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Abstract. For a perfect base field k, we investigate arithmetic aspects of
moduli spaces of quiver representations over k: we study actions of the absolute
Galois group of k on the k-valued points of moduli spaces of quiver represen-
tations over k and we provide a modular interpretation of the fixed-point set
using quiver representations over division algebras, which we reinterpret using
moduli spaces of twisted quiver representations (we show that those spaces
provide different k-forms of the initial moduli space of quiver representations).
Finally, we obtain that stable k-representations of a quiver are definable over
a certain central division algebra over their field of moduli.
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1. Introduction

For a quiver Q and a field k, we consider moduli spaces of semistable k-represen-
tations of Q of fixed dimension d ∈ NV , which were first constructed for an alge-
braically closed field k using geometric invariant theory (GIT) by King [15]. For
an arbitrary field k, one can use Seshadri’s extension of Mumford’s GIT to con-
struct these moduli spaces. More precisely, these moduli spaces are constructed
as a GIT quotient of a reductive group GQ,d acting on an affine space RepQ,d
with respect to a character χθ determined by a stability parameter θ ∈ ZV . The
stability parameter also determines a slope-type notion of θ-(semi)stability for k-
representations of Q, which involves testing an inequality for all proper non-zero
subrepresentations. When working over a non-algebraically closed field, the notion
of θ-stability is no longer preserved by base field extension, so one must instead
consider θ-geometrically stable representations (that is, representations which are
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θ-stable after any base field extension), which correspond to the GIT stable points
in RepQ,d with respect to χθ.

We let Mθ−ss
Q,d (resp. Mθ−gs

Q,d ) denote the moduli space of θ-semistable (resp.
θ-geometrically stable) k-representations of Q of dimension d; these are both quasi-
projective varieties over k and are moduli spaces in the sense that they co-represent
the corresponding moduli functors (cf. §2). For a non-algebraically closed field
k, the rational points of Mθ−gs

Q,d are not necessarily in bijection with the set of
isomorphism classes of θ-geometrically stable d-dimensional k-representations of Q.
In this paper, we give a description of the rational points of this moduli space for
perfect fields k. More precisely, for a perfect field k, we study the action of the
absolute Galois group Galk = Gal(k/k) onMθ−ss

Q,d (k), whose fixed locus is the set
Mθ−ss

Q,d (k) of k-rational points. We restrict the action of Galk toMθ−gs
Q,d ⊂M

θ−ss
Q,d ,

so we can use the fact that the stabiliser of every GIT stable point in RepQ,d is
a diagonal copy of Gm, denoted ∆, in GQ,d (cf. Corollary 2.14) to decompose the
fixed locus of Galk acting onMθ−gs

Q,d (k) in terms of the group cohomology of Galk
with values in ∆ or the (non-Abelian) group GQ,d.

Before we outline the main steps involved in our decomposition, we note that, via
a similar procedure, we can describe fixed loci of finite groups of quiver automor-
phisms acting on quiver moduli spaces in [12]; however, the decomposition for the
Galk-fixed locus in this paper is simpler than the decomposition given in [12], as we
can use Hilbert’s 90th Theorem to simplify many steps. When k = R and moduli
spaces of quiver representations are replaced by moduli spaces of vector bundles
over a real algebraic curve, a description of the real points of these moduli spaces
has been obtained in [29] using similar techniques: while the arithmetic aspects
are much less involved in that setting, they still arise, in the guise of quaternionic
vector bundles.

1.1. Decomposition of the rational locus. For the first step, we note that the
Galk-action on Mθ−ss

Q,d (k) can be induced by compatible Galk-actions on RepQ,d
and GQ,d; then, we construct maps of sets

Repθ−gsQ,d (k)Galk/GQ,d(k)Galk
fGalk //Mθ−gs

Q,d (k)Galk

Repθ−gsQ,d (k)/GQ,d(k)
fGalk //Mθ−gs

Q,d (k).

By Proposition 3.3, fGalk is injective, as a consequence of Hilbert’s 90th Theorem.
The second step is to understand rational points not arising from rational rep-

resentations by constructing

T :Mθ−gs
Q,d (k) =Mθ−gs

Q,d (k)Galk −→ H2(Galk,∆(k)) ∼= Br(k)

which we call the type map (cf. Proposition 3.4). We show that the image of fGalk

is T −1([1]) (cf. Theorem 3.7); however, in general fGalk is not surjective.
In the third step, to understand the other fibres of the type map, we introduce the

notion of a modifying family u (cf. Definitions 3.9) which determines modified Galk-
actions on RepQ,d(k) and GQ,d(k) such that the induced Galk-action onMθ−ss

Q,d (k)
is the original Galk-action. Then we define a map of sets

fGalk,u : u Repθ−gsQ,d (k)Galk/uGQ,d(k)Galk −→Mθ−gs
Q,d (k)Galk =Mθ−gs

Q,d (k),
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where u Repθ−gsQ,d (k)Galk and uGQ,d(k)Galk denote the fixed loci for the modified
Galk-action given by u. Moreover, we show that the image of fGalk,u is equal to the
preimage under the type map of the cohomology class of a ∆(k)-valued 2-cocycle
cu associated to u (cf. Theorem 3.11).

The fourth step is to describe the modifying families using the group cohomology
of Galk in order to obtain a decomposition of the fixed locus for the Galk-action
onMθ−gs

Q,d (k). We obtain the following decomposition indexed by the Brauer group
Br(k) of k.

Theorem 1.1. For a perfect field k, let T :Mθ−gs
Q,d (k) −→ H2(Galk; k

×
) ∼= Br(k)

be the type map introduced in Proposition 3.4. Then there is a decomposition

Mθ−gs
Q,d (k) '

⊔
[cu]∈Im T

u Repχθ−sQ,d (k)Galk/uGQ,d(k)Galk

where u Repχθ−sQ,d (k)Galk/uGQ,d(k)Galk is the set of isomorphism classes of θ-geome-
trically stable d-dimensional representations of Q that are k-rational with respect to
the twisted Galk-action Φu on RepQ,d(k) defined in Proposition 3.10.

1.2. Modular interpretation arising from the decomposition. We give a
modular interpretation of the decomposition above, by recalling that Br(k) can be
identified with the set of central division algebras over k. We first prove that for a
division algebra D ∈ Br(k) to lie in the image of the type map, it is necessary that
the index ind (D) :=

√
dimk(D) divides the dimension vector d (cf. Proposition

3.12). As a corollary, we deduce that if d is not divisible by any of the indices of
non-trivial central division algebras over k, then Mθ−gs

Q,d (k) is the set of isomor-
phism classes of d-dimensional k-representations of Q. We can interpret the above
decomposition by using representations of Q over division algebras over k.

Theorem 1.2. Let k be a perfect field. For a division algebra D ∈ ImT ⊂ Br(k), we
have d = ind (D)d′D for some dimension vector d′D ∈ NV and there is a modifying
family uD and smooth affine k-varieties RepQ,d′D,D (resp. GQ,d′D,D

) constructed by
Galois descent such that

RepQ,d′D,D(k) =
⊕
a∈A

HomMod(D)(D
d′D,t(a) , Dd′D,h(a)) = uD RepQ,d(k)Galk

and
GQ,d′D,D

(k) =
∏
v∈V

AutMod(D)(D
d′D,v ) = uDGQ,d(k)Galk .

Furthermore, we have a decomposition

Mθ−gs
Q,d (k) ∼=

⊔
D∈Im T

Repθ−gsQ,d′D,D
(k)/GQ,d′D,D

(k),

where the subset indexed by D is the set of isomorphism classes of d′D-dimensional
θ-geometrically stable D-representations of Q.

For example, if k = R ↪→ k = C, then as Br(R) = {R,H}, there are two types of
rational points inMθ−gs

Q,d (R), namely R-representations and H-representations of Q
and the latter can only exists if d is divisible by 2 = ind (H) (cf. Example 3.23).
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1.3. Gerbes and twisted quiver representations. We can also interpret Br(k)
as the set of isomorphism classes of Gm-gerbes over Spec k, and show that the
type map T can be defined for any field k using the fact that the moduli stack
of θ-geometrically stable d-dimensional k-representations of Q is a Gm-gerbe over
Mθ−gs

Q,d (cf. Corollary 4.6).
For any field k, we introduce a notion of twisted k-representations of a quiverQ in

Definition 4.7, analogous to the notion of twisted sheaves due to Căldăraru, de Jong
and Lieblich [4, 5, 19], and we describe the moduli of twisted quiver representations.
In particular, we show that twisted representations of Q are representations of Q
over division algebras, by using Căldăraru’s description of twisted sheaves as mod-
ules over Azumaya algebras; therefore, the decomposition in Theorem 1.2 can also
be expressed in terms of twisted quiver representations (cf. Theorem 4.12). More-
over, we construct moduli spaces of twisted θ-geometrically stable k-representations
of Q and show, for Brauer classes in the image of the type map T , these moduli
spaces give different forms of the moduli spaceMθ−gs

Q,d .

Theorem 1.3. For a field k with separable closure ks, let α : X −→ Spec k be a
Gm-gerbe over k and let D be the corresponding central division algebra over k.
Then the stack of α-twisted θ-geometrically stable d′-dimensional k-representations

αMθ−gs
Q,d′,k

∼= [Repθ−gsQ,d′,D /GQ,d′,D]

is a Gm-gerbe over its coarse moduli space Mθ−gs
Q,d′,D := Repθ−gsQ,d′,D /GQ,d′,D (in the

sense of stacks). The moduli spaceMθ−gs
Q,d′,D co-represents:

(1) the moduli functor of θ-geometrically stable d′-dimensional D-representa-
tions of Q, and

(2) the moduli functor of α-twisted θ-geometrically stable d′-dimensional k-
representations of Q.

If, moreover, D lies in the image of the type map T , then d = ind (D)d′ for some
dimension vector d′ andMθ−gs

Q,d′,D is a k-form of the moduli spaceMθ−gs
Q,d,ks .

Finally, we define a Brauer class which is the obstruction to the existence of
a universal family on Mθ−gs

Q,d and show that this moduli space admits a twisted
universal family of quiver representations (cf. Proposition 4.18).

1.4. Fields of moduli and fields of definition. The problem that we study in
the present paper is a special case of the rather general phenomenon that fields of
moduli are usually smaller than fields of definition, which, to our knowledge, has
not been worked out explicitly in the quiver setting. For a k-representation W of
Q, the field of moduli kW (with respect to the extension k/k) is the intersection of
all intermediate fields k ⊂ L ⊂ k over which W is definable (that is, there exists
an L-representation W ′ such that k ⊗L W ′ ' W ). If there is a minimal field of
definition, this is necessarily the field of moduli but, in general, a representation
may not be definable over its field of moduli.

This phenomenon was first studied in the context of algebraic curves and Abelian
varieties ([40, 20, 37]). By Weil’s descent theorem, an algebraic curve with trivial
automorphism group can be defined over its field of moduli. The situation is more
complicated for Abelian varieties but similar rationality results hold in certain cases
([36, 35, 16]). Quivers representations always have non-trivial automorphisms, thus
it is natural to look for cohomological obstructions to a k-representation being
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definable over its field of moduli: this is for instance how the analogous problem for
algebraic covers is studied in [6] (see also [3, 9, 7]), whose results are then applied
to curves with non-trivial automorphisms in [8], by reducing the problem for a
curve X to the study of the algebraic cover X −→ X/Aut(X). The study of the
cohomological obstructions that appear in the quiver setting (which we treat in
detail in Sections 3 and 4 of this paper) leads to the following result.

Theorem 1.4. Let k be a perfect field. Let W be a θ-stable d-dimensional k-
representation of Q and let OW ∈ Mθ−gs

Q,d (k) be the associated point in the moduli
space of θ-geometrically stable k-representations. Then the field of moduli kW is
isomorphic to the residue field κ(OW ) and there is a central division algebra DW

over kW and a θ-geometrically stable DW -representation W ′ of Q, unique up to
isomorphism, such that k ⊗kW W ′ 'W as k-representations.

Here we view k⊗kW W ′ 'W as a k-representation via Remark 3.15. The fact that
the field of moduli of an object is isomorphic to the residue field of the corresponding
point in the moduli space is a phenomenon that often occurs: it is for instance
true for algebraic curves over a perfect field ([1, 30]), for Abelian varieties (in
characteristic zero, the result for curves is deduced from the result for Abelian
varieties via the Torelli theorem [1]) and for algebraic covers (see [28]). The second
part of Theorem 1.4 (the actual ‘domain of definition’ of an object, knowing its
field of moduli) is more delicate and depends on the explicit nature of the problem
and the structure of the automorphism groups: an algebraic curve, for instance, is
definable over a finite extension of its field of moduli ([16, 13]), while for Abelian
varieties, there holds an analogue of the second part of Theorem 1.4, involving
central division algebras over the field of moduli (see [34, 2]). The cohomological
obstruction to W being defined over kW is described by Corollary 5.4.

1.5. Structure of the paper. The structure of this paper is as follows. In §2,
we explain how to construct moduli spaces of representations of a quiver over an
arbitrary field k following King [15], and we examine how (semi)stability behaves
under base field extension. In §3, we study actions of Galk for a perfect field k and
give a decomposition of the rational points ofMθ−gs

Q,d indexed by the Brauer group,
using only elementary considerations from group cohomology. In §4, we show the
benefit of rephrasing the considerations of §3 in the more sophisticated language
of stacks and gerbes, which gives a much quicker and more conceptual way to
understand the arithmetic aspects of quiver representations over a field (Theorem
4.12). In particular, we interpret our decomposition result using twisted quiver
representations and show that moduli spaces of twisted quiver representations give
different forms of the moduli spaceMθ−gs

Q,d . Finally, in §5, we prove Theorem 1.4.
Notation. For a scheme S over a field k and a field extension L/k, we denote

by SL the base change of S to L. For a point s ∈ S, we let κ(s) denote the residue
field of s. A quiver Q = (V,A, h, t) is an oriented graph, consisting of a finite vertex
set V , a finite arrow set A, a tail map t : A −→ V and a head map h : A −→ V .

Acknowledgements. We thank the referees of a previous version of this paper,
for suggesting that we relate our results to twisted quiver representations and for
calling our attention to other arithmetic contexts in which the distinction between
fields of moduli and fields of definition is also studied in detail. V.H. would like
to thank Simon Pepin Lehalleur for several very fruitful discussions, which helped
turned the former suggestion into what is now §4.
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2. Quiver representations over a field

Let Q = (V,A, h, t) be a quiver and let k be a field.

Definition 2.1 (k-representation of Q). A representation of Q in the category
of k-vector spaces (or k-representation of Q) is a tuple W := ((Wv)v∈V , (ϕa)a∈A)
where:

• Wv is a finite-dimensional k-vector space for all v ∈ V ;
• ϕa : Wt(a) −→Wh(a) is a k-linear map for all a ∈ A.

There are natural notions of morphisms of quiver representations and subrep-
resentations. The dimension vector of a k-representation W is the tuple d =
(dimkWv)v∈V ; we then say W is d-dimensional.

2.1. Slope semistability. Following King’s construction of moduli spaces of quiver
representations over an algebraically closed field [15], we introduce a stability pa-
rameter θ := (θv)v∈V ∈ ZV and the associated slope function µθ, defined for all
non-zero k-representations W of Q, by

µθ(W ) := µkθ(W ) :=

∑
v∈V θv dimkWv∑
v∈V dimkWv

∈ Q.

