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Preface

The present text contains notes on my course “Algebra I at Freie Universitéit Berlin dur-
ing the winter term 2012/2013. The course “Algebra I’ is part of a cycle of three courses
providing an introduction to algebraic geometry. It is also meant as a continuation of my
course “Algebra und Zahlentheorie” (see [30]).

The basic objects we will be studying are commutative rings and their ideals. There
are many different motivations for looking at these objects. A ring can be, for example,
viewed as a domain of numbers with which we would like to compute. In certain situa-
tions, ideals are valuable generalizations of numbers.! A ring can also consist of regular
functions on an affine algebraic variety. If we consider algebraic varieties over an alge-
braically closed field such as the field of complex numbers, then this algebra completely
determines the variety. Ideals in the algebra correspond to subvarieties, e.g., points of the
variety. It is one of the merits of commutative algebra that it provides a unified framework
for, among other things, arithmetic and algebro-geometric investigations.

The first chapter presents the language of rings and their ideals. Many operations on
rings and ideals which will be used throughout the text are presented. I would like to
highlight two topics: The first one is the section on factorial rings. It shows how we may
generalize the main theorem of elementary number theory, i.e., the unique factorization of
natural numbers into powers of prime numbers, to other settings and problems which will
usually occur. The second one is the spectrum of a ring. It attaches to a commutative ring
a geometric object. This is a fundamental construction of modern algebraic geometry.

Noetherian rings are rings which satisfy a crucial finiteness condition. This condition
is fulfilled by important rings occuring in number theory and algebraic geometry, such
as orders in number fields and coordinate algebras of algebraic varieties. A central result
is the decomposition of ideals in noetherian rings into primary ideals and its uniqueness
properties. This is a vast generalization of the main theorem of elementary number theory
and has also an important geometric interpretation.

As the main topic of the courses “Algebra I-1II"” is algebraic geometry, the remaining
two chapters deal with subjects of a more geometric nature. The third chapter focusses
on Hilbert’s Nullstellensatz. The Nullstellensatz provides the dictionary between finitely
generated algebras over an algebraically closed field k and their (radical) ideals on the
one hand and algebraic varieties defined over k and their subvarieties on the other hand. It
explains the fundamental role of commutative algebra in algebraic geometry. We present
an elementary proof due to Munshi. Another central topic is Noether’s normalization

This is an idea of Kummer.
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Preface

theorem which supplies important information on the structure of algebraic varieties and
will be used over and over again in the fourth chapter. The third chapter also develops the
notion of modules over a ring.

The fourth chapter begins the study of the geometry of algebraic varieties. The Krull
dimension of a ring is introduced and investigated. If the ring in question is the coordi-
nate algebra of an affine algebraic variety, this provides a basic geometric invariant. We
will check various properties which we intuitively expect from the notion of dimension.
Finally, we will study singularities of algebraic varieties. In this context, we will also
discuss the relation between the intricate notion of normality of rings and affine algebraic
varieties and singularities.

Dr. Juan Pons Llopis and Anna Wi3dorf proofread the manuscript and suggested var-
ious corrections and improvements. The biographical data of mathematicians were taken
from Wikipepia. These notes are heavily based on the books [1] and [14]. Other important
sources are [4], [8], and [11].

Alexander Schmitt
Berlin, March 2013
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Basic Theory of Rings and their Ideals

In an introductory course on linear algebra, one usually works over fields. In commutative
algebra, fields are replaced by more general objects, namely commutative rings with iden-
tity element. In linear algebra, you rarely talk about the fields themselves. Certainly, you
can do some explicit computations over the field of rational numbers or finite fields, and,
for the theory of the Jordan normal form, you need the ground field to be algebraically
closed. Apart from that, you don’t worry much about the “internal” structure of the field.
In various respects, rings have a much richer structure than fields. To begin with, you
should think of the ring of integers Z or the polynomial ring k[x] over a field k. In these
rings, you may investigate when a number or a polynomial divides another one. This
leads you to certain “indivisible” objects which you call prime numbers or irreducible
polynomials. In fields, there are no counterparts to these concepts, because any non-zero
element is a unit. During the development of algebra, it turned out that it is more useful
to work with ideals than with the ring elements themselves.! In this section, we will first
define rings and look at some basic examples. Then, we will develop the notion of ideals
and explain how to compute with them. As a motivation in Kummer’s” spirit, we will also
look at prime factorization. In that context, we will see its failure in some rings and the
class of factorial rings in which prime factorizations do exist.

I.1 Rings

A ring is a tuple (R, 0, +, -) which consists of an abelian group (R, 0, +) (see [30], Defini-
tion II.1.1 and I1.1.4) and a map

-:RXR — R
(a,b) — a-b

The term ideal goes back to Kummer’s notion of “ideale Zahl”, an extension of the concept of number
or ring element that permits to generalize the prime factorization in the ring of integers to some rings such
as Z[V=5] (see Section L.5).

2Ernst Eduard Kummer (1810 - 1893) was a German mathematician.



I. Basic Theory of Rings and their Ideals

which is associative, i.e.,
Ya,b,ceR: a-(b-c)=(a-b)-c,
such that the distributive laws hold, i.e.,

Ya,b,ceR: a-(b+c) = a-b+a-c,
(@a+b)y-c = a-c+b-c.

(T3]

We will refer to “+” as the addition and to “-” as the multiplication. In the sequel, we
will write R rather than (R, 0, +, -) for the datum of a ring.
A ring R is called commutative, if

Ya,beR: a-b=b-a.
An element 1 in a ring R is an identity element, if
YVaeR: l-a=a=a-l.

I.1.1 Note. A ring R can have at most one identity element. For, if 1, 1" € R are identity
elements, we have
I=1-1=1".

Let R be a ring. For a € R, we let —a be the additive inverse of q, i.e., the element for
which a + (—a) = 0 holds.

1.1.2 Properties. Let R be a ring.
1) Fora e R, we havea-0=0-a = 0.
ii) For a,b € R, we have (—a)-b = —(a-b) = a- (=b). In particular, (—a)-(—b) = a-b.

Proof. 1) We use 0 = 0 + 0, so that
0-a=0+0)-a=0-a+0-a.
Add —(0 - @) to both sides to get
0=0+0-a=0-a.

Similarly, one shows a - 0 = 0.
i1) Using 1), we see

a-(-b)+a-b=a-(-b+b)=a-0=0.
Thus, a - (—b) = —(a - b). In the same vein, one shows (—a) - b = —(a - b). O

1.1.3 Examples. 1) R = {0} with the only possible addition and multiplication is a ring with
identity element 1 = 0. (It is not a field (compare [30], Definition III.1.1.)!) Note that R
is the only ring with identity element in which 1 = 0 holds. Indeed, let R # {0} be a ring
with identity element 1 and pick @ € R \ {0}. Then,

l-a=a#0=0-a.



L.1. Rings

Hence, 1 # 0.
ii) Let (R, 0, +) be an abelian group and define
-:RXR — R
(a,b) — 0

Then, (R, 0, +, -) is aring. If R # {0}, then R has no identity element.
iii) The integers form the ring Z.
iv) Fields are rings, e.g., Q, R, C, F,, ¢ = p", n > 1 and p a prime number.
v) Suppose R is aring and X is a set. We introduce

Map(X,R) :={f: X — R| f is a set theoretic map }.
For f, g € Map(X, R), we form
f+g: X — R
x = f0)+gx)
and

f-g: X R

—
x = f(x)-gn).
Moreover, we set

0:X — R

x — 0.

The tuple (Map(X, R), 0, +, -) is a ring. Observe that Map(X, R) is commutative if R is so
and that Map(X, R) possesses an identity element if R does. In fact, if 1 € R is the identity
element of R, then

1: X — R

x — 1

is the identity element in Map(X, R). Note, however, that Map(X, R) will, in general, not
be a field, even if R is one (see Example 1.3.1, iv).
vi) Suppose X is a topological space. Then,

€(X,R) :={ f: X — R| f is continuous }

together with 0, 1, +, - as in v) is a commutative ring with identity element.
vii) Suppose X C C is an open subset (compare [31], Definition III.2.1, ii), and
I11.3.10, i). Then,
O0(X):={f: X — C]|f is holomorphic }

together with O, 1, +, - as in v) is a commuative ring with identity element.
viii) Let (G, 0, +) be an abelian group. We look at

End(G) :={f: G — G| f is a group homomorphism }
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and define

0:G—G
g—0

and, for f, h € End(G),

f+h:G — G
g > flg)+h(g).
Composition of maps provides us with the multiplication: For f, 4 € End(G), we set
foh:G — G
g — f(h(@).

We leave it to the reader to verify that (End(G), 0, +, -) is a ring with identity element idg.
It is, in general, not a commutative ring (see Exercise 1.1.4).

ix) Let k be a field. The vector space M, (k) of (nxn)-matrices with entries in k forms a
ring with respect to componentwise addition and matrix multiplication (see [33], Kapitel
III). The unit matrix E, is the identity element. Note that M, (k) is non-commutative if
and only if n > 2.

x) Suppose Rj, ..., R, are rings. The cartesian product R; X - -- X R, equipped with
componentwise addition and multiplication is again a ring. It is called the direct product
of the rings Ry, ..., R,.

1.1.4 Exercise. Describe End(Z X Z) in terms of (2 X 2)-matrices and give two elements
of that ring which do not commute with each other.

Let R be a ring with identity element. A subset S C R is a subring, if S is a subgroup
of (R, +,0) (see [30], Definition I1.4.1), 1 e S anda-b € S,ifa,b € §S.

From now on, all rings are supposed to be commutative and to possess an
identity element.

Let R, S be two rings. A homomorphism from R to § isamap f: R — §, such that

*x Ya,b € R : f(a+b) = f(a) + f(b), i.e., f is a homomorphism of the underlying
abelian groups,

x Ya,beR: f(a-b) = f(a)- f(b),
*x f()=1.

I.1.5 Remark. One may be tempted to believe that the third condition is a consequence
of the second. However, the proof for the analogous statement in group theory ([30],
Lemma I1.3.4, 1) requires the existence of inverse elements. This cannot be assumed for
multiplication. Indeed, choosing R = {0} and S # {0}, we see that it may be false. A more
sophisticated example, using the construction in Example I.1.3, x), is the following:

p:Z — IZXZ
k — (k,0).
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1.1.6 Exercise. Let f: R — S be a homomorphism of rings. Check that
Im(f):={beS|JacR:b=f(a)}

is a subring of S.
Is

Ker(f) :={a € R| f(a) = 0}
a subring of R?

Suppose R is aring and a € R. We set
*x a’:=1,
*x a"l':=a-a",neN.
As usual, the exponential rule
Yae RVYm,neN: d""=d"-d"

holds true.

Polynomial Rings

Let R be a ring. A polynomial over R in the indeterminate x should be an expression of
the form
p=ay+a;-x+---+a,-x" with a,..,a, €R.

We have natural rules for adding and multiplying two polynomials. They are based on the
multiplication in R, the distributive laws and

VmneN: x" x"=x""".

In this way, we obtain the polynomial ring R[x]. This description is not satisfactory,
because it uses the mathematically undefined terms “indeterminate” and “formal expres-
sion”. In the following definition, we will characterize the polynomial ring by its (univer-
sal) property rather than by a construction. We advise the reader to pay special attention
to this procedure as this kind of approach will become more and more important during
the course.

A polynomial ring over R in the indeterminate x is a triple (7', x, t) which consists of a
ring T, an element x € 7, and a homomorphism ¢: R — T, such that the following uni-
versal property holds: For every ring S, every element s € S, and every homomorphism
¢: R — S, there exists a unique homomorphism @: T — S, such that

*x Por=yg,
* D(x) =s.

The stated property may be best remembered by the diagram
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Notation. We set R[x] :=T.

1.1.7 Remark. Given two polynomial rings (7', x,¢) and (T, x’, ("), there are, by definition,
uniquely determined homomorphisms

* @: T — T witha) ®or =1 and b) D(x) = x’;

* @ :T"— T witha) @ o =rand b) &' (x') = x.
Observe that, for @’ o @, we have

* (D oD)or =1,

* (D o D)(x) = x.

The uniqueness statement in the definition of a polynomial ring, appliedto S =T, ¢ =
and s = x shows
D o= ldT

Similarly, we verify
¢ o @, = idT/.

We do not only see that 7 and 7" are isomorphic, there is also a distinguished isomorphism
between T and 7" that respects the extra data x, ¢ and x’, ¢/, respectively. One says

The tuples (T, x,t) and (T’, X', (") are canonically isomorphic.

This means that, in dealing with a polynomial ring, we need just to remember its uni-
versal property as it is completely determined by it. This aspect will be very useful in
other situations, e.g., the tensor product ([1], p. 24f) or the fibered product of schemes
([11], Chapter I1.3) are usually remembered by their universal properties and not by their
(involved) constructions.

I.1.8 Theorem. Let R be a ring. Then, there exists a polynomial ring (T, x,t) over R.
Furthermore, the homomorphism t is injective.

