h1, ..., hs ∈ S \ {0} with

ϕ(ti) =
gi

hi
, i = 1, ..., s.

By the theorem of the primitive element III.5.10, we may findgs+1, hs+1 ∈ S \ {0}, such
that

α :=
gs+1

hs+1

is a primitive element for the field extensionK ⊂ L. Seth := h1 · · · · · hs · hs+1. Then, we
may viewϕ as a homomorphism:

ϕ : k[t1, ..., ts] −→ Sh.

As a k-algebra,Sh is generated byξ1 := [x1], ..., ξn := [xn], and ξn+1 := 1/h. Since
K −→ L is a finite ring extension, these elements are integral overK, i.e., we find natural
numberssi ≥ 1 and elementsκi

1, ..., κ
i
si
∈ K with

ξ
si
i + κ

i
1 · ξ

si−1
i + · · · + κi

si−1 · ξi + κ
i
si
= 0, i = 1, ..., n+ 1.

Now, there are elementsαi
j ∈ k[t1, ..., ts] andβi

j ∈ k[t1, ..., ts] \ {0} with

κi
j =

αi
j

βi
j

, j = 1, ..., si, i = 1, ..., n+ 1.

Setting

g :=
n+1∏

i=1

si∏

j=1

βi
j,

we find afinite ring extension

ϕ̂ : k[t1, ..., ts]g −→ (Sh)g = Sg·h
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Chapter IV. Dimension Theory

which inducesK −→ L.11 Recall that, by our construction, there is a primitive element
α ∈ Sg·h. Let ∆ ∈ k[t1, ..., ts]g be as in Theorem III.5.12. We find a natural numbert ∈ N
and an element∆′ ∈ k[t1, ..., ts], such that

∆ =
∆′

gt
.

We see that

Sg·h·∆′ = (Sg·h)∆′ = k[t1, ..., ts]g·∆[α] = k[t1, ..., ts]g·∆[ts+1]/〈µα〉.

The minimal polynomialµα of α has coefficients ink[t1, ..., ts]g (see Lemma III.5.11, ii).
We may find a polynomialγ ∈ k[t1, ..., ts] whose irreducible factors are among those of
g and∆′, such thatf := γ · µα ∈ k[t1, ..., ts, ts+1] is an irreducible polynomial (compare
Lemma I.6.16, i). Let

H := V( f ) ⊂ As+1
k .

This is an irreducible hypersurface, and

H0 := H \ V(g · ∆′)

is a dense open subset ofH. By construction,H0 is isomorphic to the dense open subset

Z0 := Z \ V(g · h · ∆′)

of Z. Lemma IV.7.9 yields that there is a dense open subsetU ⊂ Z with

Sing(Z) ⊂ Z \ U.

By the previous discussion, the rank of the Jacobian is everywhere at most

t := n− dim(Z),

and the locus where it is strictly less thant is the vanishing locus of all (t × t)-minors of
the Jacobian. But this is also the singular locus ofZ. This proves all the claims about
the singular locus. The statement on the embedding dimension follows from this and the
Jacobian criterion IV.7.6. �

IV.7.17 Remark.In the above proof, we have shown that any algebraic variety has an
open subset which is isomorphic to an open subset of an irreducible hypersurface. You
will usually find this result in the form (see, e.g., [11], Proposition I.4.9)

Any algebraic variety is birationally equivalent to a hypersurface.

IV.7.18 Exercise(Singular and non-singular points I). i) Compute the Jacobian for the
following regular functionsf : C2 −→ C. Which points are non-singular by the “Jacobian
criterion”? Find out which equation gives which curve in thefollowing picture. Try to
explain why the remaining points really are singular.

a) f (x, y) = x2 − x4 − y4, b) f (x, y) = xy− x6 − y6, c) f (x, y) = x3 − y2 − x4 − y4,

d) f (x, y) = x2y+ xy2 − x4 − y4.

11By Exercise III.4.10, you should be familiar with this argument.
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Node Triple point Cusp Tacnode

ii) Do the same as in i) for the following regular functionsf : C3 −→ C.

a) f (x, y, z) = xy2 − z2, b) f (x, y, z) = x2 + y2 − z2, c) f (x, y, z) = xy+ x3 + y3.