Definition 2.2 (Semistability and stability). A k-representation W of Q is:
(1) θ-semistable if µθ(W ′) ≤ µθ(W ) for all k-subrepresentation 0 6= W ′ ⊂W .
(2) θ-stable if µθ(W ′) < µθ(W ) for all k-subrepresentation 0 6= W ′ (W .
(3) θ-polystable if it is isomorphic to a direct sum of θ-stable representations

of equal slope.

The category of θ-semistable k-representations of Q with fixed slope µ ∈ Q is an
Abelian, Noetherian and Artinian category, so it admits Jordan-Hölder filtrations.
The simple (resp. semisimple) objects in this category are precisely the stable (resp.
polystable) representations of slope µ (proofs of these facts are readily obtained by
adapting the arguments of [32] to the quiver setting). The graded object associ-
ated to any Jordan-Hölder filtration of a semistable representation is by definition
polystable and its isomorphism class as a graded object is independent of the choice
of the filtration. Two θ-semistable k-representations of Q are called S-equivalent if
their associated graded objects are isomorphic.

Definition 2.3 (Scss subrepresentation). LetW be a k-representation of k; then a
k-subrepresentation U ⊂W is said to be strongly contradicting semistability (scss)
with respect to θ if its slope is maximal among the slopes of all subrepresentations
of W and, for any W ′ ⊂W with this property, we have U ⊂W ′ ⇒ U = W ′.

For a proof of the existence and uniqueness of the scss subrepresentation, we refer
to [25, Lemma 4.4]. The scss subrepresentation satisfies Hom(U ;W/U) = 0. Using
the existence and uniqueness of the scss, one can inductively construct a unique
Harder–Narasimhan filtration with respect to θ; for example, see [25, Lemma 4.7].

We now turn to the study of how the notions of semistability and stability
behave under a field extension L/k. A k-representation W = ((Wv)v∈V , (ϕa)a∈A)
of Q determines an L-representation L⊗kW := ((L⊗kWv)v∈V , (IdL⊗ϕa)a∈A) (or
simply L⊗W ), where L⊗kWv is equipped with its canonical structure of L-vector
space and IdL ⊗ ϕa is the extension of the k-linear map ϕa by L-linearity. Note
that the dimension vector of L ⊗k W as an L-representation is the same as the
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dimension vector of W as a k-representation. We prove that semistability of quiver
representations is invariant under base field extension, by following the proof of
the analogous statement for sheaves given in [17, Proposition 3] and [14, Theorem
1.3.7].

Proposition 2.4. Let L/k be a field extension and let W be a k-representation.
For a stability parameter θ ∈ ZV , the following statements hold.

(1) If L ⊗k W is θ-semistable (resp. θ-stable) as an L-representation, then W
is θ-semistable (resp. θ-stable) as a k-representation.

(2) If W is θ-semistable as a k-representation, then L⊗kW is θ-semistable as
an L-representation.

Moreover, if (W i)1≤i≤l is the Harder-Narasimhan filtration of W , then (L ⊗k
W i)1≤i≤l is the Harder-Narasimhan filtration of L⊗k W .

Proof. Let us suppose that L ⊗k W is θ-semistable as an L-representation. Then,
given a k-subrepresentation W ′ ⊂W , we have

µkθ(W ′) = µLθ (L⊗k W ′) ≤ µLθ (L⊗k W ) = µkθ(W ).

Therefore, W is necessarily θ-semistable as a k-representation. The proof shows
that (1) also holds for stability.

First we can reduce (2) to finitely generated extensions L/k as follows. Let WL

be an L-subrepresentation of L⊗kW . For each v ∈ V , choose an L-basis (bvj )1≤j≤dv
ofWL

v and write bvj =
∑
i a
v
ije

v
ij (a finite sum with avij ∈ L and evij ∈Wv). Let L′ be

the subfield of L generated by the avij . The (evij) generate an L′-subrepresentation
WL′ of L′⊗kW that satisfies L⊗L′WL′ = WL′ . If L⊗kW is not semistable, there
exists WL ⊂ L⊗kW such that µLθ (WL) > µLθ (L⊗kW ) = µθ(W ), then L′ ⊗kW is
not semistable, as µL

′
(WL′) > µL

′

θ (L′ ⊗k W ).
By filtering L/k by various subfields, it suffices to verify the following cases:
(i) L/k is a Galois extension;
(ii) L/k is a separable algebraic extension;
(iii) L/k is a purely inseparable finite extension;
(iv) L/k is a purely transcendental extension, of transcendence degree 1.
For (i), we prove the statement by contrapositive, using the existence and unique-

ness of the scss U ( L ⊗k W with µLθ (U) > µLθ (L ⊗k W ). For τ ∈ Aut(L/k),
we construct an L-subrepresentation τ(U) of L ⊗k W of the same dimension vec-
tor and slope as U as follows. For each v ∈ V , the k-automorphism τ of L in-
duces an L-semilinear transformation of L ⊗k Wv (i.e., an additive map satisfying
τ(zw) = τ(z)τ(w) for all z ∈ L and all w ∈ Wv), which implies that τ(Uv) is
an L-vector subspace of L ⊗k Wv, and the map τϕaτ−1 : τ(Ut(a)) −→ τ(Uh(a)) is
L-linear. By uniqueness of the scss subrepresentation U , we must have τ(U) = U

for all τ ∈ Aut(L/k). Moreover, for all v ∈ V , the k-vector space UAut(L/k)
v is a

subspace of (L ⊗k Wv)
Aut(L/k) = Wv, as L/k is Galois. Then UAut(L/k) ⊂ W is a

k-subrepresentation with µθ(UAut(L/k)) = µLθ (U); thus W is not semistable.
In case (ii), we choose a Galois extension N of k containing L; then we can

conclude the claim using (i) and Part (1).
For (iii), by Jacobson descent, an L-subrepresentation WL ⊂ L ⊗k W descends

to a k-subrepresentation of W if and only if WL is invariant under the algebra of
k-derivations of L, which is the case for the scss L-subrepresentation U ⊂ L⊗kW .
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Indeed, let us consider a derivation δ ∈ Derk(L) and, for all v ∈ V , the induced
transformation (ψδ)v := (δ ⊗k IdWv ) : L⊗k Wv −→ L⊗k Wv. Then, for all v ∈ V ,
all λ ∈ L and all u ∈ Uv, one has (ψδ)v(λu) = δ(λ)u+ λψδ(u). As the composition

(ψδ)v : Uv ↪→ L⊗k Wv
(ψδ)v−→ L⊗k Wv −→ (L⊗k Wv)/Uv

is L-linear, we obtain a morphism of L-representations ψδ : U −→ (L ⊗k W )/U ,
which must be zero as U is the scss subrepresentation of L⊗kW . As U is invariant
under ψδ, it descends to a k-subrepresentation of W ; then we argue as in (i).

For (iv), we distinguish two cases. If k is infinite, the fixed subfield of k(X) for
the action of Aut(k(X)/k) ' PGL(2; k) is k (cf. [27, p. 254]), so we can argue as in
(i). If k is finite, the fixed subfield of k(X) for the action of Aut(k(X)/k) is strictly
larger than k, as PGL(2; k) is finite. Let then k be an algebraic closure of k. If
W is semistable, so is k ⊗k W in view of the above, since k/k is algebraic. As k is
infinite, k(X) ⊗k (k ⊗k W ) = k(X) ⊗k W is also semistable. Since k(X) ⊗k W =

k(X)⊗k(X) (k(X)⊗k W ), we can conclude that k(X)⊗k W is a semistable k(X)-
representation by Part (1). �

Remark 2.5. Part (2) of Proposition 2.4 is not true if we replace semistability by
stability, as is evident if we set k = R and L = C: for a θ-stable R-representation
W , its complexification C⊗W is a θ-semistable C-representation by Proposition 2.4
and either, for all C-subrepresentations U ⊂ C⊗W , one has µC

θ (U) < µC
θ (C⊗W ),

in which case C ⊗W is actually θ-stable as a C-representation; or there exists a
C-subrepresentation U ⊂ L ⊗W such that µC

θ (U) = µC
θ (C ⊗W ). In the second

case, let τ(U) be the C-subrepresentation of C⊗W obtained by applying the non-
trivial element of Aut(C/R) to U . Note that τ(U) 6= U , as otherwise it would
contradict the θ-stability of W as an R-representation (as in the proof of Part (2)
of Proposition 2.4). It is then not difficult, adapting the arguments of [24, 29], to
show that U is a θ-stable C-representation and that C⊗W ' U⊕τ(U); thus C⊗W
is only θ-polystable as a C-representation.

This observation motivates the following definition.

Definition 2.6 (Geometric stability). A k-representation W is θ-geometrically
stable if L⊗k W is θ-stable as an L-representation for all extensions L/k.

Evidently, the notion of geometric stability is invariant under field extension. It
turns out that, if k = k, then being geometrically stable is the same as being
stable: this can be proved directly, as in [14, Corollary 1.5.11], or as a consequence
of Proposition 2.11 below. In particular, this implies that a k-representation W is
θ-geometrically stable if and only if k⊗kW is θ-stable (the proof is the same as in
Part (2) - Case (iv) of Proposition 2.4).

2.2. Families of quiver representations. A family of k-representations of Q
parametrised by a k-scheme B is a representation of Q in the category of vector
bundles over B/k, denoted E = ((Ev)v∈V , (ϕa)a∈A) −→ B. For d = (dv)v∈V ∈ NV ,
we say a family E −→ B is d-dimensional if, for all v ∈ V , the rank of Ev is dv. If f :
B′ −→ B is a morphism of k-schemes, there is a pullback family f∗E := (f∗Ev)v∈V
over B′. For b ∈ B with residue field κ(b), we let Eb denote the κ(b)-representation
obtained by pulling back E along ub : Specκ(b) −→ B.

Definition 2.7 (Semistability in families). A family E −→ B of k-representations
of Q is called:
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(1) θ-semistable if, for all b ∈ B, the κ(b)-representation Eb is θ-semistable.
(2) θ-geometrically stable if, for all b ∈ B, the κ(b)-representation Eb is θ-

geometrically stable.

For a family E −→ B of k-representations of Q, the subset of points b ∈ B for
which Eb is θ-semistable (resp. θ-geometrically stable) is open; one can prove this by
adapting the argument in [14, Proposition 2.3.1]. By Proposition 2.4 and Definition
2.6, the pullback of a θ-semistable (resp. θ-geometrically stable) family is semistable
(resp. geometrically stable). Therefore, we can introduce the following moduli
functors:

(2.1) F θ−ssQ,d : (Schk)op −→ Sets and F θ−gsQ,d : (Schk)op −→ Sets,

where (Schk)op denotes the opposite category of the category of k-schemes and,
for B ∈ Schk, we have that F θ−ssQ,d (B) (resp. F θ−gsQ,d (B)) is the set of isomorphism
classes of θ-semistable (resp. θ-geometrically stable) d-dimensional families over B
of k-representations of Q.

We follow the convention that a coarse moduli space for a moduli functor F :
(Schk)op −→ Sets is a scheme M that corepresents F (that is, there is a natural
transformation F −→ Hom(−,M) that is universal).

2.3. The GIT construction of the moduli space. We fix a ground field k and
dimension vector d = (dv)v∈V ∈ NV ; then every d-dimensional k-representation of
Q is isomorphic to a point of the following affine space over k

RepQ,d :=
∏
a∈A

Matdh(a)×dt(a) .

The reductive group GQ,d :=
∏
v∈V GLdv over k acts algebraically on RepQ,d by

conjugation: for g = (gv)v∈V ∈ GQ,d and M = (Ma)a∈A ∈ RepQ,d, we have

(2.2) g ·M := (gh(a)Mag
−1
t(a))a∈A.

There is a tautological family F −→ RepQ,d of d-dimensional k-representations
of Q, where Fv is the trivial rank dv vector bundle on RepQ,d.

Lemma 2.8. The tautological family F −→ RepQ,d has the local universal property;
that is, for every family E = ((Ev)v∈V , (ϕa)a∈A) −→ B of representations of Q over
a k-scheme B, there is an open covering B = ∪i∈IBi and morphisms fi : Bi −→
RepQ,d such that E|Bi ∼= f∗i F .

Proof. Take an open cover of B on which all the (finitely many) vector bundles Ev
are trivialisable, then the morphisms fi are determined by the morphisms ϕa. �

We will construct a quotient of the GQ,d-action on RepQ,d via geometric in-
variant theory (GIT) using a linearisation of the action by a stability parameter
θ = (θv)v∈V ∈ ZV . Let us set θ′ := (θ′v)v∈V where θ′v := θv

∑
α∈V dα−

∑
α∈V θαdα

for all v ∈ V ; then one can easily check that θ′-(semi)stability is equivalent to
θ-(semi)stability. We define a character χθ : GQ,d −→ Gm by

(2.3) χθ((gv)v∈V ) :=
∏
v∈V

(det gv)
−θ′v .
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Any such character χ : GQ,d −→ Gm defines a lifting of the GQ,d-action on RepQ,d
to the trivial line bundle RepQ,d×A1, where GQ,d acts on A1 via multiplication by
χ. As the subgroup ∆ ⊂ GQ,d, whose set of R-points (for R a k-algebra) is

(2.4) ∆(R) := {(tIdv )v∈V : t ∈ R×} ∼= Gm(R),

acts trivially on RepQ,d, invariant sections only exist if χ(R)(∆(R)) = {1R×} for all
R; this holds for χθ, as

∑
v∈V θ

′
vdv = 0. Let Lθ denote the line bundle RepQ,d×A1

endowed with the GQ,d-action induced by χθ and by Lnθ its n-th tensor power for
n ≥ 1 (endowed with the action of χnθ ). The invariant sections of Lnθ are χθ-semi-
invariant functions; that is, morphisms f : RepQ,d −→ A1 satisfying f(g ·M) =
χθ(g)n f(M) for all g ∈ GQ,d and all M ∈ RepQ,d.

Definition 2.9 (GIT (semi)stability). A point M ∈ RepQ,d is called:
(1) χθ-semistable if there exists an integer n > 0 and a GQ,d-invariant section

f of Lnθ such that f(M) 6= 0.
(2) χθ-stable if there exists an integer n > 0 and a GQ,d-invariant section

f of Lnθ such that f(M) 6= 0, the action of GQ,d on (RepQ,d)f is closed
and dimκ(M)(Stab(M)/∆κ(M)) = 0, where Stab(M) ⊂ GQ,d,κ(M) is the
stabiliser group scheme of M .

The set of χθ-(semi)stable points in RepQ,d is denoted Rep
χθ−(s)s
Q,d or, if we wish to

emphasise the group, Rep
(GQ,d,χθ)−(s)s
Q,d .

Evidently, Repχθ−ssQ,d and Repχθ−sQ,d areGQ,d-invariant open subsets. Moreover, these
subsets commute with base change (cf. [21, Proposition 1.14] and [33, Lemma 2]).
Mumford’s GIT (or, more precisely, Seshadri’s extension of GIT [33]) provides a
categorical and good quotient of the GQ,d-action on Repχθ−ssQ,d

π : Repχθ−ssQ,d −→ RepQ,d //χθGQ,d := Proj
⊕
n≥0

H0(RepQ,d,Lnθ )GQ,d ,

which restricts to a geometric quotient π|
Rep

χθ−s
Q,d

: Repχθ−sQ,d −→ Repχθ−sQ,d /GQ,d.