Proof. We define

T :={f: N— R|f(n) =0 for all but finitely many n € N },

x:N — R
{0, ifn#1
n

1, ifn=1"
and
t:R — T
AN PN 0, ifn#0
4 a, ifn=0 )

We define addition as before, i.e., for f,g € T, we set

f+g:N — R
n +—  f(n)+gn).
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The product of f, g € T is defined in the following way:
f-ggeN — R
no— ) f)- gn— k).
k=0

The reader should verify that f + g and f - g do belong to 7', i.e., vanish in all but finitely
many points, f, g € T. Furthermore, the following properties are readily verified:

x T is a commutative ring with identity element ¢(1).

* ¢ 1s an injective ring homomorphism.
Let us write amap f: N — R as a sequence (ay, ai, a,, ...) with a; = f(k), k € N. Then,

* x=(0,1,0,...),

* 1(a) =(a,0,0,...),a €R,

*x (ag,ay,as,...) + (by, b1, by,...) = (ag + by, a; + by, a, + by, ...),

* (ap,ai,as,...) - (by, by, by, ...) = (ay - by, ap - by + ay - by, ...),

* x¥=1(0,...,0,1,0, ...) with 1 at the (k + 1)-st place, k € N, i.e.,

*:N — R

0 ifn#k
n l, ifn=k °

Let f = (ap,ay,as,...) € T. If a, = 0 for all k € N, we simply write f = 0. Otherwise, let
n:=max{ke N|ag #0}.
Then, using the above formulae, we have the identity

f=ao+a - x+ay - x>+ +a, x".

This representation is unique.
Using the above notation, we find, for a given homomorphism¢: R — S, s € §, and
a homomorphism @: T — S, satisfying @ o ¢ = ¢ and @(x) = s, that

D(ag+ay-x+---+a,-xX") = plag)+e(ay)-s+---+¢(a,)-s", neN, ay,..,a, €R. (I.1)

This shows that @ is uniquely determined, if it exists. On the other hand, for given
¢: R — S and s € S, Equation (I.1) defines a set theoretic map @: T — S, and it is
readily checked that it is a ring homomorphism with @(x) = s and @ o1 = ¢. O

We can now recursively define the polynomial ring in the indeterminates x, ..., X, as
R[x1, ... Xpr1] = Rlx1, s X ][ X1 ] 1.2)

1.1.9 Exercise. Characterize R[xy, ..., X,41] by a universal property which is not recursive.

7



I. Basic Theory of Rings and their Ideals

Let S be aring, R C S asubring, and yy,...,y, € S. By the universal property of the
polynomial ring, there is a unique homomorphism

R[x,...,x,] — S

Xi — y, i=1,..,n

We say that yy, ..., y, are algebraically independent over R, if this homomorphism is in-
jective.

I.2 Ideals and Quotient Rings

Let R be a ring. A subset I C R is called an ideal, if
* I is a subgroup of (R, 0, +),
x Yae INreR:r-a€l, or forshort, R-1 C I.

The role of ideals in ring theory is somewhat similar to the role of normal subgroups in
group theory (see [30], Abschnitt I1.9). We will come back to this below.

1.2.1 Examples and properties. 1) For any ring R, the subsets {0} and R are ideals.
ii) Let R be aring and / C R an ideal. Then,

I=R < 1lel.

The implication “=" is clear. For “<=”, let a € R. Since a = a - 1, it follows that a
belows to I.

iii) Suppose « is a field. Then, the only ideals are {0} and k. For, if I # {0} is an ideal
of k, there exists an elementa € I \ {0} c k\ {0}. Since 1 = a~! - a, we see that 1 € 1, and
i) implies I = k.

iv) If Ris aring and a € R an element, then

(a)y :=={r-alreR}

is an ideal of R. It is called the principal ideal generated by a and is the smallest ideal of
R which contains a.

v) Suppose R = Z. We first recall that, for integers k, m € Z, the relation m|k means
that there is an integer / € Z with k = [ - m which is equivalent to k € (m). Now, suppose
I C Z is an ideal. The zero ideal is the principal ideal (0). If I is a nonzero ideal, it
contains some integer k # 0. By the definition of an ideal, it also contains —k = (-1) - k.
It follows that I contains a positive integer. By the least element principle ([27], Satz
1.3.22), we can define

m:=min{neN|n>0Anel}.

We claim I = (m). Suppose k € I is a nonzero element. There are integers x,y € Z (see
[30], Satz 1.4.4, ii), such that

x-k+y-m=gcd(k,m).

This shows gcd(k,m) € I. By definition of m, we have m < gcd(k,m). This means
m = gcd(k, m) and is equivalent to mlk, i.e., k € (m).

8



1.2. Ideals and Quotient Rings

vi) Let R be aring and X a set. In Example I.1.3, v), we introduced the ring Map(X, R).
Let Y C X be a subset. Then,

I:={f:X—R|VyeY: f(») =0}

is an ideal of Map(X, R).
vii) Let R, S be rings and ¢: R — S a homomorphism. Then, the kernel

Ker(p) :={x € R|p(x) =0}

is an ideal of R. More generally, for every ideal J C S, the preimage ¢ !(J) C R is an
ideal. (Note Ker(p) = ¢~ '({0}).)

viii) The inclusion Z C @ is a ring homomorphism. Its image is not an ideal, i.e., the
image of an ideal is, in general, not an ideal.

ix) Let R, S be rings and ¢: R — S a surjective homomorphism. Then, the image
of an ideal in R is an ideal in S. In fact, let I C R be an ideal. Then, ¢(]) is a subgroup
of (5,0, +) ([30], Lemma I.4.4). Now, let s € S and b € ¢(I). Then, there exist elements
r € Rand a € I with ¢(r) = s and ¢(a) = b. We see

s-b=(r)-gla) = ¢ a) e el).
x)If I, J C R are ideals, then I N J and
I+J={a+blaclAnbeJ}
are ideals, too. In particular, we have, for elements ay, ..., a; € R the ideal
(ap,...as) ={ay) +---+{ay).

It is the smallest ideal of R which contains ay, ..., ;.

Part iii) and v) illustrate how ideals reflect the algebraic structure of the respective
ring. We will see many more examples of this kind.
Let us spend a few words why ideals are important. For this, let R be aring and / C R

an ideal. Then, the set R/I of residue classes inherits the structure of an abelian group
(see [30], Satz 11.9.4).

Notation. Write [a] for the class
a+I={a+r|rel}eR/l, acR.
Now, we try the following multiplication on R/I:

- R/IIXR/I — RJI
([al,[6]) + la-b].

We need to verify that this is well-defined. Given a,a’, b, b’ € R, such that [a] = [a'] and
[b] = [P'], there exist elements x,y € [ with

ad=a+x and b =b+y.
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We get

’

a-b=a-b+a-y+b-x+x-y.

By definition of an ideal, we have
a-y+b-x+x-yel and [d -D]=][a-b].
Note that

n:R — RJ/I

a — J[a]
is a group homomorphism which satisfies
Ya,beR: n(a-b)=1|a-b]=]a]l-[b]=nra)- nb).

This shows that the multiplication in R/[ satisfies associativity and that the distributive
laws hold. So, R/I inherits a ring structure, such that  is a surjective ring homomorphism.

1.2.2 Lemma. The assignment J > n~'(J) induces an inclusion preserving bijection
between the set of ideals of R/I and the set of ideals of R that contain I.

1.2.3 Exercise. Prove this lemma. In particular, give the map from the set of ideals in R
that contain / to the set of ideals of S that is inverse to the map described in the lemma.

1.2.4 Exercises. 1) Let R be aring and I C R an ideal. Show that the pair (R/1, xr), consist-
ing of the quotient ring R/I and the surjection 7: R — R/I, a — [a], has the following
universal property (compare [30], Satz I1.9.7): For every ring S and every homomorphism
¢: R — S, such that

I C Ker(yp),

there is a unique homomorphism¢: R/l — S with

p=gom
R
b \:
RII---2 3§

ii) Let f: R — § be a homomorphism of rings. Prove the first isomorphism theo-
rem (compare [30], I1.10.1): We have Im(f) = Im(f) (compare Exercise 1.1.6), f being
the induced homomorphism from Part 1), and

f: R/Ker(f) — Im(f)

is an isomorphism.

10



I.3. Zero Divisors, Nilpotent Elements, and Units

1.3 Zero Divisors, Nilpotent Elements, and Units

Let R be aring. An element a € R is called a zero divisor, if there exists an element b # 0,
such that a - b = 0. The ring R is called an integral domain, if R # {0} and O is its only
zero divisor.

1.3.1 Examples. 1) The ring Z of integers is an integral domain.

i1) Fields are integral domains.

ii1) If R is an integral domain, then the polynomial ring R[x] is also an integral domain.
In particular, if R is a field, then the polynomial ring k[ x1, ..., x,] in n variables is an integral
domain.

iv) Assume that X contains at least two distinct elements x; # x, and R # {0} is a ring.
Then, Map(X, R) contains non-trivial zero-divisors. For example, we look at

firX — R

o 1O ixEN
1, ifx=ux

Then, £, #0,i=1,2,but f, - f = 0.

Let R be aring. An element a € R is nilpotent, if there exists a natural number n with
a=0.
1.3.2 Remark. Obviously, a nilpotent element is a zero divisor. The converse does not
hold. E.g., f; and f; in Example 1.3.1, iv), are zero divisors but not nilpotent.

1.3.3 Example. Let k be a field and n > 2 a natural number. We look at the principal ideal
(x"y C k[x] and the quotient ring R := k[x]/(x"). Then, [x]* = [x*] # 0, for 1 <k < n, but
[x]" = [x"] = 0, i.e., [x] is a nilpotent element of R.

1.3.4 Exercise. Let n > 2 be a natural number. Describe the zero divisors and nilpotent
elements in the residue ring Z/(n) in terms of the prime factorization (see [30], Kapitel I)
of n.

Let R be a ring. An element a € R is called a unit, if there exists an element b € R,
such that a - b = 1. Observe that the element b is uniquely determined. (Indeed, for
b, e Rwitha-b=1=a-b',wefindb=>b-1=b-(a-b')=0b-a)-b'=1-D =Db".)

Notation. We write a™! := b.
1.3.5 Remarks. 1) The set
R*:={a€R|aisaunitof R}

of units in the ring R is an abelian group with respect to multiplication in R with identity
element 1.
ii) An element a € R is a unit if and only if (@) = R.

1.3.6 Examples. 1) The units of the ring Z of integers form the group Z* = {+1}.
ii) Let R be an integral domain, then (R[x])* = R* (compare Exercise 1.3.10).

1.3.7 Exercise. Describe the units of Z/(n) for n > 1 (compare [30], Abschnitt I11.2).

11
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1.3.8 Exercises (Units and nilpotent elements). i) Let R be a ring and n € R a nilpotent
element. Show that 1 + n is a unit.
i1) Deduce that the sum u + n of a unit u € R and a nilpotent element n € R is a unit.

1.3.9 Lemma. Let R # {0} be a ring. The following conditions are equivalent:
1) R is a field.
ii) The subsets {0} and R are the only ideals of R.
iii) Every homomorphism ¢: R — S to a nonzero ring S # {0} is injective.

Proof. For the implication “1)=ii)”, see Example 1.2.1, iii).

“i)=ii1)”: If S # {0}, then 1 ¢ Ker(¢) (see Example 1.2.1). So, Ker(yp) is a proper
ideal of R. The assumption yields Ker(¢) = {0}. As for group homomorphisms (see [30],
Lemma I1.4.5), this implies that ¢ is injective.

“1i1)=>1)": For an element a € R \ {0}, we define S := R/{a). Then, 7: R — S is a
surjective ring homomorphism with m(a) = 7(0) = 0. So, 7 is not injective. This implies
S = {0} or, equivalently, (a) = R. In view of Remark 1.3.5, ii), this shows that a is a
unit. O

1.3.10 Exercise (Units in polynomial rings). Let Rbe aring and f = ap+a;x+---+a,x" €
R[x] a polynomial. Show that f is a unit if and only if g( is a unit and @, . . . , a, are

nilpotent elements.
Instructions.

e For “=", use Exercise 1.3.8.

e For “=",let g = by + byx + --- + b, X" € R[x] be a polynomial with f - g = 1.
Prove by induction on r that

att b,,=0, r=0,..,m. (1.3)

To this end write f - g = ¢+ ¢1 - X + =+ + Cpyp - X" and look at @’ - cpinr 1.
Finally, deduce from (I.3) that a, is nilpotent and conclude by induction on #.

1.4 Prime Ideals and Maximal Ideals
Let R be aring. An ideal I C R is called a prime ideal, if I # R and
Ya,beR: a-bel = (aelVbel),
and a maximal ideal, if I # R and there is no ideal J of R with I € J C R.
Notation. It is customary to use gothic letters for prime and maximal ideals, e.g., p, n.
1.4.1 Proposition. Let R be a ring and I C R an ideal, then

1) I is a prime ideal if and only if R/I is an integral domain.
i) I is a maximal ideal if and only if R/I is a field.