Double point Double line Pinch point

IV.7.19 Exercise(Singular and non-singular points II). Let k be an algebraically closed
field andR := k[x, y, z]/〈 xyz, z2〉.

i) Is the ringR reduced?
ii) Sketch the “variety” associated withR.
iii) Determine dim(R).
iv) For which maximal idealsm ⊂ R is Rm a regular local ring?

IV.8 Regularity and Normality

IV.8.1 Lemma. Let R be a noetherian ring, l∈ N a natural number,p0 ( · · · ( pl a chain
of prime ideals,q ⊃ pl a prime ideal, and x∈ q. There exists a chain

p′0 ( · · · ( p′l−1 ⊂ q

of prime ideals with x∈ p0.

Proof. l = 1. Here, we simply takep′0 := q.
l − 1 −→ l. If x ∈ pl−1, we may apply the induction hypothesis withpl−1 instead ofq

to get
p′0 ( · · · ( p′l−2 ⊂ pl−1 ( p

′
l−1 := pl ⊂ q.

If x < pl−1, then we look at〈x〉 + pl−2 1 pl−1. Let q ⊂ R/(〈x〉 + pl−2) be the image ofq in
this ring. The ring (R/(〈x〉 + pl−2))q contains a minimal prime ideals (Exercise I.4.14 or
Theorem II.4.28). The ideals corresponds to a prime idealr ⊂ R with

pl−2 ( 〈x〉 + pl−2 ⊂ r ⊂ q.
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Chapter IV. Dimension Theory

We apply the induction hypothesis once more, this time tor, and find a chain

p′0 ( · · · ( p′l−2 ⊂ r

with x ∈ p′0. It suffices to show thatr ( q.
For this, we look at the integral domainR := R/pl−2. As usual, for an idealI ⊂ R, we

denote byI its image inR. If r = q, then the chain

〈0〉 ( pl−1 ( r

of prime ideal inR shows
ht(r) ≥ 2.

By contruction,r is a minimal prime ideal containing [x], the class ofx in R. Krull’s
principal ideal theorem requires ht(r) ≤ 1. This contradiction shows that, indeed,r (
q. �

The following lemma provides an important tool for carryingout inductions on the
Krull dimension of a ring.

IV.8.2 Lemma. Let R be a noetherian local ring with maximal idealm and x∈ m not a
zero divisor. Then,

dim
(
R/〈x〉

)
= dim(R) − 1.

Proof. We may apply Lemma IV.8.1 to a maximal chainp0 ( · · · ( pn = m, n = dim(R),
of prime ideals inR, andq = m. It shows

dim
(
R/〈x〉

)
≥ dim(R) − 1.

On the other hand, in any maximal chainp0 ( · · · ( pn = m, p0 is a minimal prime
ideal. By assumption,x is not a zero divisor. Theorem II.4.28, iii), states thatx is not
contained in any minimal prime ideal ofR. For this reason

dim
(
R/〈x〉

)
≤ dim(R) − 1,

and we infer dim(R/〈x〉) = dim(R) − 1 as asserted. �

IV.8.3 Proposition. Let R be aregular noetherian local ring. Then, R is an integral
domain.

We will need a slight generalization of prime avoidance (Proposition II.4.17, i):

IV.8.4 Lemma. Let R be a ring, I, J ⊂ R ideals, andp1, ..., pr ⊂ R prime ideals, such that

J 1 I , J 1 pi , i = 1, ..., r.

Then,
J 1 I ∪ p1 ∪ · · · ∪ pr .

Proof. We abbreviate
P := p1 ∪ · · · ∪ pr .

If I ⊂ P, then Proposition II.4.17, i), applies directly. So, we mayexclude this case. Note
also that, by Proposition II.4.17, i),J 1 P. Let x ∈ J\ I . If x < P, we are done. Otherwise,
we picky ∈ J \ P andz ∈ I \ P. Then, it is readily verified thatx+ y · z ∈ J \ (I ∪ P). �
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Proof of PropositionIV.8.3. Denote the maximal ideal ofR bym. We proceed by induc-
tion onn := dim(R).

n = 0. In this case, the regularity ofR impliesm = 〈0〉 (compare Proposition IV.6.2).
n −→ n+1. By Theorem II.4.28, ii), a noetherian ring has only finitely many minimal

prime ideals, call themp1, ..., pr. We assume dim(R) = n+ 1 ≥ 1, som is not a mimimal
prime ideal. The Nakayama lemma III.1.30 shows thatm , m2. By Lemma IV.8.4, we
may pick

x ∈ m \
(
m

2 ∪ p1 ∪ · · · ∪ pr
)
.

