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Problems

8. Shannon entropy (1+2+1+1+1)
A probability-measure P on a finite sample space Γ is the same as a probability vector p ∈ [0, 1]|Γ| by
setting pγ = P({γ}). The Shannon entropy I(p) of a probability vector p ∈ [0, 1]n is given by

I(p) = −
n∑
γ=1

pγ ln(pγ). (1)

a) Show that I is well-defined, i.e., that limx↘0 x ln(x) = 0.

b) Calculate the Shannon entropy of the following probability vectors

(i) p = (1, 0, . . . , 0) ∈ Rn

(ii) p = (1, 1, . . . , 1)/n ∈ Rn

(iii) p = (1/2, 1/3, 1/6).

Interpret your result.

One quantifier for how similar two probability vectors p, q are is given by the relative entropy:

D(p|q) = −
n∑
γ=1

pγ ln
qγ
pγ
. (2)

c) Using lnx ≤ x − 1 for x ≥ 0, show that D(p|q) ≥ 0 for any two probability-vectors p, q ∈
[0, 1]n.

We now consider two systems described by a sample space Γ1 × Γ2, with each Γi finite. We write
pi ∈ [0, 1]|Γi| for the marginals of a probability-vector p for the total system and p1p2 for the vector
of the product-measure given by P({(γ, η)}) = p1

γ · p2
η =: (p1p2)(γ,η).

d) Show that D(p|p1p2) = I(p1) + I(p2)− I(p).
Remark: By the previous exercise we thus have I(p) ≤ I(p1)+I(p2) with equality iff p = p1p2.
This property is called subadditivity.

9. Jaynes’ principle of maximal entropy (2+1+1+2+2+2+1+1∗+1+4∗=12+5∗)
Let Γ be a finite sample space, i.e., Γ has finite cardinality |Γ| = n and let M (j) : Γ → R be
independent random variables for j = 1, . . . ,m. We call the M (j) observables and assume that they
are fixed. The goal is to find a probability vector p ∈ [0, 1]n which yields the values K(j) ∈ R for
their expectation values, i.e.,

〈M (j)〉 = K(j) (3)

and under these constraints maximizes the Shannon entropy

I(p) = −
n∑
γ=1

pγ ln(pγ). (4)

This can be done by use of the Lagrange multiplier technique.

In the end this will allow us to write the maximal value of the Shannon entropy as a function of the
K(j) and derive Gibbs’ fundamental equation from Jaynes’ principle of entropy maximization.
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a) Denoting the Lagrange multiplier for the constraint
∑n

γ=1 pγ = 1 by (ψ − 1) and those of (3)
by λj show that an extremal point of the Shannon entropy I is given by

pγ = e−ψ e−λ·Mγ , (5)

where λ ·Mγ =
∑m

j=1 λjM
(j)
γ .

Hint: In order to obtain the given signs, you should define the Lagrange function as follows:

L = I − λ · (〈M〉 −K)− (ψ − 1)
( n∑
γ=1

pγ − 1
)

(6)

b) Prove that the Shannon entropy is a strictly concave function by showing that its second deriva-
tives on ]0, 1[n are strictly negative.

c) Conclude that the extremal point found in Problem 9a is a maximum of the Shannon entropy.

d) Prove that ψ is a function of λ only by showing that

ψ(λ) = ln

n∑
γ=1

e−λ·Mγ . (7)

(Of cours, λ is itself a function of K.)

e) Show that the value of the maximal Shannon entropy is

S(K) := ψ(λ(K)) +

m∑
j=1

λj(K)K(j), (8)

which we just call entropy from now on.
Hint: Remember Eq. (3).

f) Prove the so-called Gibbs’ fundamental equation

dS =
m∑
j=1

λj dK(j). (9)

Remark: In particular, this means that ∂S
∂K(j) = λj .

Hint: Show first that ∂ψ
∂λj

= −K(j), e.g., using Eqs. (7) and (5).

One can show that ψ is a smooth and strictly convex function of λ.

g) Using this, show that ψ = −S∗, i.e., that ψ is the negative Legendre transform of S and vice
versa. Hint: Look up the definition of the Legendre transform.

h) Bonus question: The relative entropy is a very useful tool to prove relations. Use the fact that
it is positive semidefinite to show that the probability vector from eq. 5 maximizes the entropy
among all probability vectors that have the same expectation values for all the observablesM (j).
Hint: This should only take about 3 lines.

Now consider the special case where M (1) = H is the Hamiltonian of the system, and M (2) = V̂ is
the volume, i.e., K(1) = U and K(2) = V .

i) Conclude that λ1 = 1/T and λ2 = p/T .
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In the case where the state space is Γ = R6N , with N being the particle number the probability
measure on Γ is given by a probability density function ρ : Γ→ R and the Shannon information by

I(ρ) = −
∫

Γ
ρ(γ) ln(ρ(γ)) d6Nγ. (10)

j) Bonus question: Using calculus of variations and Jaynes’ principle derive the results equivalent
to Eqs. (5) and (7) for the case Γ = R6N , i.e.

ρ(γ) = e−ψ e−λ·Mγ (11)

and

ψ(λ) = ln

∫
Γ

e−λ·Mγ d6Nγ. (12)

Remark: This means that everything works exactly the same way as in the discrete case. The
probability vector p can be replaced by the probability density function ρ and the sums over γ
become integrals.

10. A thermal state (2)
The evolution of the classical phase space density ρ(x, p, t) for a particle moving in one dimension in
isolation from the surroundings is governed by Liouville’s equation

∂ρ

∂t
= {H, ρ} (13)

where

{H, ρ} =
∂H

∂x

∂ρ

∂p
− ∂H

∂p

∂ρ

∂x
(14)

is the Poisson bracket of H with ρ, where the Hamiltonian is given by

H =
p2

2m
+ u(x). (15)

Show that

ρeq(x, p) = e−β
p2

2m · e−βu(x) (16)

is a possible candidate for the equilibrium density.
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