12
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Proof. 1) This is immediate from the definitions.

ii) “="": Let I # R be a maximal ideal. According to Lemma 1.2.2, the ideals of R/I
correspond to the ideals in R which contain 1. These are I and R. So, {0} and R/I are the
only ideals of R/I. By Lemma 1.3.9, R/I is a field. The converse implication “<=" is
obtained by a similar reasoning. O

1.4.2 Corollary. A maximal ideal is a prime ideal.

1.4.3 Remarks. i) Let R be a ring. The zero ideal {0} is a prime ideal if and only if R is an
integral domain.

i1) Let ¢: R — § be a homomorphism of rings. If ¢ C § is a prime ideal, then
p := ¢ '(q) is a prime ideal of R. Indeed, we have

l¢g = 1¢np,

so that p is a proper ideal. By Exercise 1.2.4, ii), there is the induced injective homomor-
phism ¢: R/p — S/q, [r] — [¢(r)]. Since S/q is an integral domain, the same holds
for R/p. Now, apply Proposition 1.4.1, 1).

iii) Let ¢: R — § be, as before, a ring homomorphism. If m C S is a maximal ideal,
then q := f~!(m) needs not be maximal. Look for example at the inclusion ¢: Z C Q.
Then, {0} C @ is a maximal ideal, because Q is a field, but {0} = ¢~ !({0}) is not a maximal
ideal of Z.

1.4.4 Theorem. In every ring R # {0}, there exist maximal ideals.

1.4.5 Remark (The axiom of choice). i) The proof of this theorem requires the axiom of
choice. Like the theorem that every vector space has a basis, this theorem is actually
equivalent to the axiom of choice (see, e.g., [3]).

i1) Since, by Corollary 1.4.2, maximal ideals are prime ideals, Theorem 1.4.4 shows
that every non-zero ring contains a prime ideal. It might be interesting to know that the
statement “Every ring R # {0} possesses a prime ideal.” is actually weaker than the
axiom of choice. It is equivalent to the axiom (BPI) that every non-zero boolean ring (see
Exercise 1.4.16) contains a prime ideal. We refer the reader to the paper [25] for more
details and references.

The axiom of choice, in turn, is equivalent to Zorn’s® lemma that we shall now for-
mulate. Let (S, <) be a partially ordered set. This means that S is a set and “<” a relation
on S which satisfies the following properties:

* Reflexivity: Vs e S : 5 <s.
* Antisymmetry: Vs, s, € S : (5] < 55 A 55 < 51) & 51 = 5.
* Transitivity: Vs, s,,53 €S 151 < 55 A 5, < 53 = 51 < 53.
1.4.6 Note. The relation “<” corresponds to a subset U C S X §, such that

Vs1,€8: 515585, < (s1,%) el

3Max August Zorn (1906 - 1993) was a German mathematician who emigrated to the USA because of
the Nazi policies.
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A chainin S is a subset T C S, such that, for #;,2, € T,onehast; <, ort, < 1y, i.e., “<”
induces a total ordering on 7.

An upper bound for a chain T is an element u € S, such that # < u holds for all r € T'.
Observe that it is not required that u belongs to 7.

A maximal element of S is an element m € S, such that, for s € S, m < s implies
m=s.

1.4.7 Zorn’s lemma. Let (S, <) be a nonempty partially ordered set, such that every chain
T in S has an upper bound. Then, S contains at least one maximal element.

Proof. See [35], Satz 5.13. O

Proof of Theorem 1.4.4. We look at the set
S :={ICR|I+#Rand]/isan ideal }.

This set contains {0} and is therefore nonempty, and it is partially ordered by inclusion
“c”. Let T be a chain in S and define
J= 1

leT

Claim. The set J is an upper bound for T, i.e., J € S.

We first verify that J # R. This follows, because 1 ¢ I, I € T. Next, we show that J is
an ideal. To see that J is a subgroup of R, note first that O € J, because O € [ forall / € T.
Next, assume a;, a, € J. Then, there are ideals I|,l, € T with a; € I, and a, € I;. Since
T is a chain, we have I, C I; or I; C I,. We assume the latter. Then, a; +a, € I, C J.
Finally, let a € J and r € R. Then, there is an ideal / € T with a € I. Since I is an ideal,
r-a € I and, thus, r-a € J. For r = —1, this gives —a € J (see Property 1.1.2, ii) and

completes the proof. v
By Zorn’s lemma 1.4.7, § contains a maximal element m. By definition, m is a maxi-
mal ideal. O

1.4.8 Corollary. i) Every ideal I C R is contained in a maximal ideal.
i1) Every element a € R which is not a unit is contained in a maximal ideal.

Proof. 1) We may apply the theorem to the ring R/ and use Lemma 1.2.2 or modify the
above proof.
i) If a is not a unit, then (@) C R. Hence, we may conclude by 1). O

A ring R with exactly one maximal ideal is called a local ring. In this case, the
field R/m is called the residue field. A ring with only finitely many maximal ideals is a
semilocal ring.

1.4.9 Example. A field is a local ring with maximal ideal {0}.
1.4.10 Proposition. i) Let R # {0} be a ring and m C R an ideal, such that every element
a € R\ mis a unit. Then, R is a local ring with maximal ideal m.

ii) Let R # {0} be a ring and m C R a maximal ideal, such that 1 + m C R*. Then, R
is a local ring.

14
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Proof. 1) Let I € R be an ideal. Then, no element of a € I is a unit. By assumption,
I cm,.
ii) Let a € R\ m. Then, (@) + m = R, because m is a maximal ideal. So, there exist
r € R and b € m, such that
r-a+b=1.
We see that - a € 1 + m, so that r - a is a unit. It follows that a is a unit. (To see this, note

((r-a)™'-r)-a =1.) We now conclude by 1). |

1.4.11 Examples. 1) In Z, every ideal is principal, i.e., of the form (m) for some integer
m € Z. Here, (m) is a prime ideal if and only if m = 0 or m is a prime number. For a
prime number p, F, = Z/{p) is the field with p elements. In particular, every non-zero
prime ideal in Z is a maximal ideal.

i1) An integral domain R in which every ideal is principal is called a principal ideal
domain. Examples for principal ideal domains include the ring of integers Z and the
polynomial ring k[x] over a field k (see Exercise 1.4.15, i). In a principal ideal domain,
every nonzero prime ideal is maximal. Indeed, let (@) be a nonzero prime ideal, i.e.,
a # 0, and (b) be an ideal with

(a) (D).

Thus, there exists an element r € R withr-b = a. If b ¢ {(a), we must have r € {(a).
Choose s e Rwithr =s-a. So,b-s-a=a,ie,(b-s—1)-a=0. Sincea # 0 and R is
an integral domain, we infer b - s = 1. So, b is a unit and (b) = R.

iii) Power series rings. Let R be a ring. We look again at

Map(N, R) = { Sequences (ag, a,as,...)|ay € R,k € N}.
The arithmetic operations are as follows:
* As addition, we use again componentwise addition:

((l(), ag, a, ) + (bOa bl’bZa ) = (aO + b()’ a + bl’az + bZa )

* As multiplication, we use, as for polynomial rings, the Cauchy* product:
(aOa ag, ds, ) - (bOa bl’ bZa ) = (CO’ C1,Ca, )

with
C, = Zak byt neN. (1.4)
k=0

Notation. We write a sequence (ay, a, az, ...) in Map(N, R) as )’ ay - x*. Such an expres-
k=0

sion is called a formal power series over R. The ring of all formal power series over R is
denoted by R[[x]].

Remark. Note that the polynomial ring R[x] is a subring (see Page 4) of R[[x]].

4Augustin—Louis Cauchy (1789 - 1857), French mathematician.
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(o)

Proposition. A formal power series ), a; - x

k=0
inR.

*is a unit in R([x]] if and only if ay is a unit

We leave it to the reader to verify this easy consequence of (1.4).

Corollary. Ifk is a field, then k[ x]] is a local ring with maximal ideal

<x):{iai-xi‘aiek,i: 1,2,3,...}.

i=1

Assume k = C. A formal power series ), a; - X' is convergent, if its radius of conver-
i=0
gence (see [31], Definition I1.3.8) is positive. We set

Clx} := {p = Z a;-x' € Cl[x]] | p is convergent}.

i=0

Proposition. i) C{x} c C[[x]] is a subring.
1) C[x] c C{x}.
iil) C{x} is a local ring with maximal ideal {x).

iv) Let k be a field. For a € k, the principal ideal (x — a) is a maximal ideal of k[x].
If ay # ay, then (x — a;) # (x — ap). This means that k[x] is not a local ring. If k is
algebraically closed (see [31], Satz IV.5.11), then all maximal ideals are of the form
(x—a),a €k.

Note. If k is algebraically closed, a non-constant polynomial p € k[x] is irreducible’ if
and only if its degree is 1.

1.4.12 Exercises®. The ring C{x} may be interpreted in terms of complex functions. Let
S:={(U f)|U c Copen,0 € U, f: U — C holomorphic }.
We introduce the following relation on &:
WU, f)~V,g) = d0eWcUnVopen: fw=gw-.

i) Prove that “~” is an equivalence relation on .

The equivalence classes are germs of holomorphic functions at 0. We write the equiv-
alence class of (U, f) € S as [U, f1].

ii) Show that addition and multiplication of complex functions endow the set & of
germs of holomorphic functions at 0 with the structure of a ring and that

ev: S — C

U, f1 +— f(0)

is a ring homomorphism.’

3See Page 20 for the definition of an irreducible element in an integral domain.
The necessary prerequisites for these exercises are contained [31], especially Kapitel IV
"Note that 0 is the only point at which it makes sense to evaluate a germ.
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iii) For a germ [U, f] € G, let T4, be its Taylor series with expansion point 0. Show
that

T:6 — C{x}
(U, f1 +— Typ

is an isomorphism of rings, such that

T™'((x)) = {[U. fl1 € Slev(f) = 0}.

This exercise illustrates the name “local”: It comes exactly from the context of such
rings of germs of functions at a point, here the origin. Germs are, roughly speaking, the
local functions at the given point.

1.4.13 Exercises (Prime ideals). Determine all prime and maximal ideals of the following
rings: 1) R, ii) Z, iii) C[x], and iv) R[x].

1.4.14 Exercise. Let R # {0} be a ring. Show that the set 2’ of prime ideals of R has a
minimal element with respect to inclusion.

1.4.15 Exercises. Let k be a field.

i) Prove that the polynomial ring k[x] over k is a principal ideal domain.

i) Prove that k is algebraically closed if and only if, for every maximal ideal m C k[x],
there exists an element a € k with m = (x — a).

1.4.16 Exercises (Boolean rings). 1) Let R be a ring such that every element x € R satisfies
x" = x for some n > 1. Show that every prime ideal p of R is a maximal ideal.

ii) A ring R is called boolean®, if every element x € R verifies x> = x. Show that
2x = x + x = 0 holds true for every element x in a boolean ring R.

iii) Let R # {0} be a boolean ring and p C R a prime ideal. Show that p is a maximal
ideal and that R/ is a field of two elements.

The Spectrum of a Ring

The following set of exercises contains the first steps of associating with a ring a geometric
object which contains all the information about the ring.

1.4.17 Exercises (The spectrum of a ring). Let R # {0} be a ring. We define

Spec(R) := {p C R|pis a prime ideal }.
For an ideal I C R, we set
V() :={peSpec(R)|[ICp}.

Establish the following properties:
1) V(0) = Spec(R), V(R) = @.
ii) Let I}, k € K, be a family of ideals in R. Their sum ) I, is the ideal of all linear
keK

combinations ), a;, with a; € I}, k € K, almost all zero (see also Page 33). Then,
keK

8George Boole (1815 - 1864), English mathematician, philosopher and logician.
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1ii) For two ideals I and J of R,
VvianlJ)=vI)uVJy).

Remark. Call a subset Z C Spec(R) Zariski® closed, if there is an ideal I ¢ R with Z = V(I)
and a subset U C Spec(R) Zariski open, if the complement Z = Spec(R) \ U is Zariski
closed. The above properties say:

1’) The empty set and Spec(R) are Zariski open.

i1’) The union of an arbitrary family of Zariski open subsets is Zariski open.

iii’) The intersection of two Zariski open subsets is Zariski open.

So,

T :={U c Spec(R) | U is Zariski open }

is a topology (see [18], Section 1.2) on Spec(R), the Zariski topology.

iv) Let f: R — S be a homomorphism of rings. Define

f#: Spec(§) — Spec(R)
po— fp).

Show that f* is continuous in the Zariski topology.

1.4.18 Exercises (Principal open subsets). Let R be a ring and X := Spec(R). For f € R,
set Xy 1= X \ V().

i) Show that the X, f € R, form a basis for the Zariski topology, i.e., for every Zariski
open subset U C X, there is a subset F' C R, such that

U=|Jx;.