Given a geometric point M : Spec Ω −→ RepQ,d, let us denote by Λ(M) the set
of 1-parameter subgroups λ : Gm,Ω −→ GQ,d,Ω such that the morphism Gm,Ω −→
RepQ,d,Ω, given by the λ-action on M , extends to A1

Ω. As RepQ,d is separated, if
this morphism extends, its extension is unique. If M0 denotes the image of 0 ∈ A1

Ω,
the weight of the induced action of Gm,Ω on Lθ,Ω|M0 is (χθ,Ω, λ) ∈ Z, where (−,−)
denotes the natural pairing of characters and 1-parameter subgroups.

Proposition 2.10 (Hilbert-Mumford criterion [15]). For a geometric point M :
Spec Ω −→ RepQ,d, we have:

(1) M is χθ-semistable if and only if (χθ,Ω, λ) ≥ 0 for all λ ∈ Λ(M);
(2) M is χθ-stable if and only if (χθ,Ω, λ) ≥ 0 for all λ ∈ Λ(M), and (χθ,Ω, λ) =

0 implies Imλ ⊂ Stab(M), where Stab(M) ⊂ GQ,d,Ω is the stabiliser group
scheme of M .

Proof. If k is algebraically closed and Ω = k, this is [15, Proposition 2.5]; then the
above result follows as GIT (semi)stability commutes with base change. �

Before we relate slope (semi)stability and GIT (semi)stability for quiver repre-
sentations, let Repθ−ssQ,d (resp. Repθ−gsQ,d ) be the open subset of points in RepQ,d over
which the tautological family F is θ-semistable (resp. θ-geometrically stable).
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Proposition 2.11. For θ ∈ ZV , we have the following equalities of k-schemes:
(1) Repθ−ssQ,d = Repχθ−ssQ,d ;
(2) Repθ−gsQ,d = Repχθ−sQ,d .

Proof. Since all of these k-subschemes of RepQ,d are open, it suffices to verify these
equalities on k-points, for which one uses [15, Proposition 3.1] (we note that we use
the opposite inequality to King in our definition of slope (semi)stability, but this is
rectified by the minus sign appearing in (2.3) for the definition of χθ). �

Proposition 2.11 readily implies the result claimed at the end of §2.1, which we
state here for future reference.

Corollary 2.12. A k-representation W is θ-geometrically stable if and only if
k ⊗k W is θ-stable. In particular, if k = k, then θ-geometric stability is equivalent
to θ-stability.

Finally, we show the existence of coarse moduli spaces of θ-semistable (resp. θ-
geometrically stable) k-representations of Q for an arbitrary field k. For an alge-
braically closed field k, this result is proved in [15, Proposition 5.2].

Theorem 2.13. The k-varietyMθ−ss
Q,d := RepQ,d //χθGQ,d is a coarse moduli space

for the functor F θ−ssQ,d and the natural map F θ−ssQ,d (k) −→ Mθ−ss
Q,d (k) is surjective.

Moreover, Mθ−gs
Q,d := Repχθ−sQ,d /GQ,d is an open k-subvariety of Mθ−ss

Q,d which is
a coarse moduli space for the functor F θ−gsQ,d and the natural map F θ−gsQ,d (k) −→
Mθ−gs

Q,d (k) is bijective.

Proof. First, we verify thatMθ−ss
Q,d is a k-variety: it is of finite type over k, as the

ring of sections of powers of Lθ that are invariant for the reductive group GQ,d is
finitely generated. Moreover,Mθ−ss

Q,d is separated, as it is projective over the affine
k-scheme SpecO(RepQ,d)

GQ,d . FinallyMθ−ss
Q,d is integral, as Repχθ−ssQ,d is and this

property is inherited by the categorical quotient.
Since the tautological family Fθ−ss −→ Repθ−ssQ,d has the local universal property

by Lemma 2.8 and also the GQ,d-action on RepQ,d is such that M,M ′ ∈ RepQ,d
lie in the same GQ,d-orbit if and only if FM ∼= FM ′ , it follows that any GQ,d-
invariant morphism p : Repθ−ssQ,d −→ Y is equivalent to a natural transformation
ηp : F θ−ssQ,d −→ Hom(−, Y ) (cf. [22, Proposition 2.13]). As Repθ−ssQ,d = Repχθ−ssQ,d by
Proposition 2.11, and as π : Repχθ−ssQ,d −→ RepQ,d //χθGQ,d =Mθ−ss

Q,d is a universal
GQ,d-invariant morphism, it follows thatMθ−ss

Q,d co-represents F θ−ssQ,d , and similarly
Mθ−gs

Q,d co-represents F θ−gsQ,d .
The points of Mθ−ss

Q,d (k) are in bijection with equivalence classes of GQ,d(k)-
orbits of χθ-semistable k-points, where k-points M1 and M2 are equivalent if their
orbit closures intersect in Repχθ−ssQ,d (k) (cf. [33, Theorem 4]). By [15, Proposition
3.2.(ii)], this is the same as the S-equivalence of FM1

and FM2
as θ-semistable

k-representation of Q; hence the surjectivity of the natural map F θ−ssQ,d (k) −→
Mθ−ss

Q,d (k). Likewise, Mθ−ss
Q,d (k) is in bijection with the set of GQ,d(k)-orbits of

χθ-stable k-points of RepQ,d, which, by [15, Proposition 3.1], is in bijection with
the set of θ-stable d-dimensional k-representations of Q. �
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We end this section with a result that is used repeatedly in Sections 3.

Corollary 2.14. For M ∈ Repθ−gsQ,d , we have Stab(M) = ∆κ(M) ⊂ GQ,d,κ(M).

Proof. Stab(M) ⊂ GQ,d,κ(M) is isomorphic to Aut(FM ), where F −→ RepQ,d is the
tautological family, and FM is θ-geometrically stable. The endomorphism group
of a stable k-representation of Q is a finite dimensional division algebra over k
(cf. [14, Proposition 1.2.8]). Let κ(M) be an algebraic closure of κ(M); then, as
κ(M)⊗FM is θ-stable and κ(M) is algebraically closed, End(κ(M)⊗FM ) = κ(M).
Since κ(M)⊗End(FM ) ⊂ End(κ(M)⊗FM ), it follows that End(FM ) = κ(M) and
thus Aut(FM ) ' ∆κ(M). �

3. Rational points of the moduli space

Throughout this section, we assume that k is a perfect field and we fix an al-
gebraic closure k of k. For any k-scheme X, there is a left action of the Galois
group Galk := Gal(k/k) on the set of k-points X(k) as follows: for τ ∈ Galk and
x : Spec k −→ X, we let τ · x := x ◦ τ∗, where τ∗ : Spec k −→ Spec k is the mor-
phism of k-scheme induced by the k-algebra homomorphism τ : k −→ k. Since k
is perfect, the fixed-point set the Galk-action on X(k) is the set of k-points of X:
X(k) = X(k)Galk . If Xk = Spec k ×Spec k X, then Xk(k) = X(k) and Galk acts on
Xk by k-scheme automorphisms and, as k is perfect, we can recover X as Xk/Galk.

3.1. Rational points arising from rational representations. The moduli
space Mθ−ss

Q,d constructed in Section 2 is a k-variety, so the Galois group Galk :=

Gal(k/k) acts on Mθ−ss
Q,d (k) as described above and the fixed points of this ac-

tion are the k-rational points. Alternatively, we can describe this action using the
presentation ofMθ−ss

Q,d as the GIT quotient RepQ,d //χθGQ,d. The Galk-action on
RepQ,d(k) =

∏
a∈A Matdh(a)×dt(a)(k) and GQ,d(k) =

∏
v∈V GLdv (k) is given by

applying a k-automorphism τ ∈ Galk = Aut(k/k) to the entries of the matrices
(Ma)a∈A and (gv)v∈V . Both actions are by homeomorphisms in the Zariski topol-
ogy and the second action is by group automorphisms and preserves the subgroup
∆(k) defined in (2.4). We denote these actions as follows

(3.1)
Φ : Galk ×RepQ,d(k) −→ Rep(k)(

τ, (Ma)a∈A
)

7−→
(
τ(Ma)

)
a∈A

and

(3.2)
Ψ : Galk ×GQ,d(k) −→ GQ,d(k)(

τ, (gv)v∈V
)

7−→
(
τ(gv)

)
v∈V .

They satisfy the following compatibility relation with the action of GQ,d(k) on
RepQ,d(k): for all g ∈ GQ,d(k), all M ∈ Rep(k) and all τ ∈ Galk, one has

(3.3) Φτ (g ·M) = Ψτ (g) · Φτ (M)

(i.e., the GQ,d(k)-action on RepQ,d(k) extends to an action of GQ,d(k)oGalk). For
convenience, we will often simply denote Φτ (M) by τ(M) and Ψτ (g) by τ(g).

Proposition 3.1. The Galk-action on RepQ,d(k) preserves Rep
χθ−(s)s
Q,d (k). More-

over, if M1,M2 are two GIT-semistable points whose GQ,d(k)-orbits closures meet
in Repχθ−ssQ,d (k), then, for all τ ∈ Galk, the same is true for τ(M1) and τ(M2).
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Proof. The first statement holds, as the Galk-action preserves the χθ-semi-invariant
functions due to the compatibility relation (3.3), and moreover, for M ∈ RepQ,d(k)

and τ ∈ Galk, we have StabGQ,d(k)

(
τ(M)

)
= τ

(
StabGQ,d(k)(M)

)
. The second

statement follows from (3.3) and the continuity of τ in the Zariski topology of
Repχθ−ssQ,d (k). �

Proposition 3.1 combined with the compatibility relation (3.3) readily implies that
Galk acts on the set of k-points of the k-varieties Mθ−ss

Q,d = RepQ,d //χθGQ,d

and Mθ−gs
Q,d = Repθ−gsQ,d /GQ,d. Explicitly, the Galk-action on the orbit space

Repθ−gsQ,d (k)/GQ,d(k) is given by

(3.4) (GQ,d(k) ·M) 7−→ (GQ,d(k) · τ(M)).

Since k is assumed to be a perfect field, this Galk-action on the k-varietiesMθ−ss
Q,d (k)

andMθ−gs
Q,d (k) suffices to recover the k-schemesMθ−ss

Q,d andMθ−gs
Q,d . In particular,

the Galk-actions just described onMθ−ss
Q,d (k) andMθ−gs

Q,d (k) coincide with the ones
described algebraically at the beginning of the present section.

Remark 3.2. We can intrinsically define the Galois action on RepQ,d(k) by defining
a Galk-action on arbitrary k-representations of Q as follows. If W = ((Wv)v∈V ,
(ϕa)a∈A) is a k-representation of Q, then, for τ ∈ Galk, we define W τ to be the
representation (W τ

v , v ∈ V ;φτa; a ∈ A) where:

• W τ
v is the k-vector space whose underlying Abelian group coincides with

that of Wv and whose external multiplication is given by λ ·τ w := τ−1(λ)w
for λ ∈ k and w ∈Wv.

• The map φτa coincides with φa, which is k-linear for the new k-vector space
structures, as φτa(λ ·τ w) = φa(τ−1(λ)w) = τ−1(λ)φa(w) = λ ·τ φτa(w).

If ρ : W ′ −→ W is a morphism of k-representations and τ ∈ Galk, we denote by
ρτ : (W ′)τ −→ W τ the induced homomorphism (which set-theoretically coincides
with ρ). With these conventions, we have a right action, as W τ1τ2 = (W τ1)τ2 .
Moreover, if we fix a k-basis of each Wv, the matrix of φτa is τ(Ma), where Ma is
the matrix of φa, so we recover the Galk-action (3.1). We note that the construction
W 7−→W τ is compatible with semistability and S-equivalence, thus showing in an
intrinsic manner that Galk acts on the set of S-equivalence classes of semistable
d-dimensional representations of Q.

By definition of the moduli spacesMθ−ss
Q,d andMθ−gs

Q,d , we have natural maps

(3.5) F θ−ssQ,d (k) −→Mθ−ss
Q,d (k) and F θ−gsQ,d (k) −→Mθ−gs

Q,d (k),

where F θ−ssQ,d and F θ−gsQ,d are the moduli functors defined at (2.1). As k is perfect,
Mθ−ss

Q,d (k) =Mθ−ss
Q,d (k)Galk andMθ−gs

Q,d (k) =Mθ−gs
Q,d (k)Galk . The goal of the present

section is to use this basic fact in order to understand the natural maps (3.5).
As a matter of fact, our techniques will only apply to F θ−gsQ,d (k) −→ Mθ−gs

Q,d (k),
becauseMθ−gs

Q,d (k) is the orbit space Repθ−gsQ,d (k)/GQ,d(k) and all GIT-stable points

in RepQ,d(k) have the Abelian group ∆(k) ' k× as their stabiliser for the GQ,d(k)-
action.
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Note first that, by definition of the functor F θ−gsQ,d , we have

F θ−gsQ,d (k) ' Repθ−gsQ,d (k)/GQ,d(k),

so the natural map F θ−gsQ,d (k) −→Mθ−gs
Q,d (k) may be viewed as the map

fGalk : Repθ−gsQ,d (k)/GQ,d(k) −→
(

Repθ−gsQ,d (k)/GQ,d(k)
)Galk

GQ,d(k) ·M 7−→ GQ,d(k) · (k ⊗kM)

Proposition 3.3. The natural map F θ−gsQ,d (k) −→Mθ−gs
Q,d (k) is injective.

Proof. To prove this result, we identify this map with fGalk and we will show that
the non-empty fibres of fGalk are in bijection with the pointed set

ker
(
H1(Galk; ∆(k)) −→ H1(Galk;GQ,d(k))

)
where this map is induced by the inclusion ∆(k) ⊂ GQ,d(k). Then the result
follows from this claim, as H1(Galk; ∆(k)) = {1} by Hilbert’s 90th Theorem (for
example, see [31, Proposition X.1.2], where technically the statement is only shown
for finite Galois extensions, but the general case follows as H1(lim←−Gal(L/k); · ) '
lim←−H

1(Gal(L/k); · ), where the projective limit is taken over finite Galois sub-
extensions L/k).

