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Problems

14. Entropy of the canonical ensemble (2+1)
Consider a system in the canonical ensemble

ρ(γ) =
e−βH(γ)

Z
(1)

where Z is the partition function

Z =

∫
dγ e−βH(γ) (2)

a) Use the fact that the free energy is given by F = −β−1 lnZ, together with the relation

F = 〈H〉ρ − TS(ρ) (3)

where β = (kT )−1, to express the entropy S as a function of ρ.
Hint: The solution is S(ρ) = −k

∫
dγρ(γ) ln(ρ(γ)).

b) Discuss which are the values of the temperature T that make the entropy of the canonical en-
semble minimal and maximal.

15. Maxwell-Boltzmann distribution in 2D (1+1+2+1+1+1)
Consider a particle with massm in 2D whose speed ~v ∈ R2 is a random variable distributed according
to the probability density function ρ~v : R2 → R given by

ρ~v(~v) ∝ e−βE(|~v|), (4)

where β > 0 is the inverse Temperature and E(|~v|) = 1
2m|~v|

2 is the kinetic energy with mass m > 0.

a) Find ρ~v explicitly by determining the normalization constant.

b) Calculate the expectation value of ~v, i.e., 〈~v〉.
As the energy E is a function of ~v, it is itself a random variable.

c) Find ρE , the probability density function of the energy.
Hint: Check weather ρE is normalized to verify your result.

d) Comment on the fact that ρE exists even though energy, considered as a function from R2 to R,
is not invertible as required in Problem 14.

e) Calculate the expectation value 〈E〉 of the energy. What is hence the expectation value of the
square of the speed?
Hint: The result is 〈E〉 = 1/β.

f) Calculate the variance 〈(E − 〈E〉)2〉 of the energy.

16. Partial trace and reduced states (1+1+1+1+1+2∗+1+1+1)
For i = 1, 2 letHi be two Hilbert spaces of dimension di. We use the notation introduced in Problem
22, e.g., {|j 〉i}

di
j=1 denotes an orthonormal basis of Hi, where we usually just write |j 〉 instead of

|j 〉i. The partial trace overH2 is the linear map

Tr2 : B(H1 ⊗H2)→ B(H1) (5)
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that acts on all product operators as

Tr2(A⊗B) = ATr(B), (6)

where A ∈ B(H1) and B ∈ B(H2) and Tr denotes the usual trace. The partial trace Tr1 over H1 is
defined similarly.

a) What is Tr2( |j, k 〉〈l,m |)?
b) Let 1 ∈ B(H1 ⊗H2) be the identity operator. What is Tr2(1)?

c) Let A ∈ B(H1 ⊗H2) be some operator. Then it can be written as

A =

d1∑
j,l=1

d2∑
k,m=1

aj,k,l,m |j, k 〉〈l,m | (7)

with aj,k,l,m = 〈l,m|A |j, k〉. Show that

Tr2(A) =

d1∑
j,l

a
(1)
j,l |j 〉〈l | with a

(1)
j,l =

d2∑
k=1

aj,k,l,k. (8)

d) Show that

Tr(Tr2(A)) = Tr(A) (9)

for all A ∈ B(H1 ⊗H2).

e) LetH3 be another finite dimensional Hilbert space and A ∈ B(H1 ⊗H2 ⊗H3). Show that

Tr3(Tr2(A)) = Tr2(Tr3(A)). (10)

f) Bonus question: Prove that a reduced state is indeed a state, i.e., that Tr2(ρ) ∈ S(H1) for all
states ρ ∈ S(H1 ⊗H2).
Hint: Results from Problem 21 and from part 16i) can be used.

The maximally mixed state on a d-dimensional Hilbert spaceH is 1/d ∈ S(H).

g) Let ρ ∈ S(H1) and σ ∈ S(H2) be two states. Prove that

Tr2(ρ⊗ σ) = ρ (11)

and conclude that the reduced maximally mixed state Tr2(1/d1d2) is the maximally mixed state
onH1.

h) Now we consider the Bell state φ+ = |φ+ 〉〈φ+ | with |φ+ 〉 = ( |0, 0〉 + |1, 1〉)/
√
2 on the

Hilbert space C2 ⊗ C2. Calculate it’s reduced state Tr2(φ
+) and compare it with the maximally

mixed state on the Hilbert space C2.

Let A1 ∈ B(H1) be an observable on H1. Then its extension to the composite system H1 ⊗ H2 is
defined to be A1 ⊗ 1 ∈ B(H1 ⊗H2).

i) Prove that for A = A1 ⊗ 1

Tr(ρA) = Tr(Tr2(ρ)A1) (12)

for all states ρ ∈ S(H1 ⊗H2) on the composite system.
Remark: This also implies that Tr2(ρ) ∈ B(H1) is indeed the reduced state, i.e., all expectation
values onH1 can be calculated from it!
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