Hint: For an ideal / C R, one has I = }(f).
fel
i1) Prove that Xy N X, = X, f,g € R.

ii1) Check that X = X holds if and only if f is a unit.
iv) Show that X is quasi-compact, i.e., every open covering of X possesses a finite
subcovering.

1.4.19 Exercises. Let R be aring and X := Spec(R).
i) Show that, for an ideal I € R, one has V(I) = V(VI).
11) For a subset Z c X, define the ideal

12) = ﬂ p.

pezZ

Show that
V(D) =VI

holds for every ideal I C R.
1) Let Z C X be a closed subset. Prove that

V(I(2) = Z

9Oscar Zariski (1899 - 1986), was an American mathematician of Russian origin.
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1.4.20 Exercises (Boolean rings). Let R be a boolean ring (see Exercise 1.4.16). Set X :=
Spec(R).
i) Show that, for f € R, the set X is both open and closed (in the Zariski topology).
ii) Let fi,...,f, € R and

I:= <f1""’fn> = <fl>+"'+<fn>-

Prove that [ is a principal ideal.
iii) Suppose fi,....f» € R. Demonstrate that there is an element f € R, such that

Xf I:XfIU"'UXf".

1.4.21 Exercises (The spectrum of Z[x]). The aim of this exercise is to determine all prime
and maximal ideals of Z[x].

i) Show that a prime ideal p which is not principal contains two irreducible polyno-
mials f; and f; with fi 1 f> and f5 1 fi.

ii) Explain why the greatest common divisor of f; and f; in Q[x] is 1, so that there are
polynomials g1, g, € Q[x] with f; - g1+ fo- g = 1.

1ii) Deduce from ii) that the intersection Z N p is non-zero and therefore of the form
(p) for some prime number p € Z.

iv) Infer that a non-principal prime ideal p C Z[x] is of the form ( p, f ) where p € Z is
a prime number and f € Z[x] is a primitive polynomial (see Page 28) of positive degree,
such that its class ? € F,[x] is irreducible. Is such an ideal maximal?

v) Now, describe all prime and all maximal ideals of Z[x].

Remark. A picture of Spec(Z[x]) may be found in the books [21], Example H, page 74f,
and [6], Section 11.4.3.

1.4.22 Exercise (The spectrum of a product). Let Ry, R, be non-zero rings. Describe the
spectrum of Ry X R, in terms of the spectra of R; and R,. (Don’t forget to think about the
topology of the respective spaces.)

I.5 Irreducible Elements and Prime Elements

In this section, R is assumed to be an integral domain. The prime factorization in the
ring of integers ([30], Kapitel I) is the most important tool of elementary number theory.
To state it, we just need the relation of divisibility among two integers. This can equally
well be defined and studied in any integral domain.

L.5.1 Question. Is there a prime factorization in R?

We will see that the answer is no, in general. This motivates two developments. First,
we may single out the class of rings for which the answer is yes, so-called factorial rings,
and study some examples and properties of these rings. Second, we can generalize the
concept of prime factorization by allowing also ideals in the factorization. This will lead
to the primary decomposition of ideals (see Section 11.4).

Let a, b € R. We say that b divides a, if there exists an element ¢ € R, such that

a=b-c.
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1.5.2 Notation. bla.

The reader may check the following properties of the divisibility relation (see [30],
Eigenschaften 1.2.2, for the corresponding statements in the ring Z.)

1.5.3 Properties. i) Let a € R. Then, 1|a and aa.
ii) Let a, b, c € R. If c|b and bla, then also c|a.
i) Let ay, ..., a,, b € R be elements with bla;, i = 1,...,n. Forall r,...,r, € R, we have

b|(r1-a1+---+rn-an).

iv) Let b € R be an element with b|1. Then, b is a unit of R.
v) Let a € R and u € R* be a unit. For every b € R, the relation bla implies (b - u)la
and b|(a - u).
vi) Let a,b € R. Then,
bla < <(a) c(b).

Two elements a, b € R are associated, if there exists a unit u € R*, such that
a=>b-u.
1.5.4 Notation. a ~ b.

L.5.5 Lemma. i) The relation “~” is an equivalence relation.
ii) Let a, b € R. Then, the following conditions are equivalent: %) a ~ b, x%) alb Abla,
and x * x) {a) = (b).

Proof. 1) This is very easy to check directly. It is also an immediate consequence of ii).
ii) Condition %) clearly implies xx). Condition *xx) and % x %) are equivalent by
Property 1.5.3, vi). So, assume that a|b and bla and let r, s € R be such thata = b - r and
b=a-s. Then,
a=(r-s)-a.

This is equivalent to
1-r-s5)-a=0.

Since R is an integral domain,'” we havea =0 or 1 = r- s. In the firstcase, b = a- s = 0.
In the second case, r and s are units of R. In both cases, a and b are associated. m|

We have now two options to generalize the notion of a prime number in the ring of
integers (compare [30], Definition 1.3.1 and Satz 1.4.5): An element p € R is called a
prime element, if p # 0, p ¢ R*, and

VYa,b e R: p|(a-b)= plaor p|b.
An element g € R is irreducible, ifp # 0, p ¢ R*, and
Ya,beR:. g=a-b=acR*orbeR".

In other words, the only divisors of g are units or associated elements.

0Here, our general assumption becomes important.
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1.5.6 Examples. 1) Let k be a field. Then, there are no prime or irreducible elements in k.

ii) An integer m € Z is an irreducible element if and only if it is a prime number. A
prime number is a prime element, by [30], Satz 1.4.5. Since a prime element is irreducible
(Proposition 1.5.7, 1), every prime element in Z is a prime number.

1.5.7 Proposition. Let p € R be an element.
1) If p is a prime element, then p is irreducible.
ii) The element p is a prime element if and only if (p) is a prime ideal
iii) The element p is irreducible if and only if there is no element a € R with

(p) S {a) & R,
i.e., if {p) is maximal among the proper principal ideals of R.

Proof. 1) Let a,b € R be such that p = a - b. Since p|p, we have p|(a - b) and p|a or p|b.
Let us assume pla and let c € Rbe such thata = p-c. We find p = (b-¢) - p. Since p # 0
and R is an integral domain, it follows that b - ¢ = 1 and that b is a unit.

i1) “=": For a, b with a - b € (p), we have p|(a - b). Since p is a prime element, this
implies pla or p|b, i.e., a € {p) or b € {p). The converse is similar.

iii) “="": Suppose a € R is an element with (p) C (a), i.e., a|p. Let b € R be such
that a - b = p. Then, a € R* or b € R*, that is (@) = R or {a) = (p).

“<=": For a,b € R with p = a - b, we have (p) C (a). By assumption, {(a) = (p) or
{a) = R. In the first case b € R*, and, in the second case, a € R*. O

1.5.8 Corollary. Suppose R is a principal ideal domain. Then, any irreducible element
p € R is a prime element.

1.5.9 Important example. We look at the ring
R:=z|V-5|:={k+1-V=-5eC|klez].

It is a subring of the field C of complex numbers and therefore an integral domain. In
order to study divisibility among elements in R, we introduce the norm map

N:R — Z
k+1-V=5 — IK2+5-

It satisfies
Ya,be R: N(a-b)=N(a)- N(®). (L.5)

We can list elements of small norm:
* An element of @ € R has norm 1 if and only if a = +1.
* There are no elements a € R of norm 2 or 3.
* The elements of norm 9 are +3 and +(2 + V-5).

This has already several interesting consequences:

Claim. The units of R are +1.
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The elements +1 are clearly units of R. Conversely, (I.5) shows that a unit u € R
satisfies N(u#) = 1. Our previous observation says that this is equivalent to u = +1. v

Claim. The elements +3 and +(2 = V=5) are irreducible.

We explain the argument for 3. Equation (I.5) shows that a divisor a of 3 has norm 1
or 9, because there is no element of norm 3. If N(a) = +1, thena = +1. If N(a) = 9, then
a ==x3ora==+(2 +V-5). The elements +(2 + V—5) do not divide 3. v

Claim. The elements +3 and +(2 + V-5) are not prime.

Again, we show the assertion for 3. We use the equation
9=3-3=2-V=-5)-2+V-I5). (1.6)

It shows 3|9. By our previous discussion, 3 1 (2 + V=5). v

1.5.10 Exercise. Prove that every element a € R which is neither zero nor a unit can be
written as a product of irreducible elements.

1.5.11 Remark. 1) There are several related observations resulting from our discussion, in
particular, Equation (I1.6). Every element in R may be written as a product of irreducible
elements, but this factorization is, in general, not unique up to associated element. For
example, 9 has two essentially distinct factorizations. Not every irreducible element is
a prime element. There are elements such as 9 which cannot be written as products of
prime elements. We will clarify these matters in the following section.

i1) The fact that there are numbers which cannot be written as products of prime el-
ements led to the idea of “ideal numbers” and eventually of ideals which may be used
to obtain such a factorization nevertheless. An example looks as follows (see Exercise
1.8.9): The ideals

P :=(3,2+V=-5) and p,:=(3,2-V-5)
are prime ideals in R with
(9 =pi - p3 =P NP3
iii) The ring R is the ring of integers in the number field Q(V-5). Every number
field K has such a ring of integers 0. The question whether there is a prime factorization
or not in O is of great importance for algebraic number theory. It is, for example, related

to the famous equation x” + y? = z”, p a prime number, of Fermat.!! Chapter I of [23]
contains detailed information on these topics.

I.6 Factorial Rings

In this section, R will be an integral domain. We will study the following properties:

(F1) Forevery elementa € R\({0}JUR*), there are a natural number r > 1 and irreducible
elements gy, ..., g, € R with

Pierre de Fermat (1601 or 1607/8 - 1665) was a French lawyer and mathematician.
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(F2) For every element a € R \ ({0} U R*), there are a natural number r > 1 and prime
elements py, ..., p, € R with

(F3) If we are given natural numbers 7, ¢ > 1 and irreducible elements ¢, ..., ¢, 1, ..., §; €
R with

then r = ¢ and there is a permutation o: {1, ...,r} — {1,...,r}, such that

Viell,..,r}: qi~ Sew)-

(F4) Every irreducible element of R is a prime element.

1.6.1 Theorem. The following conditions on the integral domain R are equivalent:
i) The properties (F1) and (F3) hold in R.
ii) The properties (F1) and (F4) hold in R.
iii) Property (F2) holds in R.

Proof. “1)=1ii)”. Let g be an irreducible element and a, b € R ring elements with gla - b.
If a = 0 or b = 0, there is nothing to show. If a € R*, it follows that ¢|b, and, if b € R*,
we have gla. So, we may assume a,b € R\ ({0} U R*). Let ¢ € R be such that

a-b=gq-c.
Since ¢ is irreducible, we must have ¢ ¢ R* and, obviously, ¢ # 0. By (F1), there are
natural numbers r,¢,v > 1 and irreducible elements gy, ..., G, S1, -.» S, U1, ..., U, € R With
a = ql ..... qr, b e sl ..... sl’ and Cc = ul ..... uv
The identity
ql ----- qr Sl ----- S[ e q ul ----- uv

and (F3) show that there is an index iy € { 1, ...,r} or an index j, € { 1,...,¢} with
q~dqi, Or g~ Sj,
so that
gla or q|b.

“ii)==>1ii)”. This is trivial.

“iiil)==1)". By Proposition 1.5.7, 1), every prime element of R is irreducible. This
implies that (F1) holds true in R.
Claim. Property (F4) is verified by R.

In fact, let ¢ € R be an irreducible element. There are a natural number » > 1 and
prime elements py, ..., p, with

Since prime elements aren’t units, the irreducibility of ¢ implies r = 1 and g = p;. v
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Now, let ¢y, ..., g, 51, ..., S; € R be irreducible elements with

We proceed by induction on r. If r = 1, then ¢ = 1, because ¢ is irreducible. In general,
there is an index i € { 1, ..., r} with s;|g;, because, according to (F4), s; is a prime element.
Since g; is irreducible, this implies s; ~ ¢;. We may clearly assume i = 1. There is a unit
u € R with sy = u - g;. We infer

and we may conclude by induction. O

A factorial ring is an integral domain which satisfies Conditions (F1) - (F4).

1.6.2 Exercise (Chains of ideals in principal ideal domains). Let R be a principal ideal
domain.
i) Let
(r1) C(r) C -+ C(rg) C{rgg1) C -+
be an ascending chain of (principal) ideals. Show that this sequence becomes stationary,'?
1.e., there is an index ky € N, such that

(rey = (ry,y forall k > k.
ii) Use Part i) to show that (F1) (see Page 22) holds in a principal domain (compare

[8], Chapter II, Lemma 4.3.4) and conclude that a principal ideal domain is factorial.

1.6.3 Example. Let k be a field. By Exercise 1.4.15, 1), the polynomial ring k[x] is a
principal ideal domain and, therefore, by the previous exercise a factorial ring.

The next aim is to prove the existence of more factorial rings.

1.6.4 Theorem (GauB}). Let R be a factorial ring. Then, the polynomial ring R[x] is
factorial, too.

By Example 1.6.3, the theorem is true, if R is a field. We would like to use this result.
This is possible, because we may associate with any integral domain in a canonical way
a field.

