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WRITTEN EXAM
,
1S TRY

SKETCH OF SOLUTIONS
*

(These are not necessarily full solutions and they do not
serve as a grading scheme for the exam. There may
be better/nicer/cooler solutions as well. (

Problem 1 al Let L be a finite field extension
.

This means : [L : K] = dimp = H ENso

We need to show that focL
,
7 feK[x]Yoy with flal-o .

Let <el be arbitrary , (nonzero) .

Consider the elements :

1
,
x

, . . .,
"EL

.

· If they are distinct
,
then

,
as they are n+ vectors

in the n-dimensional K-vector space ( , they are

linearly dependent. Than there exist cos .,CntK,
m

not all zero
,
sit. f(x) = 0 with f= [ciX"EK[X] 10. .

ic

· If they are not distinct
,
there the order of <in L" is

finite , say d
.
It follows f(x) = 0

, for f= X* /EKixT10
.

An example of an infinite algebraic extension is

the algebraic field of algebraic numbers :

④ = [x = K : C is algebraic over Q3

over Q.
.
This is algebraic ,

but infinite , es

it contains QcQ(4p) <J ,
with [Q(3) :Q) =p-

for every prime p.



16. First
,
write L := Q (V5 ,VF) and note that :

[L : &] = [2 : q(5)] . [Q(55) : &] = 2 . 2 = 4
.

im: the primitive element is 15 +V =: x

We have QCQ( < L
.
3 strategies to show Q(x) = L :

So [Q() : &] Ed 2
,
43 .

Show Q(V5
,
VE) CQ(x)

.
B Show [Q( : Q) = 4

c Show that Q(x) is fixed only by the triviale. of Gal(4)
i

Solve the linear systems 5-oxi ,
E=*YiC over Q.

2= 1
,

2 = 55 + Ve
,
2= 12 + 2.55

,
2= 555+ 3.577 + 3 . 755 + 74 = 26.85 +22T

.

=> V = X - 221 and E =

X-261
.

4 - 4

B Because 15 ,
U7

,
15 are linearly independent overQ-

= 1
,
4, are algebraically independent over- [Q() : Q] # 2 .

C -eGal(L/q) maps UF to t U5 and I7 toIF .

So 5(55 +E) = 55 + V = - = id => Q(x) = L

1c . We know that every finite
extension of a finite field

#q is of the form Eqr .
We also know that

q
comists

of all the roofs of the polynomial X
*

-X.

Because (X-D)' = x = 0, X- I has 10 distinct

roofs
,

so it cannot split over Eg .

The next smallest exterion of Eg is For ,

which is the splitting field of X* -X ,
so also of X8-1

.

We have x80- 1 = (xP)5- 18
= (x - 1)(x x60

+... + 1)

So x -1 splits into linear factors in For ,

which

is this its splitting field.



Problem 2 a. Degree two extensions are always normal,
because if a polynomial f of degree 2 has one roof <EL,

then f = (x-x . (x-B) in L[x]
·

So
, if Y with [L :K] = 2 in not Galois

,
then L

,
is not

separable. In part ,
char> and #K = 0 (finite fields are perfect

Take : K = IF2(t) the field of rational functions over #2

in the variable t . Take then the irreducible polynomial
m

b Eisenstein forf = X
*

- t -K[x]
,
and let L = KIxb/(f) · the prime el . E

Then f is purely inseparable ,
because f = 0

,
so

↳ is not separable , there not Galois .

2b .

No
,
there are not : Let K be a field with chark = 3

Assume ord (3) = 12 .

#x
1 i

Then 3 = 1 and 3 #1 for Oxi < 12 .

3
But3' 1 = (3 - D = 0

,

thes 3 =1 4
.

2c . We
may use deg (0 ,

2) = 4(12) = #(2x)" =
4
.

We have : X -1 = (X
°
- 1)(X+ 1) = (x -1)(X+ 1)(X + 1) =

= (x - 1)(x2+ x+ 1)(x + 1)(x2- x + 1)(X+ 1)(X"-x + 1)

From x-1 Tod we get $, =
x"

-
x *

Alternative : & = T(x -Zi). So Ked1 ,
5

,
7

, 113 .