Note that this implies thatx is not a zero divisor. Letx1, ..., xn ∈ m be such that the
classes [x1], ..., [xn], [x] in m/m2 form a basis for that (R/m)-vector space. Recall from
Proposition IV.6.2 that

m = 〈 x1, ..., xn, x〉.

Now, we pass to the ringR := R/〈x〉. It is clear that

edim(R) = n.

By Lemma IV.8.2,

dim(R) = n.

Thus,R is also a regular ring. By induction hypothesis, it is an integral domain. This
means that〈x〉 is a prime ideal.

Let q ⊂ R〈x〉 be a minimal prime ideal (Exercise I.4.14 or Theorem II.4.28). Then, by
Corollary II.3.7, i),

〈0〉 ⊂ p := qc ⊂ 〈x〉

is a minimal prime ideal ofR. We will show that it has to be zero, using the Nakayama
lemma III.1.30. In fact, letz ∈ p. Then, there exists an elementy ∈ Rwith z= y · x. Since
x < p andp is a prime ideal, it follows thaty ∈ p. We have shown

p ⊂ m · p ⊂ p.

As announced, the Nakayama lemma III.1.30 finishes the argument. �

IV.8.5 Exercise.Let R be a noetherian local ring. Show that

dim(R) ≤ edim(R).

IV.8.6 Theorem. Let R be aregular noetherian local ring. Then, R is a normal ring.

Proof. We set up an induction on the dimensionn of R as in the proof of Proposition
IV.8.3. In the induction stepn −→ n+ 1, we find an elementx ∈ m \ {0}, such thatR/〈x〉
is a regular noetherian local ring of dimensionn. By induction hypothesis, it is normal. It
remains to prove

Claim. Let R be a noetherian local integral domain with maximal ideal m and x∈ m\{0}.
If the ring R/〈x〉 is normal, then so is the ring R.
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We form the ideal
I :=

⋂

l∈N〈xl〉.

This ideal clearly has the propertyx · I = I and, thus,m · I = I . The Nakayama lemma
III.1.30 givesI = 〈0〉. We conclude that, for everyr ∈ R\ {0}, the number

l(r) := max
{
l ∈ N | r ∈ 〈xl〉

}

exists and that
r = u · xl(r)

for some elementu ∈ R\ 〈x〉.
Let K := Q(R) be the quotient field ofR, α ∈ R, andβ ∈ R\{0}, such thats := α/β ∈ K

is integral overR. We have to show thatR = S := R[s] ⊂ K. By the lying-over theorem
IV.2.4, there is a prime idealq ⊂ S with q ∩ R= 〈x〉. This implies

〈x〉 = R∩ (S · x). (IV.14)

We observe thatl(α) ≥ l(β). To see this, letγ, δ ∈ R \ 〈x〉 be elements withα = γ · xl(α)

andβ = δ · xl(β). We have
γ = xl(β)−l(α) · δ · s.

So,l(β) > l(α) impliesγ ∈ R∩ (S · x) = 〈x〉 and contradicts the factγ ∈ R\ 〈x〉. We write

s=
α′

δ
with α′ = xl(α)−l(β) · γ.

We see that
Rδ = Sδ.

Thus, the extension〈x〉e of the prime ideal〈x〉 via the localizationR −→ Rδ = Sδ is a
prime ideal ofSδ, and

r := 〈x〉e ∩ S

is a prime ideal ofS with r ∩ R= 〈x〉. (We need this more specific prime ideal lying over
〈x〉 for later purposes, namely (IV.15).)

We get the induced finite ring extension

R := R/〈x〉 −→ S := S/r.

It induces a field extension
Q(R) −→ Q(S).