Quotient Fields

In order to define what a quotient field is, we will recur again to a universal property.
Let R be an integral domain. A quotient field of R is a pair (Q(R),t) which consists of
a field Q(R) and an injective homomorphism ¢: R — Q(R) and satisfies the following

12This property will be studied in detail in Chapter II.1.
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property: For every field K and every injective homomorphism ¢: R — K, there is a
unique homomorphism @: Q(R) — K with

DoL=¢.

The corresponding diagram looks as follows:

The universal property expresses that Q(R) is the smallest field that contains R. In order to
construct it, we obviously have to invert the elements of R \ {0}. The formal construction
proceeds along the lines of the construction of the field Q of rational numbers from the
ring Z of integers ([27], Abschnitt 1.5).

For (a, b), (c,d) € R x (R\ {0}), we write

(a,b) ~(¢c,d) = a-d=b-c.

113 »
~

1.6.5 Proposition. The relation is an equivalence relation on R X (R \ {0}).

Proof. We leave this as an exercise. O

In the following, we write
a

b
for the equivalence class [a, b] of (a,b) € R X (R \ {0}). We will also abusively write a for
the class a/1, a € R. In this notation, we declare the addition

+: QR) X O(R) — O(R)
a c a-d+b-c
(5’3) — T b4

and the multiplication

T OR)XQMR) — OR)
(a c) a-c
- =] — —.
b d b-d
1.6.6 Theorem. i) The tuple (Q,0,+,-, 1) is a field.
ii) The map

is an injective ring homomorphism."?

iii) The pair (Q(R), t) is a quotient field of R.

Proof. Everything works as for Z and Q. So, we leave the proof as an exercise. O

13This justifies our abusive notation.
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Greatest Common Divisors

We need some more concepts in factorial rings which generalize their counterparts in the
ring Z of integers in order to compare factorizations in the rings R[x] and Q(R)[x].
For ring elements ay, ...,a, € R, a common divisor of ay, ...,a, is an element d € R
with
dla;, i=1,...,n,

and
cd(ay, ...,a,) :={d € R|d is a common divisor of ay, ..., a, }

is the set of common divisors of ay, ..., a,.

1.6.7 Properties. Let n > 1 be a positive natural number, ay, ..., a, € R ring elements and
u € R* a unit.
1) For every ring element d € R we have

decd(ay,..,a,) & ({d)yd{a))+---+{a,).

ii) It is always true that R* C cd(ay, ..., a,).

iii) We have cd(ay, ..., a,, u) = R*.

iv) We have cd(ay, ..., a,,0) = cd(ay, ..., a,).

v) The property 0 € cd(ay, ..., a,) holds if and only ifa; = --- = a, = 0.

Proof. For 1), observe that, for a € R, d|a holds if and only if (d) D {(a) (Property 1.5.3,
vi). So,
decd(ay,..,a,) <= (d)yDd{a)VU---Ula,)).

The fact that (d) is an ideal implies
(dy>(apV---Ulay)) <= (d)d{a)+-+{an.

The rest of the asserted properties is straightforward to verify, and we leave the proofs
to the reader. O

The elements ay, ..., a, € R are coprime, if
cd(ay, ...,a,) C R*.
By Property 1.6.7, ii), this condition is equivalent to cd(ay, ..., a,) = R*.
Given ay, ...,a, € R, a greatest common divisor of ay, ..., a, is an element d € cd(ay, ...,

a,) with the property
Yd' € cd(ay,....,a,) : d|d.

We let
gcd(ay, ...,a,) = {d € R|d is a greatest common divisor of ay, ..., a, }

be the set of greatest common divisors of ay, ..., a,.
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1.6.8 Properties. Let ay,...,a, € R be ring elements.

1) Let d,d" € R be elements with d € gcd(ay, ...,a,) and d ~ d'. Then, d' € gcd(ay, ...,
a,).

i) If d,d’ € ged(ay, ..., a,) are greatest common divisors of ay, ..., a,, thend ~ d', i.e.,
a greatest common divisor is determined up to units.

1i1) Suppose there is an index iy € { 1, ...,n} with a;, # 0 and d € gcd(a,, ..., a,). Then,
the elements a\, ..., a, € R with a; = d - a; are coprime.

Proof. 1) This is obvious. 11) This is a direct consequence of Property 1.5.3, v). iii) Let
t € cd(a), ...,a,) and write a; = a; - t for a suitable ring element a” € R, i = 1,...,n. It
follows that d - ¢ € cd(ay, ..., a,). By definition of a greatest common divisor, (d - 1)|d. As
usual, we infer that # € R* is a unit. So, we have shown cd(aj, ..., a;,) C R* asrequired. O

The concept of a greatest common divisor has been defined in any integral domain. In
general, it need not exist.

1.6.9 Example. We look again at the ring Z[V—5]. The element a = 9 has the divisors 1,
+3, +(2+V=5), 49, and the element b := 3-(2+V-5) has the divisors +1, +3, +(2+V-5)
and £3 - (2 + V=>5). Since the elements 3 and (2 + V=5) are not associated, it follows that
the elements a and b do not have a greatest common divisor.

1.6.10 Proposition. Assume that R is a factorial ring. Then, for n > 1, ring elements
ai, ..., a, which are not all zero do have a greatest common divisor.

Proof. By Property 1.6.7, iv) and v), we may suppose @; # 0, i = 1, ...., n, and by Property
1.6.7, iii), we may assume a; ¢ R*, i = 1,...,n. Since R is factorial, we may find prime
elements py, ..., p, with p; » p; for 1 <i < j < r and natural numbers k;(a;), j = 1, ..., 1,
i=1,..,n, with

Now, set
m;:=min{k;(a)|i=1,...,n}, j=1,..r.

It is readily verified that

m m,

d = pl ..... pr

is a greatest common divisor of ay, ..., a,. O

1.6.11 Lemma. Let R be a factorial ring. Then, every element x € Q(R) can be written
as x =a/bwitha € Rand b € R\ {0} coprime.

Proof. We pick @ € R and 8 € R\ {0}. By Proposition 1.6.10, @ and 8 have a greatest
common divisor. Let d be one, a € R and b € R \ {0} be elements with @« = a - d and
B = b-d. According to Property 1.6.8, iii), a and b are coprime. It is also clear that
x=a/B=alb. O
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Primitive Polynomials

For the rest of this section, we assume that R is a factorial ring. We need to compare
irreducible elements in the rings R[x] and Q(R)[x]. The key concept for doing so is the
one of a primitive polynomial: A polynomial f € R[x] is primitive, if its coeflicients are
coprime.

1.6.12 Example. If k is a field, then every polynomial f € k[x] \ {0} is primitive.

1.6.13 Lemma. i) Let f € R[x] be a polynomial of positive degree. If f is irreducible,
then f is primitive.

i) If f € R[x] is a primitive polynomial and f is irreducible in Q(R)[x], then f is
irreducible in R| x].

In 1), we need to assume that f is non-constant, because the element 2 € Z[x] is
irreducible but not primitive. Part ii) does not work, if we don’t assume that f is primitive.
In fact, the polynomial 2x+2 € Q[x] is irreducible. In Z[x], the equation 2-(x+1) = 2x+2
expresses 2x + 2 as a product of two non-units, so that 2x + 2 is not an irreducible element
of Z[x]. (This is the only subtlety of the lemma.)

Proof of Lemma 1.6.13. 1) Let d be a greatest common divisor of the coefficients of f.
(This exists by Proposition 1.6.10.) By Property 1.6.8, iii), there is a primitive polynomial
g € R[x] with f = d - g. Since f is irreducible and g € R[x] is not a unit, because
deg(g) = deg(f) > 0, d must be a unit.

ii) Let g, h € R[x] polynomials with f = g - h. This is also an equation in Q(R)[x]. By
assumption, g € Q(R)[x]* = Q(R) \ {0} or h € Q(R)*. It suffices to treat the first case. We
have g € R\ {0}, and g clearly is a common divisor of the coefficients of f. Since f is
primitive, we have g € R* = R[x]* as required. |

1.6.14 Lemma (GauB). Let f,g € R[x] be primitive polynomials. Then, f - g € R[x] is
primitive, too.

Proof. For every prime element p € R, we have the surjection

op: RIx] — (RKp))x]
ag+ay-x+---+a,- X" — [a]+[a1] - x+--+[a,] X"

Formally, it is associated with the homomorphism 7,: R — R/{p) and the element
x € (R/{p))[x] (see Page 5). Using prime factorization in R, we have the following:

Vf €eR[x]: fisprimitive <<= VprimeelementspeR: o,(f)#0. (17)

By assumption, we have 0,(f) # 0 and 0,(g) # 0, p € R a prime element. Now, (p) is
a prime ideal (Proposition 1.5.7, ii). So, R/{p) and (R/{p))[x] are integral domains. The
inequality

¥ prime elements p € R: 0,(f - 8) = 0,(f) - 0,(8) # 0

gives the result. O
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1.6.15 Remark. We can rephrase the above proof also in terms of ideals. The kernel p of
0p 1s a prime ideal (see Proposition 1.4.1, 1), p € R a prime element. In the proof, we have
exploited the property

féepnger = f-gép
of the prime ideal p.

1.6.16 Lemma. i) For every polynomial g € Q(R)[x] \ {0}, there is a number a € Q(R),
such that the polynomial a - g belongs to R[x] and is primitive.

i) If f,g € R[x] are polynomials, g is primitive, and a € Q(R) is a number with
f=a-g thena€eR.

Proof. 1) We write g = ap + a1 - x + -+ - + @, - X" with ay, ..., @, € Q(R) and pick elements
r,€R,s; € R\ {0} witha; = r;/s;,i =0,...,n. Sets:=sy-----s5, Then, we obviously
have s - g € R[x] \ {0}. Since R is factorial, we may find a greatest common divisor d of
the coefficients of s - g. There exists a polynomial f € R[x] with s- g = d - f. By Property
1.6.8, iii), f is primitive. Altogether, we may choose a = s/d.

i1) The case f = 0 is trivial. Otherwise, we may write a = r/s with r, s € R coprime
(see Lemma 1.6.11). The equation f = a - g may be rewritten as

s-f=r-g.

This shows that s divides all the coefficients of r - g. Since s is coprime to r, prime
factorization in R implies that s divides all the coefficients of g. The primitivity of g
implies that s is a unit. So, a = r/s € R as asserted. ]

The following result finally relates the irreducible elements of R[x] and Q(R)[x].

1.6.17 Proposition. i) Let f € R[x] be a non-constant primitive polynomial and g € R[x].
If the relation f|g holds in Q(R)[x], then it holds in R[x], too.

i1) If f € R[x] is a non-constant irreducible polynomial, then f is irreducible as an
element of Q(R)[x].

Proof. 1) If g = 0, there is nothing to show. Otherwise, there is a polynomial & € Q(R)[x]\
{0} with g = f - h. By Lemma 1.6.16, i), there is a number a € Q(R), such thata - his a
primitive polynomial in R[x]. Now, we look at the equation

1
g=—-f-(a-h).
a
By Lemma 1.6.14, f - (a - h) is primitive. According to Lemma 1.6.16, ii), 1/a € R, so that
h=(/a)-(a-h)eR[x].

i1) Suppose we could write f = g - h with g, h € Q(R)[x]. We pick a € Q(R), such that
a - h € R[x] is a primitive polynomial, and look at the equation

f=(l-g)-(a-h)-
a

By Part i), we have (1/a) - g € R[x]. Since f is irreducible as an element of R[x], we
conclude that (1/a)- g € R* ora - h € R*. This implies g € Q(R)* or h € Q(R)*. O
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Proof of Theorem 1.6.4. We will verify Conditions (F1) and (F3) (see Page 22f).

Step 1. We show that (F1) holds, i.e., that every element of R[x] \ ({0} U R*) may be
written as a product of irreducible elements. We do this by induction on the degree n.

n=0.Let f € R[x]\ ({0} U R*) be a non-zero constant. Since R is factorial, f can be
written as a product of irreducible elements in R. Finally, every irreducible element of R
is an irreducible element of R[x].

n — n+ 1. Let f € R[x] be a polynomial of degree n + 1. There are a ring element
a € R and a primitive polynomial g € R[x] with f = a - g. Since the assertion holds
for a, it suffices to factorize g. If g is irreducible, there is nothing to show. If g is not
irreducible, there exist elements g1,2>» € R[x] \ ({0} U R*) with g = g; - g,. Since g is
primitive and g, g, aren’t units, g; and g, cannot be constant. It follows deg(g;) < deg(g)
and deg(g,) < deg(g). By induction hypothesis, g; and g, may be written as products of
irreducible polynomials. The same is true for g = g; - g».