[K / /2) = 1

using 3-35 , i = -Bi
,
Ein = -1

,
etc

.
one gets

d
,

= X - x2+ 1



2 d . Write T :=Z

Gal(q(z)/q) = (4/12x)= (43x)x(4x) = 742xx/2x

mPd(3
,
2) = 0 =

x
-
x+ 1

Its roofs are 2 ,
25 , 2" , 2

"

,
and each reGal(Q(3//Q)

is determined by the image of 3 .
Set ti : Q13) ->Q13) ·

31> 3

G : = Gal(Q(3 ,2)/g) = <id = T , T , E ,
43 and-id Ei -

This means there are
,
brides G and lid)

,
3 subgroups :

(55) ,
<+z) ,

<T17

For each T: we have Tili) = 3"and T
:
(3) = 3 .

in particular T : (3 + 3
"

= 3" + 3
,
this

335243
=
i

. We "see" that 3 + 3 = =Q
,

so

- 1
- / - 1 Q

sT
= G(i)

= -3-
~ l

-

?
"

= - 35 Similarly : 3 +3" = B Q
,

so

I

q = Q(3)

ForTo we can look systematically , by using the fact ,
that

1
,
3 ,
3 , is a baris of D13)/Q .

so 5(a + b3 + <3 d 3) = a + 33 + c . 3"+ d .3" =

= a + b ( 3) + c . 3= df- 3)

= a -b3 + c.3 -
d7.



so -(2) = d (=> < : a + c .7
In particular , far a=0

.
c = 1 ,

we get Q(" =

>

So the fields E with QCECQ(3) are

④
,
Gil

,
Q(5)

.

Q(34 , &(3) .

Because & is a prime field ,
there are no further

subfields.



Problems a
. We have that K = Qil contains is a

primitive 4th roof of unity. Chark = 0
,

so no worries
.

We have L = KCE)
,
with s a root of X-2 -K[x] .

Thus /
K
is cyclic of degree d ,

with $14
. (Prop 4 .

8/3)

It remains to see if d = 1
,

2 or 4
.

*

But X"-2 is irreducible over Q
,

so [Q(E) : Q] =
4
.

Also QLE) CIR and Q(ilKIR
,

so

* by Eisenstein

Q CQ(V) CQ(i ,
EE) has degree 8. for p = 2

t +
- Note :2 = (1 + i)(1 - il

4 2
is notprime in Q(i)

.

-

QCkcL implies [2 : K] = 4
,

so Gal()
-

2-
j

36. A basis is given by the powers of a root of X-2
,

which has X"-2 as minimal polynomial.

For instance : 1
,
is

,

G =E
,

Ye
= E .Y

Call : = "E
.

3 . We have that each -(i)-automorphism ↑ of L is

determined by +(5) -[T ,
ir

,
-r

,
-in t

We have : id (r) = r
,
T(r) = ir

,
Ta(r) = -r

, T(r)= -ir -

To compute the trace we use
,

because L is separable ,

try, (i + u) : [ T(ir)
,
G = Gal(Wych

So try(itr) = (i + 2) + Citi li-r2 + (i-ith = 4:

Alternatively , we compute the matix of itr) :L-> L

with respect to the barns 1
,

5
,
03

,

3
;
which is



100M= po whose trace is 4:
oo1i
00 1 i (Notice that the norm is 1-2 = -1)

3d . We use Hilbert 90 because we have a cydic Galois extension :
&

Ny(b) = 1 =) Jael" : b=
-(a)

where + is a generator for Gall().
In our case

,
choose T:= T

,
with T

,
(r)= it

We then choose a =
1 + r2 and obtain

-(a) = +(1 +r) = -(1) + T(w3) = 1 + (t(r) = 1- ~2
.

So b =
1 + r2
°

1 - r2

As = V
,
we get :

b = = = - ( + 22 + 2) = -3 -25
.

1 -E 1 - 2

(To double check : we may also take -b = 3 +ZE
,

use (4= 2 :

I·
4 O

M(-b) = 2 · ·
O 203

2 .det
30 hoso ch+ R (b) = 3. net/330 I (

= 3 - 3 . (3 - 3 - 2 . 4) + 264). (3 . 3 - 2 . 4) = 9 . 1 - 8 . 1 = 1)

Alternatively , if one just remembers the definition , compute

the norm of a garic element a + bi + c +d.Y

Put in some zeros andas the determinant of Bala aca by to solve -