The foregoing discussion shows

S ⊂ R[δ] ⊂ Q(R),

so that
Q(R) = Q(S),

and the induction hypothesis givesR= S.
We deduce

S = R+ r ⊂ R+ 〈x〉e (IV.15)
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asR-module. Sinces ∈ S andα = s · δ, we see

α′ = s · δ ∈ R∩
(
〈δ〉 + 〈x〉e

) (IV.14)&〈δ〉⊂R
= 〈δ〉 + 〈x〉.

This means that we may picka, b ∈ R with

α′ = a · δ + b · x, so that s= a+
b · x
δ
.

We infer thatS is generated as anR-algebra byb · x/δ. Let Ŝ be the quotient moduleS/R.
Note that

Ŝ =

(
b · x
δ

)
· Ŝ.

Let s1, ..., sm ∈ S be elements which generateS as anR-module and ˆs1, ..., ŝm their
classes in̂S. There are elementsλi j ∈ R, i, j = 1, ...,m, with

bi =

m∑

j=1

b · x
δ
· λi j · b j, i = 1, ...,m.

Set

A := Em−
(
b · x
δ
· λi j

)

i, j=1,...,m

∈ Mat(m,Rδ).

Then,

A ·



ŝ1
...

ŝm

 = 0

Multiplying this by the adjoint matrixAad of A (compare Page 92) yields

det(A) · S = 0, i.e., det(A) · S ⊂ R. (IV.16)

Note that there is an elementν ∈ Rwith

det(A) = ±
(
1+

b · x
δ
· ν

)
.

Observe that (IV.16) implies

1+
b · x
δ
· ν ∈ R, so that

b · x
δ
· ν ∈ R.

Further,
b · x
δ
· ν ∈ R∩ (x · Rδ) = 〈x〉 ⊂ m.

This shows

1+
b · x
δ
· ν ∈ R⋆

and givesS ⊂ Ras required. �
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Chapter IV. Dimension Theory

IV.8.7 Remark.In fact, a stronger (see Lemma III.5.1) statement holds true, called the
Auslander–Buchsbaum theorem: A regular noetherian local ring R is factorial.The
proof requires some tools from homological algebra which wehaven’t developed, so far.
References are the original paper [2], [5], Satz 10.10, or [19], Theorem 20.3.

IV.8.8 Proposition. Let R be a noetherian local ring withdim(R) = 1. Then, R is regular
if and only if it is normal.

Proof. We have to prove thatR is regular, ifR is normal. According to Proposition IV.6.2,
we have to verify that the maximal idealm of R is a principal ideal. Fixx ∈ m \m2,12 and
assume

〈x〉 ( m.

SinceR is an integral domain (Proposition III.5.2) and dim(R) = 1,m is the only prime
ideal ofR. Thus, by Corollary I.8.18,

m =
√
〈x〉.

The idealm is finitely generated, so that there is some natural numbers with

ms ⊂ 〈x〉,

and we set
s0 := min

{
s ∈ N |ms ⊂ 〈x〉

}
.

Note thats0 > 1. Pick
y ∈ ms0−1 \ 〈x〉.

This gives
y ·m ⊂ 〈x〉,

and we assert
y ·m ⊂ x ·m.

Otherwise, there would be an elementr ∈ R\ m, i.e., a unit ofR, with r · x ∈ y · m. This
would give

x = r−1 · (r · x) ∈ y ·m ⊂ m2.

So, in the quotient fieldQ(R), we have

∀r ∈ N :
(y
x

)r

·m ⊂ m, x · R
[y
x

]
⊂ R, and R

[y
x

]
⊂

1
x
· R.

This shows thaty/x is contained in a finitely generatedR-submodule ofQ(R). According
to Proposition III.2.4, iii),y/x is integral overR. SinceR is normal, we havey/x ∈ R, so
thaty ∈ 〈x〉, a contradiction. �

In geometric language, the above proposition says that a normal affine algebraic curve
is smooth. More generally, the normalization of a possibly singular irreducible algebraic
curve is non-singular. So, in the realm of curves, normalization provides a canonical way
to attach to a singular irreducible curve a non-singular one.