Step 2. Here, we check (F3). Let ¢y, ..., ¢y, di, ..., d, € R be irreducible elements and
DP1s s Ps>q15 - qr € R[x] \ R be irreducible polynomials of positive degree, such that

Cpee Co " P1v - ps=dy----- dy-qi---- qs. (1.8)
By Lemma 1.6.13, i), the polynomials py, ..., p; and ¢y, ..., g, are primitive. By Lemma
1.6.14, the polynomials p; - - - - psand g ----- g, are primitive, too. It is easy to infer from
Equation (1.8) that

Cpee Cp ~dp e d,

Since R is a factorial ring, m = n and there is a permutation o: {1,...,n} — {1,..,n}
with

We conclude
prece Ps~qi- qr- (1.9)

Now, we look at this relation in the ring Q(R)[x]. By Proposition 1.6.17, ii), the poly-
nomials py, ..., ps, 41, ..., q; are irreducible in Q(R)[x]. We already know that Q(R)[x] is
factorial (see Example 1.6.3). From (I.9), we now infer that s = ¢ and that there is a
permutation 7: {1,...,1} — {1, ...,¢} with

Pi~ ¢ in QR)[x], i=1,..1.
With Lemma 1.5.5, ii), we rewrite this as
Pilgzi) and g)lpi in Q(R)[x], i=1,...1.
Next, Proposition 1.6.17 shows
Pilg-i) and g«|p; in R[x],
and, thus, by Lemma 1.5.5, i1),
pi~ g InR[x], i=1,..¢t.

This gives the assertion and concludes the proof. O
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I.7 The Nilradical

1.7.1 Proposition. Let R be a ring and
9N :={a € R|a is nilpotent }.

1) The subset  of R is an ideal.
i1) The quotient ring R/ has no nilpotent element other than 0.

Proof. 1) Clearly, 0 € 9. Suppose a,b € 9t and choose exponents m > 1 and n > 1 with
a” =0and b" = 0. For0 <i < m, we have m + n — 1 — i > n. This shows that every
summand of the right hand sum in

m+n—1
+n-—1 , ,
((l + b)m+n—1 — Z (m l’l ) al A bm+n—1—1

l
i=0

is zero, so that (a + bY"™ ! =0anda+b € N. Assumer € Randa € N and let n > 1
be an exponent with @" = 0. Then, (r - a)" = r"-a" = 0 and r - a € N. In the special case
r=—1, we get —a € N.

ii) Let a € R be such that [a] € R/t is nilpotent. Let n > 1 be such that [a"] = [a]" = 0.
This means a" € 9. Hence, we may find an exponent m > 1 with

a™ht = (an)m =0.
This shows a € 9 and [a] = O. m|
The ideal N is called the nilradical of R.

1.7.2 Proposition. Let R # {0} be a ring. Then, the nilradical is the intersection of all
prime ideals in R:
N = ﬂ p.

pcR
prime ideal

Proof. We first show that the nilradical is contained in every prime ideal. To this end, let
a € M be a nilpotent element, n > 1 an exponent with @" = 0, and p C R a prime ideal.
We obviously have a”" € p. So, we may define

[:=min{m > 1]a" € p}.

Assume [ > 1. Then, a' = a-a~' € p. By definition, a € p or a’~! € p. Both conclusions
contradict the choice of /. The only way outis/ = 1and a € p.

Now, let a € R be an element which is not nilpotent. We will prove the existence of
a prime ideal which does not contain a. Denote by X the set of ideals / c R with the
property that a” ¢ I for all n > 1. This set contains the zero ideal {0} and is, therefore,
non-empty. By Zorn’s lemma 1[.4.7 (compare the proof of Theorem 1.4.4), it contains a
maximal element. Let p € 2 be a maximal element. If we can show that p is a prime
ideal, we are clearly done. Suppose b,c € R\ p. Then, p C p+ (b) and p C p + {(c). By
definition of p, there are exponents m > 1 and n > 1 with a” € p + (b) and @" € p + (c).
We infer

a"ep+(b-c).

So,p+<(b-c)y¢2andp C p+(b-c). Thisshows b - c ¢ p as required. O
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1.7.3 Remark. In the above proof, we have used Zorn’s lemma, i.e., the axiom of choice
in its full strength. In Section II.3, we will see that the statement that Proposition 1.7.2
holds for every non-zero ring is equivalent to the fact that every non-zero ring has a prime
ideal (compare Remark 1.4.5). Note the fact that, in a non-zero ring, 1 ¢ 9, so that R must
contain a prime ideal, if Proposition 1.7.2 holds.!*

I.8 Operations on Ideals

Here, we will discuss various ways to construct new ideals from given ones. These con-
structions and their properties will be used throughout the following text.

Intersections, Sums, and Products

Let R be aring, S an index set and (/;),cs a family of ideals in R indexed by the set S.
Then, it is a straightforward task to verify that the intersection

()
seS
is also an ideal. This basic observation makes possible the following important construc-

tion:

1.8.1 Lemma. Let R be a ring and X C R. The ring R possesses one and only one ideal
I(X) which contains X and is contained in any ideal containing X.

Proof. Obviously, the ideal
1(X) = ﬂ I

ICR ideal
XcI

does the trick. O

The reader should compare this to the corresponding construction in group theory
([30], Satz 11.4.10). The ideal I(X) is the ideal generated by X.

Definition. We will often write (X) for 1(X).

1.8.2 Remark. The ideal I(X) is identical to the ideal of all finite R-linear combinations of
elements in X:

I(X):{Zra-a

aeX

r, € R,a € X, all but finitely many are zero }

1.8.3 Examples. 1) The ideal generated by the empty set is the zero ideal, (@) = {0}.

i1) For a € R, the ideal I({a}) agrees with the principal ideal (a) generated by a (see
Example [.2.1, iv).

iii) More generally, for finitely many elements ay, ...,a, € R, we have (compare Ex-
ample 1.2.1, x)

I({ai,....a,}) =(ay,...a,)={ay)y+ - +{a,).

“The intersection over an empty index set is, by definition, the whole ring R.
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We say that an ideal I C R is finitely generated, if there are a natural number n and
elements a, ...,a, € Rwith I = {ay, ...,a, ).

The above construction has an important special case: For § an index set and a family
of ideals (/)5 in R indexed by the set S, the sum is the ideal

Z I, = < UIS> = {Zaslas € I, s € §, all but finitely many zero }
seS

seS seS§

1.8.4 Examples. 1) For a subset X C R, we find I(X) = )’ (a).
acX
ii) The union of ideals is, in general, not an ideal. This means that we get, in general,

UISQZIS.

seS seS

For example, (2) U (3) C Z is not an ideal. We have 2 € ((2) U (3)) and 3 € ((2) U (3)),
but 5 ¢ ((2) U (3)). Note also that

(2)+3) =12,

because 1 = =2 + 3 € (2) + (3).
For ideals 1, J C R, the product is the ideal

IJ=1a-blaclbe)={D a blneNaelbeli=1 ..}

i=1
The powers of an ideal I C R are defined recursively via
* I':=R,
* [ :=]-1"neN.

1.8.5 Examples. 1) Let R = Z and a, b € Z integers. We find the following description of
the above constructions:

* (a) + (b) = {c) with c the greatest common divisor of a and b.

* (a) N (b) = {c) with c the least common multiple of a and b (see [30], Definition
1.4.12).

* (a)-(b) =(a-b).

ii) Let k£ be a field, k[x, ..., x,,] the polynomial ring in n variables (see Equation (I.2)

and the following exercise) and I := { xy, ..., x, ). Then, form > 1,
I" = {polynomials which contain only monomials of degree at least m }
= { Z ..., i"-xlll """ Xil" aj..., i’ZER,(l'l,...,l'n)elen§i1+"'+in2m}.
(i] e JENXT:
i1+---+inzm

Note that R/I™ contains nilpotent elements different from zero, if m > 2.
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1.8.6 Example. Let R be aring and I, J C R ideals. We always have
I-JcinlJ

In general, this inclusion is strict. For example, the discussion in Example 1.8.5, 1), shows
that, for integers a, b € Z, the equation

(@) - {b) = {a) N (b)

holds if and only if @ and b are coprime.
We say that I and J are coprime, if I + J = R, and claim that, for coprime ideals
I, J C R, we have
I-J=1INnJ.

We have to verify the inclusion “>”. Pick r € I and s € J withr+s=1andletae INJ.
Then, the equations
a=a-l=a-(r+s)=a-r+a-s
el-J el-J
shows that a is an element of / - J.

1.8.7 Remarks. 1) The operations of taking intersections, sums, and products of ideals are
commutative and associative, and the following distributive law holds:

Forideals ,JJKCR: I-(J+K)=I-J+I-K.

The reader may verify this as an exercise.
i1) Let 7, J, K be ideals of the ring R and assume J C [ or K C I. Then, we also have

INU+K)y=UnNnJ)+{NK).
Here, the inclusion “2” is obvious. For the converse inclusion, we assume J C I. Let

b € J and ¢ € K be elements with b + ¢ € I. Together with b € I, this implies ¢ € I.

1.8.8 Examples. 1) Let k be a field and R = k[x, y, z] the polynomial ring in three variables
over k. We assert

(X3, x:2,y-2) =(x5y)N{x,2) Ny, 2).

The inclusion “C” is immediate. For the converse, we apply the rules from Remark 1.8.7.
We have

((x) + ) N{x,z)
() N {x,2)) + () N{x,2)).

(x,y)N{xz2)

Since (y) and ( x, z) are not coprime, the rules do not give the intersection (y) N { x, z).
Here, we apply prime factorization. Let f € (x,z). Write f as a product of irreducible
factors. Since y is irreducible, it must be associated with one of these irreducible factors,
provided f € (y). Wesee f € (x-y,y-z)and, thus, (y) N (x,z) C {(x-y,y-z). The
converse inclusion is obvious. We continue as follows:

()N + (M N(x,2) =X +{(x-y,y-2) =(x,y-2).
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Next

(X +-2) Ny, 2)

(0 Ny, z2) + (-2 Ny, 2))
(xX-y,x-2)+{y-z)
(x-y,x-2,y-2).

(x,)"Z>ﬂ<y,Z>

i) If we have two finitely generated ideals I = { f, ..., fyyand J = (gy, ..., &/ ) inaring
R, then one easily sees

I.J: <f1 'gb“'afl 'gta"wfs"gla'“’fs‘.gt)'

A similar result holds, if the ideals are specified by possibly infinite sets of generators.
We may apply this to the setting of the previous example:

(x,)’>‘<X,Z>'<y,Z> = (xz'y,xz‘Z,x'yz,x')"Z,X'Zz,yz‘Z,)"Zz>-

We infer
(X, y)(x2)Ayz2) S{xy)N{xz) N{Y,2).
1.8.9 Exercise (A primary decomposition in Z[V-5]). Define

P :=(3,2+V=5) and p,:=(3,2-V-5)

i) Show that p, and p, are prime ideals.
ii) Verify that the ideals p? and p3 are coprime.
iii) Demonstrate that (9) = p? - p3 = p? N p.

The Chinese Remainder Theorem

We generalize Example 1.8.6.

1.8.10 Lemma. Let R be a ring and I, ..., I, C R ideals, such that I, and I, are coprime
forl <k<l<n Then,»

Proof. We proceed by induction on n. The case n = 2 has already been dealt with in
Example 1.8.6.
n—1— n. We set

n—1
J = Ik
k=1
By induction hypothesis, we have
n-1
J= ﬂ Ik.
k=1

5The associativity of the product shows that the definition is independent of the brackets one implicitly
has to insert into the middle term, or, in other words, grants that the middle term is well-defined.
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It suffices to show that J and I, are coprime. By assumption, there are elements r; € I;
and s; € I, with
I"k+Sk:1, k:1,...,l’l—1.

There is an element s € [,, with

n—1 n—1
}"k:l_l(l —Sk): 1-y.
k=1 k=1
Since the element on the left hand side belongs to J, we see that 1 € J + I,,. m]

Now, we would like to generalize the Chinese remainder theorem from elementary
number theory in the formulation [30], III.1.4. We place ourselves in the situation of the
lemma. To make the notation more precise, we denote the class of a € R in the quotient
ring R/I; by [ali, k = 1,...,n. For k = 1, ..., n, there is the canonical surjection

m: R — R/

a +— J[al.

Using the cartesian product of rings (Example 1.1.3, x), we define

¢:R — ><R/Ik
k=1

a — ([Cl]], () [a]n)'
Note that .
ker(¢) = ﬂ L.
k=1

By the isomorphism theorem, we get an induced injective homomorphism

EZ R/@Ik —> i{R/Ik

Next, we would like to study when ¢ or, equivalently, ¢ is surjective. Let
¢; = (0,..,0,1,0,...,0) € ><R/Ik
k=1

be the element which has the entry 1 at the i-th place, i = 1,...,n. Then, it is readily
checked that
pissurjective << Vie{l,..,n}:e €im(p).

