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SKETCH OF SOLUTIONS (THIS ISNOT A GRADING SCHEME)

Problem 1
. a . Let I

,JER .

1 . J = (a .b |a + I
, be]) , the idealgenerated by all

products.

↓ = SUER : IneN such that rVeI]

b. For all ideals we have IJE InJ. Thus also

If = In]. It remains to show <VA .

Let feXAJ .

So there exists neH with fe IN] .

Then f = f" f" -> I :J ,
so f->G .

C . In A= KI2]/pross) we have that i is milpotent .

This implies that245-1 is a unit
,
because it

is the sum of a unit and a milpotent .
So J = A ,

which implies [J = I . A = I.

We have E = (i) = (u) . As (2) is maximal

in A
.(Ap( this implies I is (2) - primary ·

d

.We have for any
r-> /2xx Tex Thit that =r anda

So
,
if I = (r

,
b)

,
then I = Cr + > + ro)

,
because



· Clearly Hstrs +I .

· For the other inclusion :

r . (r + s+ 50) = + Us + rs = = r
.
the retry)

.

-

=O

Similarly s-(r + stro) ,

this I (r +stro).

So
,

whenever we have two generators of an ideal,
we may replace them by a single element.
This implies that any finitely generated ideal is
principal .
The
ring

is finite , so we are done .

Alternative proof: - In general , for any two rings ,

the ideals of RXS are all of the form [x] >
with ICR and JES icbols. (Quick check

. (

In our case we have Ex F, #2
,

so there

are eight ideals in total: All combinations
of I ,XI, xIs with IjEdCO) , (1)] .

Each is generated by Can an
, 3) with

aj = 40 ,
if Ij =(6)

1
, if Ej = (1) .

e . As b
=
=b b+B

,
we have for every p Speci that

b(b-1) = 0 = *.
Thus bep or b-1EE * This

means thatB #2
,
they is maximal



Problem 2
. a .

An R-modul M is Artivian
,
if

it satisfies the descending chain condition , that is
if for every infinite sequence of R-submodules of M:

M 2 M2z MzE .....

there exists noEN ,
such that Mno = Moti ,fieN .

b
.
Let R be an Artinian domain

,
and let ack-dob

.

We have the descending chain of ideals :
(a) < (a ) 2 (a ) ....

Because R is Artinian
,
there exist notI suchthat

Carol = (alot) .
In particular ,

a"E (aot)
,
than

there exists veR with aho =r a lot ! This implies :

a (1 - r .a) =0 .

As R is a domain and ato (thus a"to)
,

We get 1-r . a = 0
, meaning a is invertible inR .

So R is a field .

c. We have in /12x : (d) <(6) (3) <(1)

which we claim is a composition series ofLength 3 :

(6)/ )
=

6

2
/
2

= Fu ,
which is simple .

(3)/ =3/1-L &* *
*

/y #2 ,
which is simple

67/12x

(1)/(z)= = /by : Is ,
which is simplee.

So e(7/12x) = 3 .



d. Quick solution : Use R/RM & MIN ·

2/n2 *x 4/3577= st

, ↑

*

Because 12 is invertible mod 35
,
the quotient is zero.

Elementary solution : Show [a], [b] = 0 ,
Vaib +C

.

12 is coprime to 35 ,
so [I]
,

is invertible in /5
(Explicitly : [12].[3]- = [363zj

= [1335

So [a]p [b]3j = [a], 12 . [36]
zj

= 12[a], [3b]zj=

= [12a], [3b] 35
= [0]p[33], = 0 .

e Using the associativity of the thesor product and
the g

eneral fact that Loss = L we get

0 = M/m 0 = R/m(MN) E(RM) N

= [R/OR)Q/ RImJORN e(RQM)OR/CR/MOR
Now apply RmORM = M/MM ,

and R/MElK - a field :

MMKMMN = 0 .

The tensor product of two vector spaces is zero

only if one of the factors is zero ,
so we get

M/ =0 or N/N = 0 .

From Nakayama's Emma for local rings it
follows that M =0 or N =0.



Problem 3. a. On SpecR =dqCR : # = primeideal]

we define for every ideal I ,
the subsetof Speci :

VII) =< -Spec R ,
with I C #3.

The Zariski topology on Spec R is defined by

taking VIII for every ideal IER as the closed

sets.

b. We have to show that for every J <S , there exists ICR
such that f

*

(V(F() = VCI).

caim : This -holds for I := f" (7) -

LIdentifying R with F(R) , because f = inj ., we have f"(7) = JNR)
E f

*

((7)) = < f"(q) : qeSpecS and q2]3 .

q2] implies f "(q) 2 f"(y) = I , so f
*

(v() [V(I)
.

I Let -VCI). That is #Especi , with 2f"(7) = JR .

From the Lecture (Prop
.
0 .
9
.
a) : RES integral => R/ni C S/y is

also integral . Write Specie ,
for the image of # in R/Jer.

By the "Lying over Theorem" (Thm . 8 . 13 for /er[S) we have

= Spec sy ,
such that q1R/ynr=

The one-to-one correspondence between ideals of 5/y
and ideals of 5 which contain J , induces a bijection
between Specs and V(7). The corresponding idal
of E is the qqVC) with qUR = f

*

(q) =R ·

Thus f
*[V(7))

.



c .
We have (TX3

,
x*>, xy2 , y3] < <[x .y] (subving).

Furthermore
,
KIX

,Y] is integral over A , because

x is a solution of t -x" - Alt] and

y is a solution of t3-y3e Alth and

DIx
, y] = A[x ,y] .

So dimiroll A = dim
Key

(Ex -y] =2 .

d. If RCS is an integral ring extension ,

them for every &Especi , there
exists qeSpecs

such that qIR=
Furthermore :A is maximal it and only if q
is maximal .

Applying this to the integral extension Af (Ex.]] we get :

So MaxSpecA = [m 1A :
m
- MaxSpec KIx. y]]

As I is algebraically closed ,
we have by Hilbert's

Nullstelleusatz ,
that :

Max Spec ([x .y] - ((x- a , 2 - b) : (a ,
b)eK 3.

Finally, (x-a , y
- b) n K [x3,

x
,xy 2, 73] =

= (X - a3
,
xY - ab , xy2 - ab2 , 43 - 63) .