It remains to prove the above claim about the fibres of fGalk . For this we consider
M1,M2 in Repθ−gsQ,d (k)Galk such that GQ,d(k)·M1 = GQ,d(k)·M2. Then there exists
g ∈ GQ,d(k) such that g ·M2 = M1. Therefore, for all τ ∈ Galk, we have

g−1 ·M1 = M2 = τ(M2) = τ(g−1 ·M1) = τ(g−1) · τ(M1),

so gτ(g−1) ∈ StabGQ,d(k)(M1) = ∆(k). It is straight-forward to check that the map

βM1,M2 : Galk −→ ∆(k)
τ 7−→ gτ(g−1)

is a normalised ∆(k)-valued 1-cocycle whose cohomology class only depends on
the GQ,d(k)Galk -orbits of M1 and M2. Thus the cohomology class [βM1,M2

] lies in
the kernel of the pointed map H1(Galk; ∆(k)) −→ H1(Galk;GQ,d(k)). Hence, for
[M1] := GQ,d(k) ·M1 ∈ Repθ−gsQ,d (k)/GQ,d(k), there is a map

f−1
Galk

(fGalk([M1])) −→ ker
(
H1(Galk; ∆(k)) −→ H1(Galk,GQ,d(k))

)
sending [M2] to βM1,M2 . We claim this map is bijective. To prove surjectivity,
suppose we have a 1-cocycle γ(τ) = gτ(g−1) ∈ ∆(k) that splits over GQ,d(k);
then τ(g−1 ·M1) = g−1 ·M1, since ∆(k) acts trivially on M1, so the cocycle β
defined using M1 and M2 := g−1 ·M1 as above is equal to γ. To prove that the
above map is injective, suppose that the ∆(k)-valued 1-cocycle β associated to M1

and M2 := g−1 ·M1 splits over ∆(k) (i.e. that there exists a ∈ ∆(k) such that
gτ(g−1) = aτ(a−1) for all τ ∈ Galk). Then, on the one hand, a−1g ∈ GQ,d(k)Galk ,
as τ(a−1g) = a−1g for all τ ∈ Galk, and, on the other hand,

(a−1g)−1 ·M1 = g−1 · (a−1 ·M1) = g−1 ·M1 = M2,

as ∆(k) acts trivially on RepQ,d(k). Therefore, GQ,d(k) ·M1 = GQ,d(k) ·M2. �
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In order to study the image of the natural map

fGalk : F θ−gsQ,d (k) −→Mθ−gs
Q,d (k)

we introduce a map T called the type map, fromMθ−gs
Q,d (k)Galk to the Brauer group

of k, denoted by Br(k):

(3.6) T :Mθ−gs
Q,d (k) −→ H2(Galk; k

×
) ∼= Br(k),

which is defined as follows. Consider an orbit

(GQ,d(k) ·M) ∈Mθ−gs
Q,d (k) = (Repθ−gsQ,d (k)/GQ,d(k))Galk ,

of which a representative M has been chosen. As this orbit is preserved by the
Galk-action, we have that, for all τ ∈ Galk, there is an element uτ ∈ GQ,d(k) such
that uτ · τ(M) = M . Note that for τ = 1Galk , we can simply take uτ = 1GQ,d(k),
which we will. Since (τ1τ2)(M) = τ1(τ2(M)), it follows from the compatibility
relation (3.3) that,

u−1
τ1τ2 ·M = τ1(u−1

τ2 ·M) = τ1(u−1
τ2 ) · τ1(M) = τ(u−1

τ2 )u−1
τ1 ·M.

Therefore, for all (τ1, τ2) ∈ Galk ×Galk, the element cu(τ1, τ2) := uτ1τ1(uτ2)u−1
τ1τ2

(which depends on the choice of the representativeM and the family u := (uτ )τ∈Galk

satisfying, for all τ ∈ Galk, uτ · τ(M) = M) lies in the stabiliser of M in GQ,d(k),
which is ∆(k) since M is assumed to be χθ-stable.

Proposition 3.4. The above map

cu : Galk ×Galk −→ ∆(k)
(τ1, τ2) 7−→ uτ1τ1(uτ2)u−1

τ1τ2

is a normalised ∆(k)-valued 2-cocycle whose cohomology class only depends on the
GQ,d(k)-orbit of M , thus this defines a map

T :Mθ−gs
Q,d (k)Galk −→ H2(Galk; ∆(k)) ' Br(k)

that we shall call the type map.

Proof. It is straightforward to check the cocycle relation

c(τ1, τ2)c(τ1τ2, τ3) = τ1(c(τ2, τ3))c(τ1, τ2τ3)

for all τ1, τ2, τ3 in Galk. If we choose a different family u′ := (u′τ )τ∈Galk such that
u′τ ·τ(M) = M for all τ ∈ Galk, then (u′τ )−1 ·M = uτ ·M , thus aτ := u′τu

−1
τ ∈ ∆(k)

and it is straightforward to check, using that ∆(k) is a central subgroup of GQ,d(k),
that

u′τ1τ1(u′τ2)
(
u′τ1τ2

)−1
=
(
aτ1τ1(aτ2)a−1

τ1τ2

) (
uτ1τ1(uτ2)u−1

τ1τ2

)
.

Therefore, the associated cocycles cu and cu′ are cohomologous. If we now replace
M with M ′ = g ·M for g ∈ GQ,d(k), then

τ(M ′) = τ(g) · τ(M) = τ(g)u−1
τ g−1 ·M ′

and, if we set u′τ := guττ(g−1), we have

cu′(τ1, τ2) = gcu(τ1, τ2)g−1 = cu(τ1, τ2),

where the last equality follows again from the fact that ∆(k) is central in GQ,d(k).
In particular, the two representativesM andM ′ give rise, for an appropriate choice
of the families u and u′, to the same cocycle, and thus they induce the same
cohomology class [cu] = [cu′ ]. �
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If k is a finite field Fq, then Br(Fq) = 0. Other useful examples of target spaces for
the type map are Br(R) ' Z/2Z and Br(Qp) ' Q/Z for all prime p. Moreover, the
group Br(Q) fits in a canonical short exact sequence

0 −→ Br(Q) −→ Br(R)⊕
⊕

p prime

Br(Qp) −→ Q/Z −→ 0.

Remark 3.5. We note that the type map T : Mθ−gs
Q,d (k) −→ H2(Galk,∆(k))

factors through the connecting homomorphism

δ : H1(Galk,GQ,d(k)) −→ H2(Galk,∆(k))

associated to the short exact sequence of groups

1 −→ ∆ −→ GQ,d −→ GQ,d := GQ,d/∆ −→ 1.

By definition of T , for a Galk-invariant orbit GQ,d(k) ·M in Mθ−gs
Q,d (k)Galk , we

choose elements uτ ∈ GQ,d(k) with u1 = 1GQ,d
such that uτ · τ(M) = M for all

τ ∈ Galk and then construct a ∆(k)-valued 2-cocycle cu(τ1, τ2) = uτ1τ1(uτ2)u−1
τ1τ2 . If

we let ūτ denote the image of uτ under the homomorphism GQ,d(k) −→ GQ,d(k),
then ū : Galk −→ GQ,d(k) is a normalised 1-cocycle, as uτ1τ1(uτ2)u−1

τ1τ2 ∈ ∆(k)
implies ūτ1τ2 = ūτ1τ1(ūτ2). Furthermore,

[cu] = δ([ū]).

As [cu] is independent of the choice of elements uτ and representative M of the
orbit, and δ is injective, it follows that [ū] ∈ H1(Galk,GQ,d(k)) is also independent
of these choices. Hence, the type map factors as T = δ ◦ T ′ where

T ′ :Mθ−gs
Q,d (k) −→ H1(Galk,GQ,d(k)).

This observation will be useful in Section 3.2. Note that, unlike that of T , the
target space of T ′ depends on the quiver Q.

Remark 3.6 (Intrinsic definition of the type map). The presentation ofMθ−gs
Q,d (k)

as the orbit space Repθ−gsQ,d (k)/GQ,d(k) is particularly well-suited for defining the
type map, as the stabiliser in GQ,d(k) of a point in Repθ−gsQ,d (k) is isomorphic to the
automorphism group of the associated representation of Q. We can intrinsically
define the type map, without using this orbit space presentation, as follows. A
point inMθ−gs

Q,d (k) corresponds to an isomorphism class of a θ-geometrically stable
k-representation W , and this point is fixed by Galk-action if, for all τ ∈ Galk, there
is an isomorphism uτ : W −→W τ . The relationW τ1τ2 = (W τ1)τ2 then implies that
c̃u(τ1, τ2) := u−1

τ1τ2u
τ2
τ1uτ2 is an automorphism ofW . Once Aut(W ) is identified with

k
×
, this defines a k

×
-valued 2-cocycle c̃u, whose cohomology class is independent

of the choice of the isomorphisms (uτ )τ∈Galk and the identification Aut(W ) ' k×.

We now use the type map to analyse which k-points of the moduli schemeMθ−gs
Q,d

actually correspond to k-representations of Q.

Theorem 3.7. The natural map F θ−gsQ,d (k) −→Mθ−gs
Q,d (k) induces a bijection

F θ−gsQ,d (k)
'−→ T −1([1]) ⊂Mθ−gs

Q,d (k)
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from the set of isomorphism classes of θ-geometrically stable d-dimensional k-
representations of Q onto the fibre of the type map T : Mθ−gs

Q,d (k) −→ Br(k) over
the trivial element of the Brauer group of k.

Proof. Identify this map with fGalk ; then it is injective by Proposition 3.3. If
GQ,d(k)·M lies in Im fGalk , we can choose a representativeM ∈ Repθ−gsQ,d (k)Galk , so
the relation uτ ·τ(M) = M is trivially satisfied if we set uτ = 1Galk for all τ ∈ Galk.
But then cu(τ1, τ2) ≡ 1∆(k) so, by definition of the type map, T (GQ,d(k) ·M) =

[cu] = [1], which proves that Im fGalk ⊂ T −1([1]). Conversely, takeM ∈ Repθ−gsQ,d (k)

with GQ,d(k) ·M ∈ T −1([1]). By definition of the type map, this means that there
exists a family (uτ )τ∈Galk of elements of GQ,d(k) such that u1Galk

= 1GQ,d(k),
uτ · τ(M) = M for all τ ∈ Galk and cu(τ1, τ2) := uτ1τ1(uτ2)u−1

τ1τ2 ∈ ∆(k) for all
(τ1, τ2) ∈ Galk ×Galk, and [cu] = [1], as T (GQ,d(k) ·M) = [cu] by construction of
T . By suitably modifying the family (uτ )τ∈Galk if necessary, we can thus assume
that uτ1τ1(uτ2) = uτ1τ2 , which means that (uτ )τ∈Galk is a GQ,d(k)-valued 1-cocycle
for Galk. Since GQ,d(k) =

∏
v∈V GLdv (k), we have

H1(Galk;GQ,d(k)) '
∏
v∈V

H1(Galk;GLdv (k))

so, by a well-known generalisation of Hilbert’s 90 (for instance, see [31, Proposition
X.1.3 p.151]), H1(Galk;GQ,d(k)) = 1. Therefore, there exists g ∈ GQ,d(k) such
that uτ = gτ(g−1) for all τ ∈ Galk. In particular, the relation uτ · τ(M) = M
implies that τ(g−1 ·M) = g−1 ·M , i.e. (g−1 ·M) ∈ RepQ,d(k)Galk , which shows
that T −1([1]) ⊂ Im fGalk . �

Example 3.8. If k is a finite field (so, in particular, k is perfect and Br(k) = 1),
then F θ−gsQ,d (k) 'Mθ−gs

Q,d (k): the set of isomorphism classes of θ-geometrically stable
d-dimensional k-representations of Q is the set of k-points of a k-varietyMθ−gs

Q,d .

3.2. Rational points that do not come from rational representations.
When the Brauer group of k is non-trivial, the type map T :Mθ−gs

Q,d (k) −→ Br(k)

can have non-empty fibres other than T −1([1]) (see Example 3.23). In particular,
by Theorem 3.7, the natural map F θ−gsQ,d (k) −→Mθ−gs

Q,d (k) is injective but not sur-
jective in that case. The goal of the present section is to show that the fibres of the
type map above non-trivial elements of the Brauer group of k still admit a modular
interpretation, using representations over division algebras

If [c] ∈ H2(Galk; k
×

) lies in the image of the type map, then by definition
there exists a representation M ∈ Repθ−gsQ,d (k) and a family (uτ )τ∈Galk such that
u1Galk

= 1GQ,d(k) and uτ · Φτ (M) = M for all τ ∈ Galk. Moreover, the given
2-cocycle c is cohomologous to the 2-cocycle cu : (τ1, τ2) 7−→ uτ1Ψτ1(uτ2)u−1

τ1τ2 .
In order to analyse such families (uτ )τ∈Galk in detail, we introduce the following
terminology, reflecting the fact that these families will later be used to modify the
Galk-action on RepQ,d(k) and GQ,d(k).

Definition 3.9 (Modifying family). A modifying family (uτ )τ∈Galk is a tuple,
indexed by Galk, of elements uτ ∈ GQ,d(k) satisfying:

(1) u1Galk
= 1GQ,d(k);
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(2) For all (τ1, τ2) ∈ Galk ×Galk, the element cu(τ1, τ2) := uτ1Ψτ1(uτ2)u−1
τ1τ2

lies in the subgroup ∆(k) ⊂ GQ,d(k).

In particular, if u = (uτ )τ∈Galk is a modifying family, then the induced map

cu : Galk ×Galk −→ ∆(k)

is a normalised ∆(k)-valued 2-cocycle. We now show that a modifying family can
indeed be used to define new Galk-actions on RepQ,d(k) and GQ,d(k).

Proposition 3.10. Let u = (uτ )τ∈Galk be a modifying family in the sense of Defi-
nition 3.9. Then we can define modified Galk-actions

Φu : Galk ×RepQ,d(k) −→ RepQ,d(k)
(τ,M) 7−→ uτ · Φτ (M)

and
Ψu : Galk ×GQ,d(k) −→ GQ,d(k)

(τ, g) 7−→ uτΨτ (g)u−1
τ

which are compatible in the sense of (3.3) and such that the induced Galk-actions
on Mθ−ss

Q,d (k) ' RepQ,d(k)//χθGQ,d(k) and Mθ−gs
Q,d (k) ' Repθ−gsQ,d (k)/GQ,d(k) co-

incide with the previous ones, constructed in (3.4).

Proof. The proof is a simple verification, using the fact that ∆(k) acts trivially
on RepQ,d(k) and is central in GQ,d(k), then proceeding as in Proposition 3.1 to
show that the modified Galk-action is compatible with semistability and stability
of k-representations. �

Let us denote by u RepQ,d(k)Galk the fixed-point set of Φu in RepQ,d(k) and by
uGQ,d(k)Galk the fixed subgroup of GQ,d(k) under Ψu. Proposition 3.10 then im-
mediately implies that uGQ,d(k)Galk acts on u RepQ,d(k)Galk and that the map
fGalk,u taking the uGQ,d(k)Galk -orbit of a θ-geometrically stable representation
M ∈u Repθ−gsQ,d (k)Galk to its GQ,d(k)-orbit in Mθ−s

Q,d (k) lands in T −1([cu]), since
one has uτ · τ(M) = M for such a representation. We then have the following
generalisation of Theorem 3.7.

Theorem 3.11. Let (uτ )τ∈Galk be a modifying family in the sense of Definition
3.9 and let cu : Galk ×Galk −→ ∆(k) ' k

×
be the associated 2-cocycle. Then the

map
fGalk,u : u Repθ−gsQ,d (k)Galk/uGQ,d(k)Galk −→ T −1([cu])

uGQ,d(k)Galk ·M 7−→ GQ,d(k) ·M
is bijective.

Proof. As ∆(k) is central in GQ,d(k), the action induced by Ψu on ∆(k) coin-
cides with the one induced by Ψ, so the injectivity of fGalk,u can be proved as
in Proposition 3.3. The proof of surjectivity is then exactly the same as in The-
orem 3.7. The only thing to check is that H1

u(Galk;GQ,d(k)) = 1, where the
subscript u means that Galk now acts on GQ,d(k) via the action Ψu; this follows
from the proof of [31, Proposition X.1.3 p.151] once one observes that, if one sets
Ψu
τ (x) := uττ(x) for all x ∈ k

dv , then one still has, for all A ∈ GLdv (k) and
all x ∈ kdv , Ψu

τ (Ax) = Ψu
τ (A)Ψu

τ (x). After that, the proof is the same as in loc.
cit.. �
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By Theorem 3.11, we can view the fibre T −1([cu]) as the set of isomorphism classes
of θ-geometrically stable, (Galk, u)-invariant, d-dimensional k-representations of Q.
Note that, in the context of (Galk, u)-invariant k-representations of Q, semistability
is defined with respect to (Galk, u)-invariant k-subrepresentations only. However,
analogously to Proposition 2.4, this is in fact equivalent to semistability with respect
to all subrepresentations. The same holds for geometric stability, by definition. We
have thus obtained a decomposition of the set of k-points of Mθ−gs

Q,d as a disjoint
union of moduli spaces, completing the proof of Theorem 1.1.