Let us look at the condition e; € im(¢) in more detail. If it is satisfied, then there is an
elementa € R with [a]; = 1,1.e.,1 —a € l;,and [a];, =0, thatisa € I, fork =2, ...,n. In
particular, we have

1=0-a)+ach+1I, k=2,..n

Conversely, assume that /; and I are coprime, for k = 2, ..., n. Then, there are elements
. € 1; and S € I, with
l=r+s, k=2,..,n.
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Set
a:= Sp = 1_[(1 - ).
k=2

k=2

The second description of a shows [a]; = 1 and the first [a]; = 0, k = 2, ..., n. It follows
¢(a) = e;y. Our discussion shows:

1.8.11 Lemma. The homomorphism ¢ is surjective if and only if the ideals I} and I, are
coprime, for 1 <k <l <n.

We combine this observation with Lemma 1.8.10:

1.8.12 Chinese remainder theorem. Let R be a ring and 1, ..., I, C R ideals, such that I
and I; are coprime for 1 < k <1 < n. Then,

R/ﬁlk :R/ﬁ[k ~ >n<R/Ik.
k=1 k=1 k=1

1.8.13 Example. Let a € Z be an integer and

Vn

a= p‘lll ..... pn

its prime factorization. Then,

Z[{a)y = Z/{p\") X - X Z[{py")-

1.8.14 Exercise (The Chinese remainder theorem). 1) What is the smallest (positive) mul-
tiple of 10 which has remainder 2 when divided by 3, and remainder 3 when divided by
7?

ii) Let k be a field. Describe the ring k[x]/{(x* — 1).

Ideal Quotients
Let Rbe aring and 1, J C R ideals. Then, the ideal quotient of I by J is set to be
(I:J):={a€Rla-JCI}.

It is straightforward to check that (/ : J) is an ideal. For an ideal I C R, we call ((0) : I)
the annihilator of 1.

Notation. x Ann(/) := ({0) : I).
* For a € R, we set Ann(a) := Ann({a)).

1.8.15 Remark. The union
D= U Ann(a)

aeR\{0}

is the set of zero divisors of the ring R.
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1.8.16 Example. Let R = Z and a, b € Z be integers. We look at the prime factorizations

a= 1_[ p'r and b= 1_[ pr.

p prime number p prime number

There exists a positive integer ¢ with

(a) : (b)) = (o).

c = l_l p)’p

p prime number

Its prime factorization

is determined by
Yp = max{u, —v,,0}=pu, —min{u,,v,}, p aprime number.
We see
a
c=——.
gcd(a, b)
1.8.17 Properties. Let R be a ring, S and T index sets, and I, J, K, I, s € S, and J,,
t € T, ideals in R. Then, the following properties are verified:
nlicd:J).
iw{:Jy-Jcl.
i) (I:):K)=(I:(J-K)=(U:K):J).

iv) (ﬂ(ls : J)) ="\ : D

V) (ISZ Jt) _ ﬂ(sl ).
teT teT

The verifications are left as an exercise to the reader.

Radicals of Ideals
Let R be aring and I C R an ideal. The radical of I is
VI:={aecR|Fk>1:d€l}

Note that VI is the preimage of the nilradical <N of the ring R/I under the canonical pro-
jection m: R — R/I. Proposition 1.7.2, therefore, gives the following

1.8.18 Corollary. The radical VI is the intersection of all prime ideals which contain I.

1.8.19 Properties. Let R be a ring, I,J C R ideals, and p C R a prime ideal of R. Then,
we have the following properties:

I cVL

ii)ﬁ:xﬁ.

iii) VI = R ifand only if I = R.
NVI-J=VInJT=VInVJ.

V) VI +J =+VT+VJ.

vi) For every n > 0, one has \[p" = p.
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The proof is again left to the reader.

1.8.20 Examples. 1) Let R = Z and a € Z an integer. As usual, we look at the prime
factorization

— V1 v,
a = pl ..... pn"_

This means, in particular, that v; > 0, i = 1, ..., n. Then, it is readily checked that

Vay=(pr - Pn)-

ii) We return to Example 1.8.8, ii). More precisely, we look at the ideal
I:<_x2.y,_x2.Z,x.y2,x.y.z,y2.Z,y.Z2>'

Note x-y ¢ I, but (x-y)> = x-(x-y*) € L.

Anideal I C R which is its own radical, I = VI, is a radical ideal. Radical ideals play
an important role in algebraic geometry (see Section 1.9).

Extension and Contraction of Ideals

Let R, S be rings and ¢: R — S a homomorphism. It is important to compare the ideals
of R and S.'® Recall from Example 1.2.1, viii), that the image ¢(/) of an ideal I C R need
not be an ideal. For this reason, we have to resort to the construction in Lemma [.8.1: Let
I C R. Then, the ideal

I := I(p(D))

of S generated by the image (1) of I is the extension of I via ¢. We have

Ie:{Zsi'f(ai)lneN,sies,aiEI,i: 1,---,”}.

i=1

1.8.21 Remarks. If p C R is a prime ideal, then p° C S need not be a prime ideal.!’
For example, for the inclusion ¢(: Z — Q@, the extension of (p), p a prime number,
is always @Q which is not a prime ideal. Another example is the canonical projection
e k[x,y] — k[x,y]/{x-y), k a field. Since k[x, y] is an integral domain, (0) is a prime
ideal of k[ x, y]. Obviously, (0)¢ = (0). But the quotient ring k[x, y]/{x-y) has zero divisors,
e.g., [x] and [y]. Therefore, (0) C k[x, y]/{x - y) is not a prime ideal.

In the above setting, let / C S be an ideal. Then,
J = '(J))

is always an ideal of S. It is called the contraction of J via ¢. Recall that q° is a prime
ideal of R, if g is a prime ideal of S'.

18In Exercise 1.4.17, iv), you have already encountered the induced continuous map ¢*: Spec(S) —
Spec(R).
1780, there is, in general, no induced map ¢, : Spec(R) — Spec(S).
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1.8.22 Remark. By Exercise 1.2.4, we can factorize ¢: R — § as
R -5 T := R/ker(p) < S.
Here, 7 is the canonical projection and ¢ := ¢ is injective. Regarding the surjection
n:R— T,
we have
* If I C Ris an ideal, then n(I) C T is an ideal (Example 1.2.1).

* The map K C R/ker(¢) — n~'(K) C R induces an inclusion preserving bijection
between the set of ideals of R/ker(¢) and the set of ideals of R containing ker(y).'®

The above discussion reveals that most of the complications encountered in the exten-
sion and contraction of ideals show up for injective ring homomorphisms. Here is a nice
classical example from number theory.

1.8.23 Example. We look at the ring of GauBian integers:
Zlil={k+1-ieClkleZ}.

This ring is euclidean (see [8], Chapter II, Definition 2.2.4, for the definition of a euclidean
ring and [8], Beispiel 2.2.5, 3), or [23], I.(1.2), for the proof of the above-mentioned fact).
In particular, it is a principal ideal domain ([8], Satz 2.2.6). The prime elements of Z[i]
are described in [23], 1.(1.4).

Let ¢: Z — Z[i] be the natural inclusion. Using the classification of prime elements
in Z[i], one finds the following:

* (2)° =((1 +0)).

* If p = 1 mod4, then (p)° is the product of two prime ideals. For example, (5)¢ =
QR+1i)y-(2-1i).

* If p = 3 mod 4, then (p)° is a prime ideal.

This is just the ideal theoretic description of the classical result of number theory that an
odd prime number can be written as the sum of two squares if and only if it is congruent
to 1 modulo 4 (see [23], Chapter I, §1).

We list further rules for the extension and contraction of ideals which the reader should
prove on her or his own.

1.8.24 Properties. Let R, S be rings, I, I, I, be ideals in R, J, Ji, J, ideals in S, and
f: R — S aring homomorphism. Then:

1)l cI* J>J*=

11) Ie — ICCC’ JC o JCCC.

i) (L + L) =1+ 15, (Ji + L) D U]+ J5.

v)y(Lhnh)Y clinl, (Jinh) =JiNJ.

V) (11 . Iz)e = IT . I;, (J] . JQ)C D J? . J;

vi) (I; : L) C (5 : I5), (Jy : o) € (J] : J5).

vil) WVD® ¢ VIE, (WI)e = VI

18Be aware that, for distinct ideals 7 and I’ which do not both contain ker(¢), it may very well happen
that (1) = ¢(I”). Can you think of an easy example?
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1.9 Algebraic Sets

So far, we have developed the calculus of ideals. In addition, we studied the problem
of prime factorizations in integral domains. The failure of it led to Kummer’s idea that
ideals are generalizations of numbers which should help to save the prime factorization.
This is a strong motivation for introducing ideals. The main motivation to study ideals
in this course comes, however, from algebraic geometry. We will now illustrate how
basic notions concerning systems of polynomial equations may be elegantly treated in the
language of ideals. To do this, we will need some of the operations on ideals that we have
discussed. This is why we treat this material at such a late stage.

Roughly speaking, algebraic geometry is the study of solutions of systems of polyno-
mial equations over a field or even a ring. Let us formalize this. Let k be a field. The
n-dimensional affine space over k is"

A} ={(ar,....,an)|a; e k,i=1,..,n}
Let F C k[x1, ..., x,] be a subset. The set

V(F):={p=(a1,...a,) e N |VfeF:f(p) = fla,..,a,) =0}

is the vanishing locus of F. Its points are those which simultaneously solve all the poly-
nomial equations f = 0, f € F. Note that ' may be an infinite set.
A subset Z C A} is algebraic, if there is a subset F C k[xy, ..., x,] with

Z =V(F).
For a subset § C A}, we introduce

I(S) :={fe€klx,.x,]|I¥peS : f(p)=0}.

Note that /(S) is an ideal (compare Example 1.2.1, vi). It is the ideal of regular functions
vanishing on S or simply the ideal of S .

1.9.1 Properties. Let S,Y,Z C A} and F,G,H C k[x, ..., x,] be subsets. Then, one has:
1) The ideal I(S) of S is a radical ideal.
i I(Yuz)=I1Y)NIZ).
i) If Y C Z, then I(Y) D I(Z).
iv) If G C H, then V(G) D V(H).
v) Let (F) be the ideal generated by F (see Lemma 1.8.1). Then,

V(F)) = V(F).

Proof. i) Let f € k[xi,...,x,] and [ > 1 be such that f € I(S). This means that f(p) =
(f(p))! = 0 forall p € S. Since the field k has no nilpotent element besides 0, this
condition is equivalent to f(p) =0 forall p € §,1.e.,to f € I(S).

ii), iii), and iv) are trivial.

19One uses this notation rather than k" to indicate that we are not interested in the k-vector space structure
of that set.
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v) Since F' C (F), we have V(F) D V((F)). Now, let p € V(F) and h € (F). We
have to show that h(p) = 0. There are a natural number s, elements fi, ..., f; € F and

Tl ..., s € k[x1, ..., x,,] with
N

h:Zri-fi.

i=1
It follows that

©

h(p) = ) ri(p)- fi(p) =0,
i=1

because fi(p) =0,i=1,...,s. O

Property 1.9.1, v), tells us that, when dealing with algebraic sets, we may restrict to
vanishing loci of ideals. The set theoretic operations on algebraic sets reflect very nicely
in the operations on ideals.

L.9.2 Properties. 1) The empty set @ and the affine space A} are algebraic sets.
i) Let I,J C k[xy, ..., x,] be ideals. Then,

VvihuV)=vUnJ)y=V-J).
iii) Let K be an index set and (I)icx be a family of ideals in k[ xy, ..., x,]. Then,

ACE V(Z Ik).

keK keK
Proof. 1) We have @ = V((1)) and A} = V({0)).

i) Since INnJ c Iand INJ c J, we have V(I N J) D V(I) U V(J), by Property
1.9.1,iv). We alsohave I -J c I nJ, sothat V(I - J) D V(I nJ). Let us show that
VI -J)cVI)uV(J). To thisend, let p € V(I - J) and assume p ¢ V(I). Then, we find a
polynomial f € I with f(p) # 0. For every g € J, we obviously have f - g € I - J, so that

VgelJ: f(p)-g(p)=(-8p) =0.
Since f(p) # 0 and k is a field, this means

VgelJ: g(p)=0

and shows that p € V(J).
iii) It is readily verified that

Mva = V(U Ik).

keK keK

By definition (see Page 1.8), > I is the ideal generated by J I;. So, we conclude by
keK keK
Property 1.9.1, v). O

Property 1.9.2 tells us that the algebraic subsets of A} fullfil the axioms of the closed
subsets of a topological space (see [18], Abschnitt 1.3). Therefore, we say that a subset
Z C A} is Zariski closed, if it is algebraic. A subset U C A} is Zariski open, if its
complement A} \ U is Zariski closed.

By Property 1.9.2

T ={U c A}| U is Zariski open }

is a topology on A”, the Zariski topology.
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1.9.3 Remark. 1) We already see some of the nice features of algebraic geometry emerge:
the subtle interplay of topological, geometric and algebraic tools. The reader should be
careful about the topology. It is very distinct from, e.g., the usual topology on R" or C"
(see the following exercise).

i1) In Property 1.9.2, ii), we give two ideals which yield the union V(I) U V(J), I,J C
k[x1, ..., x,] 1deals, namely, I N J and I - J. The first description has the advantage that
I N J will be a radical ideal, if 7 and J are radical ideals (Property 1.8.19, iv). The second
description allows to determine easily equations for V() U V(J) from known generators
for I and J. In fact, if (fi)rex generate I and (g;);c, generate J, then (fi - 8/)k.nexxr generate
I - J (compare Example 1.8.8, ii).