12This set is non-empty by the Nakayama lemma III.1.30 and the assumption dim(R) = 1.
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IV.8. Regularity and Normality

IV.8.9 Proposition. Let k be an algebraically closed field, n≥ 1, and Z⊂ An
k an algebraic

variety. If Z is normal, then

dim
(
Sing(Z)

)
≤ dim(Z) − 2.

In the proof, we will use the following result.

IV.8.10 Lemma. Let R be a noetherian local integral domain,m ⊂ R its maximal ideal,
and x∈ m \ {0}. If the ring R/〈x〉 is regular, then R is regular, too.

Proof. By Lemma IV.8.2, dim(R/〈x〉) = dim(R) − 1 =: d. By assumption, there are
elementsr1, ..., rd, such that their imagesr1, ..., rd generate the imagem of m in R/〈x〉.
Then,m = 〈 x, r1, ..., rd 〉. Remark IV.6.1 and Proposition IV.6.2 show thatR is a regular
local ring. �

Proof of PropositionIV.8.9. Let Reg(Z) := Z \Sing(Z) be the open subset of nonsingular
points ofZ. It suffices to show that

H ∩ Reg(Z) , ∅

holds true for every irreducible algebraic setH ⊂ Z with

dim(H) = dim(Z) − 1.

Let us fix such a subsetH ⊂ Z. Then,

p := I (H) :=
{

f ∈ k[Z] | ∀a ∈ H : f (a) = 0
}

is a prime ideal in the coordinate algebrak[Z] of Z. We look at the localizationk[Z]p of
the coordinate algebra at that prime ideal. Then:

⋆ k[Z]p is a normal local ring. (This is left as an exercise (compare Exercise III.2.12).
Note thatk[Z]p has the same the quotient field ask[Z].)

⋆ dim(k[Z]p) = 1 (Corollary IV.4.8).

By Proposition IV.8.8, the ringk[Z]p is regular. So, its maximal idealpe is a principal
ideal. This means that there is an elementr ∈ k[Z], such that

pe = r · k[Z]p.

Next, letr1, ..., rs ∈ p be elements withp := 〈 r1, ..., rs 〉, anda1, ..., as ∈ k[Z], h1, ..., hs ∈
k[Z] \ p elements withr i = ai/hi, i = 1, ..., s. Then, with

h := h1 · · · · · hs,

we find the equality
p · k[Z]h = r · k[Z]h. (IV.17)

Note thatk[Z]h is the coordinate algebra of the principal open subsetD(h) ⊂ Z (see Page
141f). Sinceh < p, we have

D(h) ∩ H , ∅.
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Chapter IV. Dimension Theory

Let Reg(H) := H \ Sing(H) be the open subset of non-singular points ofH. SinceH is
irreducible, we have

D(h) ∩ Reg(H) , ∅.

We will show that
D(h) ∩ Reg(H) ⊂ Reg(Z).

Let a ∈ D(h) ∩ Reg(H) andma ⊂ k[Z] the maximal ideal ofa. Then,h < ma. So, (IV.17)
gives

p · k[Z]ma = r · k[Z]ma. (IV.18)

Letma be the image ofma in k[H] = k[Z]/p. One checks

k[H]ma � k[Z]ma/(p · k[Z]ma).

By (IV.18),
k[H]ma = k[Z]ma/(r · k[Z]ma).

Our choice ofa implies thatk[H]ma is a regular local ring. Therefore, Lemma IV.8.10
shows thatk[Z]ma is a regular local ring, too. �

IV.8.11 Remark.The attentive reader will have noticed that, in the above proof, we used
only the fact thatk[Z]p is normal for every prime idealp ⊂ k[Z] of height one. In fact, for
any noetherian integral domainR, it is true thatR is normal if and only ifRp is normal for
every prime idealp ⊂ R of height oneand

R=
⋂

p⊂R prime
ht(p)=1

Rp.

We refer the reader to [4], Satz (13.25).

For more information on normal rings related to the above discussion, we refer the
reader to [4], p. 199ff, or [5], Section 11.
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prime —, 20

extension, 38

factorial ring, 24
field

number —, 22
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finitely generated (ideal), 32
first isomorphism theorem, 10
formal power series, 15
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Gaußian integers, 39
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