In order to give a more intrinsic modular description of each fibre of the type
map T −1([cu]) appearing in the decomposition ofMθ−gs

Q,d (k) given by Theorem 1.1,
we recall that the Brauer group of k is also the set of isomorphism classes of central
division algebras over k, or equivalently the set of Brauer equivalence classes of
central simple algebras over k. The dimension of any central simple algebra A over
k is a square and the index of A is then ind (A) :=

√
dimk(A).

Proposition 3.12. Assume that a central division algebra D ∈ Br(k) lies in the
image of the type map

T :Mθ−gs
Q,d (k) −→ H2(Galk; k

×
) ∼= Br(k).

Then the index of D divides the dimension vector; that is, d = ind (D)d′ for some
dimension vector d′ ∈ NV .

Proof. We recall from Remark 3.5 that T has the following factorisation

T :Mθ−gs
Q,d (k)

T ′ //H1(Galk,GQ,d(k))
δ //H2(Galk,∆(k)) ,

where for a Galk-invariant orbit GQ,d(k) ·M inMθ−gs
Q,d (k)Galk , we choose elements

uτ ∈ GQ,d(k) for all τ ∈ Galk such that u1 = 1GQ,d
and uτ · τ(M) = M , which

determines a GQ,d(k)-valued 1-cocycle ū : Galk −→ GQ,d(k) such that

T ′(GQ,d(k) ·M) = [ū].

For each vertex v ∈ V , the projection GQ,d −→ GLdv maps ∆ to the central
diagonal torus ∆v ⊂ GLdv , and so there is an induced map GQ,d −→ PGLdv . In
particular, this gives, for all v ∈ V , a commutative diagram

(3.7) H1(Galk,GQ,d(k)) //

��

H1(Galk,PGLdv (k))

��
H2(Galk,∆(k))

∼= //H2(Galk,∆v(k)).

Since, by the Noether-Skolem Theorem, PGLdv (k) ' Aut(Matdv (k)), we can view
H1(Galk,PGLdv (k)) as the set of central simple algebras of index dv over k (up to
isomorphism): the class [ū] ∈ H1(Galk,GQ,d(k)) then determines, for each v ∈ V ,
an element [ūv] ∈ H1(Galk,PGLdv (k)), which in turn corresponds to a central
simple algebra Av over k, of index dv. Moreover, if [ū] maps to the division algebra
D in Br(k), then we have, by the commutativity of Diagram (3.7), that D is Brauer
equivalent to Av for all vertices v (that is, Av ' Md′v

(D) for some d′v ≥ 1). If
e := ind (D), then dimk Av = (dimkD)(dimD Av) = e2d′v

2 so ind (Av) = ed′v, i.e.
dv = ed′v, for all v ∈ V . Thus, the index of D divides the dimension vector d. �



20 VICTORIA HOSKINS AND FLORENT SCHAFFHAUSER

Consequently, we obtain the following sufficient condition for the decomposition of
Mθ−gs

Q,d (k) to be indexed only by the trivial class in Br(k), in which case, all rational
points come from rational representations.

Corollary 3.13. Let d ∈ NV be a dimension vector which is not divisible by any
of the indices of non-trivial central division algebras over k; then Mθ−gs

Q,d (k) is
the set of isomorphism classes of θ-geometrically stable k-representations of Q of
dimension d.

Example 3.14. For k = R, we have Br(R) = {R,H} and ind (H) = 2; hence, for
any dimension vector d indivisible by 2, the setMθ−gs

Q,d (R) is the set of isomorphism
classes of θ-geometrically stable R-representations of Q of dimension d.

For a central division algebra D ∈ Br(k), we will interpret the fibre T −1(D) as
the set of isomorphism classes of θ-geometrically stable D-representations of Q of
dimension d′, where d = ind (D)d′ (cf. Theorem 3.20). First we give some prelimi-
nary results about D-representations of Q (by which we mean a representation of
Q in the category of D-modules). Note that, as D is a skew field, the category
Mod(D) of finitely generated D-modules behaves in the same way as a category
of finite dimensional vector spaces over a field: Mod(D) is a semisimple Abelian
category with one simple object D and we can talk about the dimension of objects
in Mod(D). We let RepD(Q) denote the category of representations of Q in the
category Mod(D), and we let RepdD(Q) denote the subcategory of d-dimensional
representations. Occasionally, we will encounter representations of Q in the cate-
gory of A-modules, where A is a central simple algebra A over k, but only fleetingly
(see Remark 3.15).

Let D ∈ Br(k) be a division algebra. Recall that the connecting homomorphisms

(3.8) H1(Galk,PGLe(k))
δe−→ H2(Galk; k

×
)

associated for all e ≥ 1 to the short exact sequences

1 −→ k
× −→ GLe(k) −→ PGLe(k) −→ 1

induce a bijective map

(3.9) lim−→
e

H1(Galk;PGLe(k))
δ−→ H2(Galk; k

×
) ' Br(k)

(see for instance [10, Corollary 2.4.10]), through which D is given by a cohomology
class [aD] ∈ H1(Galk;PGLe(k)) where e := ind (D) is the index of D. We can then
choose a GLe(k)-valued modifying family aD = (aD,τ )τ∈Galk such that, for each
τ ∈ Galk, the element aD,τ ∈ PGLe(k) is the image of aD,τ ∈ GLe(k) under the
canonical projection. If we denote by caD the Gm(k)-valued 2-cocycle associated
to the modifying family aD (see Definition 3.9), we have [caD ] = δ([aD]) = D in
Br(k). In particular, the class [caD ] is independent of the modifying family [aD]
chosen as above.

Remark 3.15. Let D ∈ Br(k) be a central division algebra of index e. Since
Br(k) = {1}, the central simple algebra k ⊗k D over k is Brauer equivalent to k;
that is, k⊗kD ∼= Mate(k). So, ifW is a d′-dimensional D-representation of Q, then
we can think of k ⊗k W as a d′-dimensional Mate(k)-representation of Q. For an
algebra R, under the Morita equivalence of categoriesMod(Mate(R)) 'Mod(R),
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the Mate(R)-module Mate(R) corresponds to the R-module Re. So, for d = ed′,
there is an equivalence of categories

Repd
′

k⊗kD
(Q) ∼= Repd

k
(Q).

In particular, we can view k ⊗k W as a d-dimensional k-representation of Q. This
point of view will be useful in the proof of Proposition 3.16. More generally, if L/k
is an arbitrary field extension, the central simple L-algebra L⊗kD is isomorphic to
a matrix algebra Mate(DL), where DL is a central division algebra over L uniquely
determined up to isomorphism. By the Morita equivalence Mod(Mate(DL)) '
Mod(DL), we can view the d′-dimensional Mate(DL)-representation L⊗k W as a
d-dimensional representation of Q over the central division algebra DL ∈ Br(L),
which is the point of view we shall adopt in Definition 3.18.

For a division algebraD ∈ Br(k), consider the functorRepQ,d′,D : c-Algk → Sets
(resp. AutQ,d′,D : c-Algk → Sets) assigning to a commutative k-algebra R the set

(3.10) RepQ,d′,D(R) =
⊕
a∈A

HomMod(R⊗kD)(R⊗k Dd′t(a) , R⊗k Dd′h(a))

(resp. AutQ,d′,D(R) =
∏
v∈V AutMod(R⊗kD)(R⊗kDd′v )), where d′ is any dimension

vector. Note that if D = k, these are the functor of points of the k-schemes RepQ,d′
and GQ,d′ introduced in Section 2.3. We will now show that, for all D ∈ Br(k),
these functors are representable by k-varieties, using Galois descent over the perfect
field k. Let e := ind (D) and choose a 1-cocycle [āD] ∈ H1(Galk,PGLe(k)) whose
image under δ, the bijective map from (3.9), is D. For each τ ∈ Galk, pick a lift
aD,τ ∈ GLe(k) of āD,τ . Let d := ed′ and consider the modified Galk-action on the
k-schemes RepQ,d,k := Spec k×k RepQ,d (resp. GQ,d,k := Spec k×kGQ,d) given by
the modifying family uD = (uD,τ )τ∈Galk defined by

(3.11) GLdv (k) 3 uD,τ,v :=

 aD,τ 0
. . .

0 aD,τ


 (d′v times)

(cf. Proposition 3.10). This descent datum is effective, as RepQ,d,k is affine so we
obtain a smooth affine k-variety RepQ,d′,D (resp. GQ,d′,D) such that

Spec k ×k RepQ,d′,D ' RepQ,d,k

(resp. Spec k ×k GQ,d′,D ' GQ,d,k); for example, see [11, Section 14.20].
For a commutative k-algebra R, we let R := k ⊗k R and we note that there is a

natural Galk-action on RepQ,d′,D(R). Moreover, the natural map

(3.12) RepQ,d′,D(R)→ RepQ,d′,D(R)Galk

is an isomorphism, by Galois descent for module homomorphisms, and similarly,
this map is an isomorphism for AutQ,d′,D.

Proposition 3.16. Let D ∈ Br(k) be a division algebra of index e := ind (D). For
a dimension vector d′, we let d := ed′. Then the functors RepQ,d′,D and AutQ,d′,D
introduced in (3.10) are representable, respectively, by the k-varieties RepQ,d′,D and
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GQ,d′,D defined as above using descent theory and the modifying family (3.11). In
particular, we have

RepQ,d′,D(k) =
⊕
a∈A

HomMod(D)(D
d′t(a) , Dd′h(a)) ' uD RepQ,d(k)Galk

and
GQ,d′,D(k) =

∏
v∈V

GLdv (D) ' uDGQ,d(k)Galk ,

so that RepQ,d′,D(k)/GQ,d′,D(k) is in bijection with the set of isomorphism classes
of d′-dimensional representations of Q over the division algebra D. Moreover, there
is an algebraic action of GQ,d′,D on RepQ,d′,D over k.

Proof. We will prove thatRepQ,d′,D is representable by the k-variety RepQ,d′,D ob-
tained by descent theory from RepQ,d,k using the modified Galois action associated
to the modifying family (3.11). The analogous statement for AutQ,d′,D is proved
similarly and the rest of the proposition is then clear. To prove the statement for
RepQ,d′,D, we need to check for all R ∈ c-Algk that RepQ,d′,D(R) ' RepQ,d(R)
(and these isomorphisms are functorial in R). By Galois descent and (3.12), it
suffices to show for R := k ⊗k R, that RepQ,d′,D(R) ' RepQ,d,k(R) and that the
natural Galois action on RepQ,d′,D(k) coincides with the uD-modified Galois ac-
tion on RepQ,d(k) defined as in Proposition 3.10 using the modifying family uD
introduced in (3.11). By definition of RepQ,d′,D, one has

RepQ,d′,D(R) =
⊕
a∈A

HomMod(R⊗kD)(R⊗k D
d′t(a) , R⊗k Dd′h(a)).

As the division algebra D is in particular a central simple algebra over k, the k-
algebra k ⊗k D is also central and simple (over k). Since k is algebraically closed,
this implies that k ⊗k D ' Mate(k), where e = ind(D). Likewise

(R⊗kDd′v ) ' (k⊗kR)⊗kDd′v ' R⊗k (k⊗kD)d
′
v ' R⊗k Mate(k)d

′
v ' Mate(R)d

′
v .

Through these isomorphisms, the canonical Galois action z ⊗ x 7−→ τ(z) ⊗ x on
R ⊗k D translates to M 7−→ aD,ττ(M)aD,τ−1 (see for instance [31, Chapter 10,
§5]), where M ∈ Mate(R) and the element aD,τ ∈ GLe(k) belongs to a family
that maps to D ∈ Br(k) under the isomorphism (3.9) and is the same as the one
used to define the modifying family uD in (3.11). Under the Morita equivalence
of categories Mod(Mate(R)) ' Mod(R) recalled in Remark 3.15, the Mate(R)-
module Mate(R)d

′
v corresponds to R

dv , so we have

RepQ,d′,D(R) '
⊕
a∈A

HomMod(R)(R
dt(a)

, R
dh(a)

) = RepQ,d,k(R).

The R-module R
dv ' (R

e
)d
′
v does not inherit a Galois action but instead a so-called

D-structure (see Example 3.23 for the concrete, non-trivial example where k = R
and D = H) given, for all τ ∈ Galk, by

ΦD,τ : (R
e
)d
′
v −→ (R

e
)d
′
v(

x1, . . . , xd′v
)
7−→

(
aD,ττ(x1), . . . , aD,ττ(xd′v )

)
where, for all i ∈ {1, . . . , d′v}, we have xi ∈ R

e
and aD,τ ∈ GLe(k), while τ ∈ Galk

acts component by component. This in turn induces a genuine Galois action on
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HomMod(R)(R
dt(a)

, R
dh(a)

), given by Ma 7−→ uD,τ,h(a)τ(Ma)u−1
D,τ,t(a), where uD is

the GQ,d(k)-valued modifying family defined in (3.11). In particular, this Galk-
action on RepQ,d(R) coincides with the Galk-action ΦuD of Proposition 3.10, which
concludes the proof. �

We also note that if D lies in the image of T , then there is a GQ,d(k)-valued
1-cocycle ū mapping to D under the connecting homomorphism by Remark 3.5. In
this case, a lift u = (uτ ∈ GQ,d(k))τ∈Galk of ū is a modifying family, which we can
use in place of the family uD given by (3.11), as [ū] = [ūD] ∈ H1(Galk,GQ,d(k)).

Remark 3.17. For an arbitrary field k and a division algebra D ∈ Br(k), one
can also construct a k-variety RepQ,d′,D (resp. GQ,d′,D) representing the functor
RepQ,d′,D (resp. AutQ,d′,D) by Galois descent for Gal(ks/k), where ks denotes a
separable closure of k. More precisely, for d := ind (D)d′, we use Galois descent for
the modified Gal(ks/k)-action on RepQ,d,ks := Spec ks×kRepQ,d (resp. GQ,d,ks :=
Spec ks ×k GQ,d) given by the family uD defined in (3.11). Then the above proof
can be adapted, once we note that we can still apply Remark 3.15, as Br(ks) = 0.

We now turn to notions of semistability for D-representations of Q. The slope-
type notions of θ-(semi)stability for k-representations naturally generalise to D-
representations (or, in fact, representations of Q in a category of modules), so we
do not repeat them here. As the definition of geometric stability is not quite so
obvious, we write it out explicitly.

Definition 3.18 (Geometric stability over division algebras). For a central division
algebra D of index e over k, a D-representation W of Q is called θ-geometrically
stable if, for all field extensions L/k, the representation L ⊗k W is θ-stable as a
DL-representation, where DL ∈ Br(L) is the unique central division algebra over L
such that L⊗k D ' Mate(DL).

We recall that a k-representationW is θ-geometrically stable if and only if the k-
representation k⊗kW is θ-stable. An analogous statement holds for representations
over a division algebra D ∈ Br(k), as we now prove.

Lemma 3.19. Let D be a division algebra over a perfect field k. Let d′ be a dimen-
sion vector and set d := ind (D)d′. Let W be a d′-dimensional D-representation of
Q. By Remark 3.15, the representation k ⊗k W can be viewed as a d-dimensional
representation of Q over k. Then the following statements are equivalent:

(1) W is θ-geometrically stable as a d′-dimensional D-representation of Q.
(2) k ⊗k W is θ-stable as a d-dimensional k-representation of Q.

Proof. By definition of geometric stability, it suffices to show that if k ⊗k W is
stable as a k-representation, then W is geometrically stable. So let L/k be a field
extension. As in Proposition 2.4, it suffices to treat separately the case where L/k
is algebraic and the case it is purely transcendental of transcendence degree one. If
L/k is algebraic, we can assume that L ⊂ k and we have that k ⊗L (L ⊗k W ) '
(k ⊗k W ), which is stable, so L ⊗k W is stable, as in Part (1) of Proposition
2.4. If L ' k(X), let us show that L ⊗k W is stable as a DL-representation.
Since k(X) ⊗k(X) (k(X) ⊗k W ) ' k(X) ⊗k W , by the same argument as earlier it
suffices to show that k(X)⊗kW is stable as a Dk(X)-representation. We have that
k(X)⊗kW ' k(X)⊗k (k⊗kW ). But since k⊗kW is stable as a k-representation
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by assumption and k is algebraically closed, k ⊗k W is geometrically stable by
Corollary 2.12, so k(X)⊗k (k ⊗k W ) is stable and the proof is complete. �

We can now give a modular interpretation of our decomposition in Theorem 1.1.

Theorem 3.20. Let k be a perfect field and D ∈ Br(k) be a division algebra in
the image of the type map T :Mθ−gs

Q,d (k) −→ H2(Galk; k
×

) ∼= Br(k); thus we have
d = ind (D)d′ and a modifying family uD such that [cuD ] = D ∈ Br(k). Then

T −1(D) ∼= uD Repθ−gsQ,d (k)Galk/uDGQ,d(k)Galk ∼= Repθ−gsQ,d′,D(k)/GQ,d′,D(k),

where the latter is the set of isomorphism classes of θ-geometrically stable D-
representations of Q of dimension d′.

Proof. The first bijection follows from Theorem 3.11 and the second one follows
from Proposition 3.16 and Lemma 3.19. �

Remark 3.21. For a non-perfect field k with separable closure ks, one should not
expect Theorem 3.20 to hold in its current form, because the ks-points of Mθ−gs

Q,d

do not necessarily correspond to isomorphism classes of θ-geometrically stable d-
dimensional ks-representations (whereas they do for k perfect, as the geometric
points of Mθ−gs

Q,d are as expected). This problem is an artefact of Mθ−gs
Q,d being

constructed as a GIT quotient.

Lemma 3.22. Let k be a separably closed field andW be a θ-stable k-representation
of Q; then

(1) W is a simple k-representation, and thus Aut(W ) ∼= Gm,
(2) W is θ-geometrically stable.

In particular, over a separably closed field, geometric stability and stability coincide.

Proof. As W is θ-stable, it follows that every endomorphism of W is either zero
or an isomorphism; thus End(W ) is a division algebra over k. As k is separably
closed, Br(k) = 0 and so End(W ) = k and Aut(W ) = Gm. However, for a sim-
ple representation, stability and geometric stability coincide (for example, one can
prove this by adapting the argument for sheaves in [14, Lemma 1.5.10] to quiver
representations). �

Theorem 1.2 then follows immediately from Theorems 1.1 and 3.20. Finally, let us
explicitly explain this modular decomposition for the example of k = R.

Example 3.23. Let k = R and let [c] = −1 ∈ Br(R) ' {1,−1} ' {R,H}. Then
a modifying family corresponds to an element u ∈ GQ,d(C) =

∏
v∈V GLdv (C)

such that, for all v ∈ V , uvuv = −Idv , implying that |detuv|2 = (−1)dv , which
can only happen if dv = 2d′v is even for all v ∈ V . We then have a quaternionic
structure on each Cdv ∼= Hd′v , given by x 7−→ uvx and a modified GalR-action on
RepQ,d(C), given by (Ma)a∈A 7−→ uh(a)Mau

−1
t(a). The fixed points of this involution

are those (Ma)a∈A satisfying uh(a)Mau
−1
t(a) = Ma, i.e. those C-linear maps Ma :

Wt(a) −→ Wh(a) that commute with the quaternionic structures defined above,
and thus are H-linear. The subgroup of GQ,d(C) =

∏
v∈V GLdv (C) consisting, for

each v ∈ V , of automorphisms of the quaternionic structure of Cdv is the real Lie
group GQ,d(C)(GalR,u) =

∏
v∈V U∗(dv), where U∗(2n) = GLn(H). Hence, the fibre

T −1(−1) of the type map is in bijection with the set of isomorphism classes of
θ-geometrically stable quaternionic representations of Q of dimension d′.
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4. Gerbes and twisted quiver representations

4.1. An interpretation of the type map via gerbes. In this section, we give
an alternative description of the type map using Gm-gerbes which works over any
field k. The following result collects the relevant results that we will need on gerbes
and torsors; for further details and the definition of a gerbe, see [23, Chapter 12].

Proposition 4.1. Let X be an Artin stack over k and let G,G′ and G′′ be affine
algebraic group schemes over k; then the following statements hold.

(1) [23, Corollary 12.1.5] There is a natural bijection

H1
ét(X, G) ' {isomorphisms classes of G-torsors over X}.

(2) [23, 12.2.8] For G commutative, there is a natural bijection

H2
ét(X, G) ' {isomorphisms classes of G-gerbes over X}.

(3) [23, Lemma 12.3.9] A short exact sequence 1 −→ G′ −→ G −→ G′′ −→ 1
with G′ commutative and central in G induces an exact sequence

H1
ét(X, G

′) //H1
ét(X, G) //H1

ét(X, G
′′)

δ //H2
ét(X, G

′).

Moreover, the isomorphism class of a G′′-torsor P −→ X, such that P is
representable by a k-scheme, has image under δ given by the class of the
G′-gerbe GG(P) of liftings of P to G (cf. Definition 4.2).

Definition 4.2. For a short exact sequence 1 −→ G′ −→ G −→ G′′ −→ 1 of affine
algebraic groups schemes over k with G′ abelian and a principal G′′-bundle P over
an Artin stack X over k, the gerbe GG(P) of liftings of P to G is the G′-gerbe
over X whose groupoid over S −→ X, for a k-scheme S, has objects given by pairs
(Q, f : Q −→ PS) consisting of a principal G-bundle Q over S and an S-morphism
f : Q −→ PS := P ×X S which is equivariant with respect to the homomorphism
G −→ G′′. An isomorphism between two objects (Q, f) and (Q′, f ′) over S is an
isomorphism ϕ : Q −→ Q′ of G-bundles such that f = f ′ ◦ ϕ.

Let us now turn our attention to quiver representations and consider the stack of
d-dimensional representations of Q over an arbitrary field k, which is the quotient
stack

MQ,d = [RepQ,d /GQ,d].

Since GQ,d = GQ,d/∆ and the group ∆ ∼= Gm acts trivially on RepQ,d, the natural
morphism

π : MQ,d = [RepQ,d /GQ,d] −→ X := [RepQ,d /GQ,d]

is a Gm-gerbe. If we restrict this gerbe to the θ-geometrically stable locus, then the
base is a scheme rather than a stack, namely the moduli space of θ-geometrically
stable representations of Q

πθ−gs : Mθ−gs
Q,d := [Repθ−gsQ,d /GQ,d] −→Mθ−gs

Q,d = [Repθ−gsQ,d /GQ,d].

The Brauer group Br(k) can also be viewed as the set of isomorphism classes of Gm-
gerbes over Spec k, by using Proposition 4.1 and the isomorphism H2(Galk, k

×
) ∼=

H2
ét(Spec k,Gm) given by Grothendieck’s Galois theory. By pulling back the Gm-

gerbe π along a point r : Spec k −→ X, we obtain a Gm-gerbe Gr := r∗MQ,d −→
Spec k. This defines a morphism

(4.1) G : X(k) −→ H2
ét(Spec k,Gm) ∼= Br(k),
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whose restriction to the θ-geometrically stable locus, we denote by

Gθ−gs :Mθ−gs
Q,d (k) −→ H2

ét(Spec k,Gm) ∼= Br(k).

In Corollary 4.6, we will show that Gθ−gs coincides with the type map

T :Mθ−gs
Q,d (k) −→ H2(Galk,∆(k)) ∼= Br(k)

constructed above. In order to compare the above morphism Gθ−gs with the type
map T , we recall from Remark 3.5 that the type map factors as T = δ ◦T ′; that is,

T :Mθ−gs
Q,d (k)

T ′ //H1(Galk,GQ,d(k))
δ //H2(Galk,∆(k))

for the connecting homomorphism δ associated to the short exact sequence

1 −→ ∆ −→ GQ,d −→ GQ,d −→ 1.

We will also refer to T ′ as the type map.
Let us describe a similar factorisation of G. The morphism p : RepQ,d −→ X =

[RepQ,d /GQ,d] is a principal GQ,d-bundle and determines a map

(4.2) P : X(k) −→ H1
ét(Spec k,GQ,d)

r 7→ [Pr],

where Pr is the GQ,d-bundle Pr := r∗RepQ,d −→ Spec k. We denote the restriction
of P to the θ-geometrically stable subset by

Pθ−gs :Mθ−gs
Q,d (k) −→ H1

ét(Spec k,GQ,d).

By a slight abuse of notation, we will use δ to denote both the connecting maps

δ : H1
ét(Spec k,GQ,d) −→ H2

ét(Spec k,Gm)

and
δ : H1

ét(X,GQ,d) −→ H2
ét(X,Gm)

in étale cohomology given by the exact sequence 1 −→ ∆ −→ GQ,d −→ GQ,d −→ 1.

Lemma 4.3. The Gm-gerbe GGQ,d
(RepQ,d) −→ X of liftings of the principal GQ,d-

bundle p : RepQ,d −→ X to GQ,d is equal to MQ,d −→ X. In particular, we have

δ([RepQ,d]) = [MQ,d].

Proof. Let us write P := RepQ,d −→ X and G := GGQ,d
(P); then we will construct

isomorphisms
α : G � MQ,d : β

of stacks over X. First, we recall that MQ,d = [P/GQ,d] is a quotient stack, and
so, for a k-scheme S, its S-valued points are pairs (Q, h : Q −→ P) consisting of a
principal GQ,d-bundle Q over S and a GQ,d-equivariant morphism h.

Let S −→ X be a morphism from a scheme S; then we define the functor αS :
G(S) −→ MQ,d(S) as follows. For an object (Q, f : Q −→ PS) ∈ G(S), we can
construct a morphism h : Q −→ P as the composition of f with the projection
PS −→ P. As f is equivariant with respect to GQ,d −→ GQ,d and ∆ acts trivially
on P, it follows that h is GQ,d-equivariant. Thus αS(Q, f) := (Q, h) ∈ MQ,d(S).
Since the isomorphisms on both sides are given by isomorphisms of GQ,d-bundles
over S satisfying the appropriate commutativity properties, it is clear how to define
αS on isomorphisms. Conversely, to define βS , we take an object (Q, h : Q −→
P) ∈ MQ,d(S) given by a GQ,d-bundle Q over S and a GQ,d-equivariant map
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h. By the universal property of the fibre product PS = P ×X S, a morphism
h : Q −→ P is equivalent to a S-morphism f : Q −→ PS , where here we use the
fact that P, S and PS are all k-schemes, so that this S-morphism is unique. Since
∆ acts trivially P = RepQ,d, the GQ,d-equivariance of h is equivalent to h being
equivariant with respect to the homomorphism GQ,d −→ GQ,d, so it follows that
f is also equivariant for this homomorphism. Hence βS(Q, h) := (Q, f) ∈ G(S).
From their constructions, it is clear that α and β are inverses.

The final statement follows from Proposition 4.1. �

Corollary 4.4. The following triangle commutes

[RepQ,d /GQ,d](k)
G //

P ((

H2
ét(Spec k,Gm).

H1
ét(Spec k,GQ,d).

δ

77

Proof. Since G (resp. P) is defined by pointwise pulling back the Gm-gerbe π :
MQ,d −→ X (resp. the GQ,d-bundle p : RepQ,d −→ X), this follows immediately
from Lemma 4.3. �

Consequently, it will suffice to compare the maps Pθ−gs and T ′. Let us explicitly
describe the Čech cocycle representing [Pr] for r ∈ X(k). We pick a finite separable
extension L/k such that (Pr)L −→ SpecL is a trivialGQ,d-bundle; that is, it admits
a section σ ∈ Pr(L) ⊂ RepQ,d(L), which corresponds to a L-representationWr ofQ.
Over Spec(L⊗k L), the transition functions determine a cocycle ϕ ∈ GQ,d(L⊗k L)

such that p∗1σ = ϕ ·p∗2σ in Pr(L⊗kL). Then ϕ is a Čech cocycle whose cohomology
class in H1

ét(Spec k,GQ,d) represents the GQ,d-torsor Pr.
For k perfect, let us recall the relationship between étale cohomology and Galois

cohomology given by Grothendieck’s generalised Galois theory (cf. [38, Tag 03QQ]).
For all finite Galois extensions L/k, the isomorphisms

h : GalL/k ×SpecL −→ SpecL×Spec k SpecL
(τ, s) 7→ hτ (s) := (s, τ∗(s))

induce isomorphisms γ : Hi(Galk, G(k)) ∼= Hi
ét(Spec k,G) for i = 1 and any affine

group scheme G over k, and for i = 2 and G/k a commutative group scheme.

Proposition 4.5. Let k be a perfect field; then the type map T ′ : Mθ−gs
Q,d (k) −→

H1(Galk,GQ,d(k)) agrees with the map Pθ−gs : Mθ−gs
Q,d (k) −→ H1

ét(Spec k,GQ,d)

under the isomorphism H1
ét(Spec k,GQ,d) ∼= H1(Galk,GQ,d(k)).

Proof. Let r ∈ Mθ−gs
Q,d (k); then the GQ,d-bundle Pr := r∗RepQ,d −→ Spec k triv-

ialises over some finite separable extension L/k as above, and we can assume that
L/k is a finite Galois extension, by embedding L/k in a Galois extension if necessary.
Then there is a section σ ∈ Pr(L) ⊂ RepQ,d(L) corresponding to a L-representation
W of Q, and the transition maps are encoded by a cocycle ϕ ∈ GQ,d(L⊗k L) such
that p∗1σ = ϕ · p∗2σ. Under the isomorphism γ, the cocycle ϕ is sent to a 1-cocycle
uL : GalL/k −→ GQ,d(L) such that, for τL ∈ GalL/k, we have

h∗τLϕ = uL,τL ∈ GQ,d(L),
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for the morphism hτL : SpecL −→ SpecL×k SpecL described above. Furthermore,
by pulling back the equality p∗1σ = ϕ · p∗2σ along hτL , for each τL ∈ GalL/k, we
obtain an equality

W = uL,τL · τL(W )

for all τL ∈ Gal(L/k). Hence, the orbit GQ,d(L) ·W is GalL/k-fixed.
By precomposing the 1-cocycle uL : GalL/k −→ GQ,d(L) with the homomor-

phism Galk −→ GalL/k and postcomposing with the inclusionGQ,d(L) ↪→ GQ,d(k),
we obtain a new 1-cocycle

u : Galk −→ GQ,d(k).

For τ ∈ Galk, we let τL denote the image of τ under Galk −→ GalL/k. Then

uτ · τ(W ⊗L k) = uτ · (τL(W )⊗L k) = (uL,τL · τL(W ))⊗L k = W ⊗L k.

Thus GQ,d(k) · (W ⊗L k) ∈ Mθ−gs
Q,d (k)Galk and this Galois fixed orbit corresponds

to the k-rational point r ∈ Mθ−gs
Q,d (k). Moreover, by construction of T ′, we have

T ′(r) = [u] (cf. Remark 3.5). �

Corollary 4.6. Under the isomorphism H2
ét(Spec k,Gm) ∼= H2(Galk,Gm(k)), the

type map for a perfect field k

T :Mθ−gs
Q,d (k) −→ H2(Galk,Gm(k)) ∼= Br(k)

coincides with the map

Gθ−gs :Mθ−gs
Q,d (k) −→ H2(Spec k,Gm) ∼= Br(k)

determined by the Gm-gerbe πθ−gs : Mθ−gs
Q,d −→M

θ−gs
Q,d .

Proof. This follows from Proposition 4.5, Remark 3.5 and Corollary 4.4. �

Both points of view are helpful: the definition of the type map T using the GIT
construction ofMθ−gs

Q,d is useful due to its explicit nature, whereas the definition of
the map G using the Gm-gerbe Mθ−gs

Q,d −→M
θ−gs
Q,d is more conceptual.

4.2. Twisted quiver representations. In this section, we define a notion of
twisted quiver representations over an arbitrary field k (where the twisting is given
by an element in the Brauer group Br(k)) analogous to the notion of twisted sheaves
due to Căldăraru, de Jong and Lieblich [4, 5, 19].

Let α : Z −→ Spec k be a Gm-gerbe. For an étale cover S = SpecL −→ Spec k
given by a finite separable extension L/k, we let S2 := S ×k S = Spec(L ⊗k L)
and S3 := S ×k S ×k S and so on. We use the notation p1, p2 : S2 −→ S and
pij : S3 −→ S2 to denote the natural projection maps. We will often use such an
étale cover to represent α by a Čech cocycle α ∈ Γ(S3,Gm) = (L ⊗k L ⊗k L)×

whose pullbacks to S4 satisfy the natural compatibility conditions.
Let us first give a definition of twisted quiver representations, which is based on

Căldăraru’s definition of twisted sheaves. The definition based on Lieblich’s notion
of twisted sheaves is discussed in Remark 4.9.

Definition 4.7. Let α : Z −→ Spec k be a Gm-gerbe and take an étale cover
S = SpecL −→ Spec k, such that α is represented by a Čech cocycle α ∈ Γ(S3,Gm).
Then an α-twisted k-representation of Q (with respect to this presentation of α as
a Čech cocycle) is a tuple (W,ϕ) consisting of an L-representation W of Q and an
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isomorphism ϕ : p∗1W −→ p∗2W of L ⊗k L-representations satisfying the α-twisted
cocycle condition

ϕ23 ◦ ϕ12 = α · ϕ13

as morphisms of L ⊗k L ⊗k L-representations, where ϕij = p∗ijϕ. We define the
dimension vector of this twisted representation by

dim(W,ϕ) :=
dimL(W )

ind (α)
,

where by the index of α, we mean the index of a division algebra D representing
the same class in Br(k).

A morphism between two α-twisted k-representations (W,ϕ) and (W ′, ϕ′) is
given by a morphism ρ : W −→W ′ of L-representations such that p∗2ρ◦ϕ = p∗1ρ◦ϕ′.

Example 4.8. If Q is a quiver with one vertex and no arrows, then an α-twisted
representation ofQ over k is an α-twisted sheaf over Spec k in the sense of Căldăraru,
which we refer to as an α-twisted k-vector space.

We define Repk(Q,α) to be the category of α-twisted k-representations of Q; one
can check that this category does not depend on the choice of étale cover on which
α trivialises, or on the choice of a representative of the cohomology class of α in
H2

ét(Spec k,Gm) analogously to the case for twisted sheaves cf. [4, Corollary 1.2.6
and Lemma 1.2.8]. Furthermore, if the class of α is trivial, then there is an equiva-
lence of categories Repk(Q,α) ∼= Repk(Q). We have the expected functoriality for
a field extension K/k: there is a functor

−⊗k K : Repk(Q,α) −→ RepK(Q,α⊗k K)

(cf. [4, Corollary 1.2.10] for the analogous statement for twisted sheaves). One can
also define families of α-twisted representations over a k-scheme T , where α is the
pullback of a Gm-gerbe on Spec k to T or, more generally, α is any Gm-gerbe on T .

Remark 4.9. Alternatively, for a Gm-gerbe α : Z −→ Spec k one can define α-
twisted k-representations of Q in an analogous manner to Lieblich [19] as a tuple
(Fv, ϕa : Ft(a) −→ Fh(a)) consisting of α-twisted locally free coherent sheaves Fv
and homomorphisms ϕa of twisted sheaves, where an α-twisted sheaf F is a sheaf
of OZ-modules over Z whose scalar multiplication homomorphism from this module
structure coincides with the action map Gm ×F −→ F coming from the fact that
Z is a Gm-gerbe.

Căldăraru proves that twisted sheaves can be interpreted as modules over Azu-
maya algebras. More precisely, for a scheme X and Brauer class α ∈ Br(X) that
is the class of an Azumaya algebra A over X, the category of α-twisted sheaves
Mod(X,α) over X is equivalent to the categoryMod(A) of (right) A-modules by
[4, Theorem 1.3.7]. This equivalence is realised by showing that A is isomorphic
to the endomorphism algebra of an α-twisted sheaf E (cf. [4, Theorem 1.3.5]) and
then

−⊗ E∨ :Mod(X,α) −→Mod(A)

gives the desired equivalence.
Let us describe this equivalence over X = Spec k. Let D be a central division

algebra over k (or more generally a central simple algebra over k). Then D splits
over some finite Galois extension L/k; that is, there is an isomorphism

(4.3) j : D ⊗k L −→Mn(L),



30 VICTORIA HOSKINS AND FLORENT SCHAFFHAUSER

where n = ind (D). The isomorphism j and the GalL/k-action on L and Mn(L)
determine a 1-cocycle aD : GalL/k −→ PGLn(L) = Aut(Mn(L)) such that D
corresponds to δn(aD) ∈ Br(k), where δn is the connecting homomorphism for the
short exact sequence 1 −→ Gm −→ GLn −→ PGLn −→ 1 (for example, see [10,
Theorem 2.4.3]). More precisely, D is the fixed locus for the twisted GalL/k-action
on Mn(L) defined by the 1-cocycle aD

(4.4) D = (aDMn(L))GalL/k .

Let α ∈ H2
ét(Spec k,Gm) correspond to D ∈ Br(k); then α can be represented by a

Čech cocycle on the étale cover given by L/k. By [4, Theorem 1.3.5], there is an α-
twisted k-vector space E := (E,ϕ) such that D is isomorphic to the endomorphism
algebra of this twisted vector space. Explicitly, we have E := Ln and ϕ : p∗1E −→
p∗2E is an isomorphism which induces the isomorphism

p∗1 EndL(E) −→ p∗1(D ⊗k L) ∼= D ⊗k L⊗k L ∼= p∗2(D ⊗k L) −→ p∗2 EndL(E),

where the first and last maps are pullbacks of the composition of the isomorphism
j : D⊗k L ∼= Mn(L) with the isomorphism Mn(L) ∼= End(E); the existence of such
an isomorphism ϕ is given by the Noether-Skolem Theorem and one can check that
E := (E,ϕ) is an α-twisted sheaf, whose endomorphism algebra is

End(E) = (aDEndL(E))GalL/k ∼= (aDMn(L))GalL/k = D.

Then Căldăraru’s equivalence is explicitly given by

(4.5) −⊗kE∨ :Mod(k, α) −→Mod(D).

With our conventions on dimensions of twisted vector spaces, dim E = 1 and the
image of this twisted vector space under this equivalence is the trivial module D.

For a division algebra D, we let RepD(Q) denote the category of representations
of a quiver Q in the category of D-modules.

Proposition 4.10. Let D be a central division algebra over a field k and α be
a Gm-gerbe over k representing the same class in Br(k) as D. Then there is an
equivalence of categories

F : Repk(Q,α) ∼= RepD(Q).

Proof. Unravelling Definition 4.7, we see that the category Repk(Q,α) is equivalent
to the category of representations of Q in the categoryMod(k, α) of α-twisted k-
vector spaces, which we denote by Q−Mod(k, α). By [4, Theorem 1.3.7], there is
an equivalence

Mod(k, α) ∼=Mod(D)

as described in (4.5) above. Hence, we deduce equivalences

Repk(Q,α) ∼= Q−Mod(k, α) ∼= Q−Mod(D)

and by definition RepD(Q) := Q−Mod(D). �

There is a natural notion of θ-(semi)stability for twisted representations of Q,
which involves checking the usual slope condition for twisted subrepresentations,
where the dimension of a twisted quiver representation is given in Definition 4.7.
By using the functoriality of twisted quiver representations for field extensions, we
can also define θ-geometric stability.
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Lemma 4.11. Under the equivalence F of Proposition 4.10, if W := (W,ϕ) is an
α-twisted representation of Q over k, then

dimD(F (W)) = dim(W).

Moreover, θ-(semi)stability (resp. θ-geometric stability) of a twisted representation
W is equivalent to θ-(semi)stability (resp. θ-geometric stability) of the corresponding
D-representation F (W) of Q.

Proof. The first claim follows by construction of the equivalence of F using the
α-twisted k-vector space E = (Ln, ϕ) as in (4.5): as we already observed, D is
the image of E under (4.5) and dim(E) = 1 = dimD(D). Then the claim about
θ-(semi)stability follows from this first claim. For the preservation of geometric
stability, we note that for any field extension K/k we have a commutative diagram

Rep(k, α)

−⊗kK
��

Fk //Mod(D)

−⊗kK
��

Rep(K,α⊗k K)
FK //Mod(D ⊗k K)

and also FL preserves θ-(semi)stability, by a similar argument. �

We can now reinterpret the rational points of the moduli spaceMθ−gs
Q,d as twisted

quiver representations.

Theorem 4.12. Let k be a perfect field; thenMθ−gs
Q,d (k) is the disjoint union over

[α] ∈ Im (T : Mθ−gs
Q,d (k) −→ Br(k)) of the set of isomorphism classes of α-twisted

θ-geometrically stable d′-dimensional k-representations of Q, where d = ind (α)d′.

Proof. This follows from Theorem 1.2, Proposition 4.10 and Lemma 4.11. �

4.3. Moduli of twisted quiver representations. For a Gm-gerbe α over a field
k, we let αMQ,d′,k denote the stack of α-twisted d′-dimensional k-representations
of Q. Following Proposition 4.10 and Lemma 4.11 (or strictly speaking a version
of this equivalence in families), this stack is isomorphic to the stack MQ,d′,D of
d′-dimensional D-representations of Q, where D is a central division algebra over
k corresponding the cohomology class of α.

Proposition 4.13. Let k be a field, D be a central division algebra over k and
α : Z −→ Spec k be a Gm-gerbe, whose cohomology class is equal to D. Then we
have isomorphisms

αMQ,d′,k
∼= MQ,d′,D

∼= [RepQ,d′,D /GQ,d′,D]

where the k-varieties RepQ,d′,D and GQ,d′,D are constructed in Proposition 3.16.

Proof. We have already explained the first isomorphism. For the second, we use
the fact that there is a tautological family of d′-dimensional D-representations of
Q over RepQ,d′,D which is obtained by Galois descent for the tautological family
over RepQ,d,ks , where ks denotes a separable closure of k and d := ind (D)d′. �

As described in §4.1, the type map T : Mθ−gs
Q,d (k) −→ Br(k) extends to a map

G : [RepQ,d /GQ,d](k) −→ Br(k) defined in (4.1). If a division algebra D lies
in the image of G, then it also lies in the image of P : [RepQ,d /GQ,d](k) −→
H1

ét(Spec k,GQ,d). Then we can use the corresponding GQ,d(k
s)-valued 1-cocycle
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on Galk to modify the Galk-action on RepQ,d,ks in order to obtain the k-varieties
RepQ,d′,D and GQ,d′,D with d = ind (D)d′ analogously to Proposition 3.16, where
here ks denotes a separable closure of k.

We recall that a k-form of a ks-scheme X is a k-scheme Y such that X ∼= Y ×kks.
For a central division algebra D over k and dimension vectors d, d′ such that d =
ind (D)d′, the k-variety RepQ,d′,D (resp. GQ,d′,D) is a k-form of the affine scheme
Rep×k ks = RepQ,d,ks (resp. the reductive group G ×k ks = GQ,d,ks), as already
seen in the proof of Proposition 3.16 (see also Remark 3.17). In particular, GQ,d′,D

is reductive, as its base change to ks is reductive.
The following result and Theorem 1.3 can be viewed as quiver versions of anal-

ogous statements for twisted sheaves due to Lieblich (cf. [19, Proposition 3.1.2.2]).

Proposition 4.14. For a field k with separable closure ks, the moduli stack MQ,d,ks

has different k-forms given by the moduli stacks αMQ,d′,k for all α in the image of
the map

G : [RepQ,d /GQ,d](k) −→ Br(k),

where d = ind (α)d′.

Proof. By Proposition 4.13, we have αMQ,d′,k ×k ks ∼= [RepQ,d′,D /GQ,d′,D]×k ks,
which is isomorphic to

[RepQ,d′,D ×kks/GQ,d′,D ×k ks] ∼= [RepQ,d,ks /GQ,d,ks ] ∼= MQ,d,ks

by Proposition 3.16 and Remark 3.17. �

For a central division algebra D over k and dimension vectors d, d′ such that
d = ind (D)d′, we note that the reductive k-group GQ,d′,D acts on the k-variety
RepQ,d′,D. We can consider the GIT quotient for this action with respect to the
character χθ : GQ,d′,D −→ Gm obtained by Galois descent from the character
χθ : GQ,d,k −→ Gm,k. Since RepQ,d′,D ×kk ∼= RepQ,d,k and base change by field
extensions preserves the GIT (semi)stable sets, we have

Rep
χθ−(s)s
Q,d′,D ×kk = Rep

χθ−(s)s

Q,d,k
= Rep

θ−(s)s

Q,d,k
,

where the last equality uses the Hilbert–Mumford criterion and we recall that over
the algebraically closed field k the notions of θ-geometrically stability and θ-stability
coincide. By Lemma 3.19 and Lemma 3.22 and the fact that the GIT (semi)stable
sets commute with base change by field extensions, we deduce that

Repχθ−ssQ,d′,D = Repθ−ssQ,d′,D and Repχθ−sQ,d′,D = Repθ−gsQ,d′,D .

Then we have a GIT quotient

Repχθ−ssQ,d′,D −→M
θ−ss
Q,d′,D := RepQ,d′,D //χθGQ,d′,D

that restricts to a geometric quotient

Repθ−gsQ,d′,D −→M
θ−gs
Q,d′,D := Repθ−gsQ,d′,D /GQ,d′,D.

We can now prove Theorem 1.3.

Proof of Theorem 1.3. The first statement is shown analogously to the fact that
the moduli stack Mθ−gs

Q,d = [Repθ−gsQ,d /GQ,d] of θ-geometrically stable d-dimensional
k-representations of D is a Gm-gerbe over the moduli space

Mθ−gs
Q,d = [Repθ−gsQ,d /GQ,d].
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One proves that Mθ−gs
Q,d′,D co-represents the moduli functor of θ-geometrically

stable d′-dimensional D-representations of Q by modifying the argument in Theo-
rem 2.13. More precisely, we obtain a tautological family on RepQ,D,d′ from Galois
descent, using the tautological family on RepQ,d,ks . Then by Proposition 4.10 and
Lemma 4.11, we see thatMθ−gs

Q,d′,D also co-represents the second moduli functor.
The final statement follows as in Proposition 4.14. �

In Theorem 1.3, we emphasise that the term coarse moduli space is used in the
sense of stacks. In particular, we note that the k-rational points ofMθ−gs

Q,d′,D are not
in bijection with the set of isomorphism classes of d′-dimensional θ-geometrically
stable D-representations of Q in general (as we have already observed for the trivial
division algebra D = k).

There are some natural parallels between the results in this section and the
work of Le Bruyn [18], who describes the A-valued points of the moduli stack
X = [RepQ,d /GQ,d] over k = SpecC, for a commutative C-algebra A, in terms
of algebra morphisms from the quiver algebra CQ to an Azumaya algebra A over
A. He also relates these A-valued points to twisted quiver representations. In this
case, for A = C, there are no twisted representations as Br(C) = 1, whereas for
non-algebraically closed field k, we see twisted representations as k-rational points
of X. By combining the ideas of [18] with the techniques for non-algebraically
closed fields k used in the present paper, it should be possible to also describe the
A-valued points of the moduli stack X = [RepQ,d /GQ,d] over an arbitrary field k
for any commutative k-algebra A.

4.4. Universal twisted families. Let us now use twisted representations to de-
scribe the failure ofMθ−gs

Q,d to admit a universal family of quiver representations and
to give a universal twisted representation over this moduli space. In this section, k
is an arbitrary field.

Definition 4.15. We define a class α(Mθ−gs
Q,d ) ∈ H2

ét(M
θ−gs
Q,d ,Gm) to be the class of

the Gm-gerbe πθ−gs : Mθ−gs
Q,d −→M

θ−gs
Q,d . We refer to α(Mθ−gs

Q,d ) as the obstruction
to the existence of a universal family onMθ−gs

Q,d .

Remark 4.16. Let β(Mθ−gs
Q,d ) ∈ H1

ét(M
θ−gs
Q,d ,GQ,d) be the class of the principal

GQ,d-bundle pθ−gs : Repθ−gs −→Mθ−gs
Q,d . By Lemma 4.3, we have

α(Mθ−gs
Q,d ) = δ(β(Mθ−gs

Q,d ))

for the connecting homomorphism δ : H1
ét(M

θ−gs
Q,d ,GQ,d) −→ H2

ét(M
θ−gs
Q,d ,Gm).

Lemma 4.17. The class α := α(Mθ−gs
Q,d ) is a Brauer class.

Proof. We will show that α ∈ H2
ét(M

θ−gs
Q,d ,Gm) is a Brauer class, by proving that

it is the image of an Azumaya algebra of index N :=
∑
v∈V dv on Mθ−gs

Q,d . The
representation GQ,d −→ GLN , given by including each copy of GLdv diagonally
intoGLN , descends to a homomorphismGQ,d −→ PGLN . This gives the following
factorisation of δ

δ : H1
ét(M

θ−gs
Q,d ,GQ,d) −→ H1

ét(M
θ−gs
Q,d ,PGLN ) −→ H2

ét(M
θ−gs
Q,d ,Gm),

which proves this claim by Remark 4.16. �
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The following result explains the name of the class α(Mθ−gs
Q,d ) given above. This

result is a quiver analogue of the corresponding statement for twisted sheaves due
to Căldăraru [4, Proposition 3.3.2].

Proposition 4.18. Let α := α(Mθ−gs
Q,d ) denote the obstruction class to the ex-

istence of a universal family. Then there is a ‘universal’ α-twisted family W of
θ-geometrically stable k-representations of Q overMθ−gs

Q,d ; that is, there is an étale
cover {fi : Ui −→Mθ−gs

Q,d } such that over Ui there are local universal families Wi of
k-representations of Q and there are isomorphisms ϕij : Wi|Uij −→ Wj |Uij which
satisfy the α-twisted cocycle condition:

ϕjl ◦ ϕij = αijl · ϕil.

In particular,Mθ−gs
Q,d admits a universal family of quiver representations if and only

if the obstruction class α ∈ Br(Mθ−gs
Q,d ) is trivial.

Proof. Let us take an étale cover {fi : Ui −→ Mθ−gs
Q,d } on which the principal

GQ,d-bundle P := Repθ−gsQ,d −→M
θ−gs
Q,d is trivialisable: if Pi := f∗i P, then we have

isomorphisms ψi : Pi ∼= Ui × GQ,d. Let Fi −→ Pi denote the pullback of the
tautological family F −→ P := Repθ−gsQ,d of θ-geometrically stable d-dimensional
k-representations to Pi. The family Fi = (Fi,v, φi,a : Fi,t(a) −→ Fi,h(a)) consists of
rank dv trivial bundles Fi,v over Pi with a GQ,d-linearisation, such that ∆ ∼= Gm
acts on the fibres with weight 1. We can modify this family by observing that there
is a line bundle Li −→ Pi given by the ∆-bundle Ui ×GQ,d −→ Ui ×GQ,d

∼= Pi,
which has a GQ,d-linearisation, where again ∆ acts by weight 1. Then the ∆-weight
on F ′i := Fi ⊗ L∨i is zero, and thus the sheaves F ′i,v admit GQ,d-linearisations.

We can now use descent theory for sheaves over the morphism Pi −→ Ui to prove
that the family F ′i of representations of Q over Pi descends to a family Wi over
Ui. More precisely, by [14, Theorem 4.2.14], the GQ,d-linearisation on F ′i,v gives an
isomorphism pr∗1F ′i,v ∼= pr∗2F ′i,v, for the projections pri : Pi ×Ui Pi −→ Pi, and this
satisfies the cocycle condition; hence, F ′i,v descends to a sheaf Wi,v over Ui. The
homomorphisms φi,a descend to Ui similarly. Since the familiesWi over Ui descend
from the tautological family locally, they are local universal families (for example,
locally adapt the corresponding argument for moduli of sheaves in [14, Proposition
4.6.2]).

We can refine our étale cover, so that Pic(Uij) = 0. Then, as the local universal
families Wi and Wj are equivalent over Uij , there is an isomorphism

ϕij :Wi|Uij −→Wj |Uij .

On the triple intersections Uijk, we let γijk := ϕ−1
ik ◦ ϕjk ◦ ϕij ∈ Aut(Wi|Uijk). As

Wi are families of θ-geometrically stable representations, which in particular are
simple, it follows that γijk ∈ Γ(Uijk,Gm). Hence W := (Wi, ϕij) is a γ-twisted
family of θ-geometrically stable k-representations of Q overMθ−gs

Q,d .
It remains to check that the classes γ and α in H2

ét(M
θ−gs
Q,d ,Gm) coincide. We

note that α := δ(β) for the class β := [P] ∈ H1
ét(M

θ−gs
Q,d ,GQ,d). We can describe the

cocycle representing β by using our given étale cover {fi : Ui −→Mθ−gs
Q,d } on which

P is trivialisable. More precisely, β is represented by the cocycle given by transition
functions βij ∈ Γ(Uij ,GQ,d) for P such that si = βijsj , where si : Ui −→ Pi are



RATIONAL POINTS OF QUIVER MODULI SPACES 35

the sections giving the isomorphism ψi. If we take lifts β̃ij ∈ Γ(Uij ,GQ,d) of βij ,
then these determine αijk ∈ Γ(Uijk,Gm) by the relation αijkβ̃ik = β̃jkβ̃ij over
Uijk. By pulling back the isomorphisms ϕij along the GQ,d-invariant morphisms
Pij −→ Uij , we obtain isomorphisms Li|Uij ∼= Lj |Uij as GQ,d-bundles over Uij ,
which is given by a section ηij ∈ Γ(Uij ,GQ,d). By construction γ = δ([η̄ij ]), where
η̄ij ∈ Γ(Uij ,GQ,d) is the image of ηij . Since ηij are also lifts of the cocycle βij , it
follows that γ = α. �

We can consider W as a universal α-twisted family overMθ−gs
Q,d of k-representa-

tions of Q. In particular, if the obstruction class α(Mθ−gs
Q,d ) is trivial, thenMθ−gs

Q,d

is a fine moduli space, as it admits a universal family. We note that if r : Spec k −→
Mθ−gs

Q,d , then the image of α(Mθ−gs
Q,d ) under the map

r∗ : H2
ét(M

θ−gs
Q,d ,Gm) −→ H2(Spec k,Gm)

is the class G(r) described in §4.1 and the index of the central division algebra
corresponding to G(r) ∈ Br(k) divides the dimension vector d by Proposition 3.12.

If the dimension vector d is primitive, then the moduli space Mθ−gs
Q,d is fine by

[15, Proposition 5.3]. The Brauer group of moduli spaces of quiver representations
was studied by Reineke and Schroer [26]; for several quiver moduli spaces, they
describe the Brauer group and prove the non-existence of a universal family in the
case of non-primitive dimension vectors cf. [26, Theorem 3.4]. Proposition 4.18
offers some compensation for this seemingly negative result: instead, one has a
twisted universal family.

5. Fields of moduli and fields of definition

The goal of this section is to prove Theorem 1.4. First, let us recall a few facts
about the notions of field of definition and field of moduli, in the context of quiver
representations. Let Ω be a field and let Ω be an algebraic closure of Ω. One says
that a Ω-representation W is defined over a subfield L ⊂ Ω (or that L is a field of
definition of W ), if there exists an L-representation W ′ such that Ω ⊗L W ′ ' W
as Ω-representations. And one says that W is definable over L if there exists an
L-representation W ′ such that Ω⊗LW ′ ' Ω⊗Ω W as Ω-representations. The field
of moduli of an Ω-representationW is the intersection of all fields L ⊂ Ω over which
W is definable. In particular, the field of moduli of the Ω-representationW is equal
to the field of moduli of the Ω-representation Ω⊗Ω W .

For the purpose of proving Theorem 1.4, it is sufficient to work in a relative and
slightly simplified setting: we fix a base field k, an algebraic closure k, and consider
only the case Ω = k. Given a k-representation W , we let Defk(W ) be the set of all
intermediate fields k ⊂ L ⊂ k over which W is definable. The field of moduli of W
is then equal to

kW :=
⋂

L∈Defk(W )

L.

By definition, k ⊂ kW ⊂ k; thus if k is perfect, so is kW . Consider the group

Hk(W ) := {τ ∈ Aut(k/k) | W τ 'W}
where W τ is the representation of Q defined from W and τ as in Section 3.1. The
following result explains why the field of moduli is sometimes defined, in other
contexts as well, as k

Hk(W )
.
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Theorem 5.1. Let W be a θ-stable k-representation of Q. The field k
Hk(W )

is a
purely inseparable extension of kW . In particular, if k is perfect, then

kW = k
Hk(W )

.

To prove Theorem 5.1, it suffices to show that τ ∈ Aut(k/k) satisfies W τ ' W
if and only if τ |kW = IdkW . First, we give a useful characterisation of kW .

Lemma 5.2. Let W be a θ-stable d-dimensional k-representation; then kW is the
minimal field of definition LW of the corresponding GQ,d(k)-orbit OW ⊂ Repθ−gsQ,d (k).

Proof. Note that OW is a closed subvariety of Repθ−gsQ,d (k), asW is GIT-stable; thus
OW has a minimal field of definition LW by [39, Proposition 3.11]. Let O′W be an
LW -variety with O′W ×LW k ∼= OW ; then LW is contained in the intersection of all
residue fields of closed points of O′W (as via the projection OW → O′W the residue
field of any closed point in O′W is a finite extension of LW and a subfield of k). In
fact, LW is the intersection of all these residue fields, as OW is a GQ,d(k)-orbit and
GQ,d(k) is defined over k. A closed point x′ ∈ O′W lifts to x ∈ OW , corresponding
to a k-representation isomorphic to W , thus W is definable over κ(x′) and

kW =
⋂

L∈Defk(W )

L ⊂
⋂

p∈O′W

κ(p) = LW .

Conversely, if L ∈ Defk(W ), then there exists an L-representation W ′ such that
W ' k⊗LW ′, so there is a point p ∈ O′W such that κ(p) ' L. Therefore LW ⊂ L.
Since this is true for all L ∈ Defk(W ), we have indeed LW ⊂ kW . �

Lemma 5.3. With the same assumptions as in Lemma 5.2, let τ ∈ Aut(k/k).
Then W τ 'W if and only if τ |LW = IdLW , i.e. Hk(W ) ' Aut(k/LW ).

Proof. If W τ ' W (i.e. τ ∈ Hk(W ) ⊂ Aut(k/k)), then OW = OW τ = τ(OW ) in
Repθ−gsQ,d (k). By descent theory with respect to the Galois extension k/k

Hk(W )
, we

then have that OW is defined over k
Hk(W )

. So LW ⊂ k
Hk(W )

. In particular, for all
τ ∈ Hk(W ), one has τ |LW = IdLW . Conversely, let us assume that τ ∈ Aut(k/k)
satisfies τ |LW = IdLW . Since OW is defined over LW , this implies that τ(OW ) =
OW , which in turn implies that W τ 'W . �

We can now prove Theorems 5.1 and Theorem 1.4.

Proof of Theorem 5.1. By Lemma 5.2, kW = LW . And by Lemma 5.3, Hk(W ) '
Aut(k/LW ). So k

Hk(W ) ' kAut(k/LW )
is a purely inseparable extension of LW . �

Proof of Theorem 1.4. Recall that here k is assumed to be perfect and for the
moduli functor F θ−gsQ,d from (2.1), we have, by Theorem 2.13, a bijective map

πk : F θ−gsQ,d (k)
'−→Mθ−gs

Q,d (k) = Repθ−gsQ,d (k)/GQ,d(k).

If W is a θ-stable d-dimensional k-representation of W , we denote by OW the
associated k-point of the k-varietyMθ−gs

Q,d , via the map πk. We have seen in Section
3.1 that Galk acts onMθ−gs

Q,d (k) and that πk is Galk-equivariant. Therefore, as OW
represents the isomorphism class of the k-representation W , we have that

Hk(W ) ' {τ ∈ Galk | τ(OW ) = OW } =: StabGalk(OW ),
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which implies that k
Hk(W ) ' κ(OW ), the residue field of the point OW ofMθ−gs

Q,d .
Theorem 5.1 then shows that κ(OW ) ' kW . The rest of Theorem 1.4 then follows
immediately by base changing to the field kW and applying Theorem 3.20 to this
perfect field: the central division algebra DW over kW is the image of OW under
the type map T and OW ∈ T −1(DW ) is an isomorphism class of a θ-geometrically
stable DW -representation of Q. �

Since the type map can also be described via the Gm-gerbe Mθ−gs
Q,d −→M

θ−gs
Q,d

by Corollary 4.6, we immediately deduce the following cohomological obstruction
to representations being defined over their field of moduli.

Corollary 5.4. Keeping the assumptions and notation of Theorem 1.4, the k-
representation W is definable over its field of moduli kW = κ(OW ) if the class of
the Gm-gerbe p∗WMθ−gs

Q,d (given by the pullback of the gerbe Mθ−gs
Q,d −→M

θ−gs
Q,d along

the point pW : Specκ(OW )→Mθ−gs
Q,d ) is trivial in H2

ét(Spec kW ,Gm).

We saw in Example 3.23 how to exhibit θ-stable k-representations of Q that are
not definable over their field of moduli but only over a central division algebra over
that field.
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