1.9.4 Exercises. 1) Describe the Zariski open subsets of A}c. (Recall that k[x] is a principal
ideal domain.)

i1) Check that the Zariski topology on Ai is not the product topology (see [18], Section
2.1) on A} x A}, the factors being endowed with the Zariski topology.

Let (X, 7") be a topological space and S C X a subset. Recall ([18], Definition, p. 11)
that the closure S of S is the smallest closed subset of X that contains S, i.e.,

s= () z

ZcX closed:
Scz

1.9.5 Lemma. i) For every ideal I C k[ xy, ..., X,], one has
VI c 1(V(D)).
ii) Let S C A} be a subset. Then,
S = V(I(S)).
Proof. 1) Clearly, I c I(V(I)). Hence,

VI c {JI(V(D) = I(V(D)).

For the last equation, we used Property 1.9.1, 1).
i1) We clearly have S c V(I(S)). Since V(I(S)) is closed, we also find S c VU(S)).
Let S C Z C A} be a closed subset. There is an ideal I C k[x, ..., x,] with Z = V(I). We
see
Z=V({I)>V((Z) > VU(S)).

The first inclusion is a consequence of I C I(Z) and the second one of I(Z) C I(S) which,
in turn, follows from Z > §'. ]

We have maps

D {Algebraic sets in A} } — {Radical ideals in k[xy, ..., x,] }
Z +— 1(Z)

and
v {Radical ideals in k[x, ..., x,] } — {Algebraic sets in A} }
I — V().
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Lemma 1.9.5, ii), shows
Yod=id.

In particular, @ is injective and ¥ is surjective.
Hilbert’s*® Nullstellensatz I11.3.4 asserts that, if k is algebraically closed, then also

Do V¥ =1d.

Then, we have translated the theory of algebraic sets into the theory of ideals in rings.

If k is not algebraically closed, we cannot expect such a result. Look, for example,
at the prime ideal®' I := (x*> + y> + 1) C k[x, y]. Obviously, V(I) = @ and I(V(I)) = (1).

1.9.6 Examples. i) We look at the ideals I, = (y,z), I, = (x,z), and I, = (x,y) inside
k[x,y,z]. Then, V(I,) is the x-axis, V(1) the y-axis, and V(I,) the z-axis. The ideals I,-1,-I,
and I, N I, N I, were computed in Example 1.8.8. By Property 1.9.2, i1), both V(I - I, - I.)
and V(I, N I, N I) consist of the union of the coordinate axes.

Note that
L-I,-LcI,.nl,NI C IV, n I,N L) =1V({,- I - L)).

We remark that I, - I, - I, # I(V(I, - I, - I)) is already implied by the fact that I, - I, - I, is
not a radical ideal (see Example 1.8.20, ii).

ii) We look at the ideals I} := (y* — x*,z) and I, := ( x,y) in the ring k[x, y,z]. The
vanishing locus V(1;) is Neil’s parabola ([28], Beispiel 4.1.2, iv) inside the (x, y)-plane
and V(1) is, as before, the z-axis. The union of these two objects is V(I - ;). By Example
1.8.8, ii),

L-L=(x-zy-z,x-y —x"y —x-y).
Again, I, - I, is not a radical ideal. For example, y> — x> ¢ I - I, but
G- =y y (- x (- =y - Y- (x- Y -xYel L.

Weseel, - I, C I(V(I; - Ib)).

2David Hilbert (1862 - 1943), German mathematician.
21x2 +y? + 1 is an irreducible polynomial, because, if it could be written as the product of two linear
polynomials, it would have zeroes.
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1.9.7 Remark. Let Z C A} be an algebraic set and I1(Z) C k[x, ..., x,] its ideal. The ring
k[Z] := k[x1, ..., x,1/1(Z)

is called the coordinate algebra of Z. It describes Z as an “abstract object”, i.e., without
reference to the inclusion ¢: Z — A}. We will elaborate on this later (see, e.g., the
following exercise).

1.9.8 Exercises (Maps between algebraic sets). Let k be a field and Z C A} an algebraic
set. Its algebra of regular functions is

K[Z] := k[x1, ..., X,/ I(Z).

Note that an element f° € k[Z] defines indeed a function f: Z — k. Let W C A" and
Z C A} be algebraic sets and F: W — Z a map. Write the induced map F: W — Z C
A} asw > (fi(w), ..., fu(w)). We say that F is regular, if f; is a regular function on W,
i=1,..n.

i) Show that a regular map F: W — Z induces a homomorphism

F*: k[Z] — k[W]

of k-algebras.
i1) Suppose ¢: k[Z] — k[W] is a homomorphism of k-algebras. Show that there is a
unique regular map F: W — Z with F* = ¢.

Let I C k[xy, ..., x,] be an ideal. Then, we have its vanishing locus V(I). As a subset
of A}, it is endowed with an induced Zariski topology. On the other hand, we introduced
Spec(k[xy, ..., x,]/I). It carries a topology that was also called the Zariski topology. It is
important not to confuse these two objects.

1.9.9 Remark. By Lemma 1.2.2 and Exercise 1.2.3, the surjection
mklxy, ., x,] — klx1, ... x,0/1
induces an injective map
e Spec(k[x1, ..., x,]1/I) — Spec(k[xy, ..., X,]),

and the Zariski topology on Spec(k[xy, ..., x,]/I) agrees with the subspace topology (see
[18], Section 2.1).
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In order to get an idea about the difference of these two objects, let us first relate them
to each other. First, note that, for a point p = (a4, ...,a,) € A},

My, = (X = A1yeey Xy — Gy )

1.22

is a maximal ideal.”” This provides us with the map

@: A; — Spec(k[xy, ..., X,])

p o m,.
1.9.10 Lemma. For every point p = (ay, ..., a,) and every ideal I C k[xy, ..., x,], we have
peVI) & [1C(xi—al,..X,—a,).

Proof. Let p € V(I). Then, { x;—ay, ..., x,—a, ) C I{p}) € (1). Since { x; —ay, ..., x,—a, )
is a maximal ideal, we must have equality. Thus, we see

(X1 = a0 Xy —ay) = I({pH) D I(V(D)) O 1.
Conversely, I C (x| —ay, ..., X, — a, ) yields

{p}=V({xi—ai, ... x, —ay)) c V().
This completes the proof. O

For any ideal I C k[x, ..., x,], the sets V(I) C A} and V(I) C Spec(k[xy, ..., x,]) are,
thus, related by
V() = &7 (V{)). (1.10)

In particular, @ is continuous in the Zariski topology.

1.9.11 Exercise. Let R be aring. A point p € Spec(R) is closed, if {p} is a Zariski closed
subset of Spec(R). Show that p € Spec(R) is a closed point if and only if p is a maximal
ideal.

In order to get a precise understanding of @ and, therefore, of the relation between A}
and Spec(k[xy, ..., x,]), we need to understand the maximal ideals of k[x, ..., x,].

If k is algebraically closed, Hilbert’s Nullstellensatz I11.3.4 shows that all maximal
ideals of k[x;, ..., x,,] are of the form (x| —ay, ..., x,—a, ), (ai, ..., a,) € A}. So, @ identifies
A} with the set of closed points of Spec(k[xy, ..., x,]). Note that Spec(k[xy, ..., x,]) contains
non-closed points, e.g., (0), and, if n > 2, (x;), i = 1,...,n and, more generally, { f),
f € k[xi, ..., x,] an irreducible polynomial.

If k is not algebraically closed, then Spec(k[x, ..., x,]) contains in some way the
points of A%, K/k a finite extension field. Let us look at the extension C/R. The set

{(+i,1) € A2} corresponds to the maximal ideal { x> + 1,y — 1) C R[x, y]. Indeed,
C 1Y

Rix, y]/{x*+1,y—1) = R[x]/(x* + 1) = C.

22The canonical map (see Page 5 and Exercise 1.1.9) k[xy, ..., x,] — k thatsends x; to a;, i = 1,...,n,
factorizes over an isomorphism k[x1, ..., x,]/{ x1 — a1, ..., X, — a, ) — k.
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The fact that (x> + 1,y — 1) gives two points is reflected by the fact that we have two
R-linear isomorphisms between R[x]/(x* + 1) and C, namely, we may map x either to i or
to —i.

The above discussion carries over to V(I) and Spec(k[xy, ..., x,1/1), I C k[xy, ..., x,] an
ideal. If k is not algebraically closed, it may happen that V(1) is empty (see Page 44).
For a non-zero ring R, the set Spec(R) is not empty, because R contains a prime ideal
(Theorem 1.4.4).
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Noetherian Rings

In this chapter, we present the concept of a noetherian ring.! Noetherian rings are char-
acterized by a finiteness condition which may be phrased in several ways. Each of the
characterizations is given in terms of ideals of the ring. These rings are the most impor-
tant ones appearing in algebraic geometry. For example, all coordinate algebras of alge-
braic varieties are noetherian rings. We also introduce a major tool for constructing new
rings, namely localization. The main theorem of this chapter is the existence of primary
decompositions of ideals in noetherian rings which has already been alluded to several
times. It vastly generalizes prime factorizations and has also a geometric flavour: It is
closely related to the decomposition of an algebraic set into its irreducible components.
Primary decompositions are not unique, in general, but many important ingredients in a
primary decomposition are determined by the respective ideal. In order to prove these
uniqueness statements, we carefully investigate the extension and contraction of ideals
under localization.

II.1 Chain Conditions

A ring R is noetherian, if every ideal I C R is finitely generated, 1.e., there are a natural
number n > 1 and elements ay, ..., a, € I, such that

I={a,..,a,).

Let R be a ring. An ascending chain in R is a sequence (I;);cn of ideals with the
property
YkeN: I C L.

Likewise, a descending chain in R is a sequence (I;)ien Of ideals, such that

Vk e N : I, o I,,.

'Emmy Noether (1882 - 1935), German mathematician.
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II. Noetherian Rings

Let (I;)ren be an ascending or descending chain in R. It is stationary, if there is an index
ko with
Vka()I Ik:Iko-

Here are two alternative characterizations of noetherian rings.

II.1.1 Theorem. Let R be a ring. Then, the following conditions on R are equivalent:

i) The ring R is noetherian.

ii) The ring R satisfies the ascending chain condition (ACC), that is, every ascending
chain in R is stationary.

iii) Every non-empty subset X of ideals in R contains an element which is maximal
with respect to inclusion.

Let R # {0} be a notherian ring. Then, we can define 2" as the set of all proper ideals
of R. Thus, the theorem asserts, in particular, that every non-zero noetherian ring has
a maximal ideal. This statement is weaker than Theorem [.4.4 which asserts that every
non-zero ring has a maximal ideal. In the proof of Theorem II.1.1, we use the following:

I1.1.2 Axiom of dependent choice. Let X be a non-empty set and R € X X X a relation,
satisfying the following property:

VxeXdyeX: (x,y)eER.
Then, there is a sequence (xy)ien, such that
Vke N: (x,x1) €R.

If we do not assume the axiom of choice, this is really an axiom: One might try
to define the sequence (x;)en by recursion. Having already constructed xy, ..., X, there
is an element y € X with (x;,y) € R. But y is, in general, not uniquely defined. We
have to choose one. The choice, of course, depends on the previous element. So, the
construction of (x;);en requires countably many choices and these are not possible without
some axiom. For a deeper discussion of this axiom, we refer the reader to [12], Chapter
2.

Proof of Theorem 11.1.1. “1)==11)". Let (I;)ren be an ascending chain of ideals. Then,

I‘:Ulk

keN

is also an ideal. By assumption, it is finitely generated. Pick n > 1 and ay, ..., a, € I with
(ai,...,a,) = I. There are natural numbers ki, ..., k, witha; € I;,, i = 1, ..., n. Set

ko := max{ ki, ....k, }.
Then, a; € It,, i = 1, ...,n. We see:
Vka()I IkOCIkCICIkO.

This shows that Ik() = Ik, k> ko.
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“i1)==1i1)”. Suppose that iii) does not hold, and let 2’ be a non-empty set of ideals in
R without maximal element. Then, there exists an ascending chain (/; )iy With

VeeN: Lie2 AN I, €Ly

We found an ascending chain in R which is not stationary, a contradiction.

“iil)==1)". Let I C R be an ideal. We define X as the set of all finitely generated ideals
of R which are contained in /. Note that (0) € 2, so that 2’ # @. Let J € 2 be a maximal
element. We have J C [, and J is finitely generated. We have to show that J = [. If this
were wrong, we could pick an elementa € I\ J. Then,

J < J+<{a).

This implies that J + {(a) is not finitely generated. On the other hand, there exist n > 1
and ay,...,a, € J with {ay, ...,a, ) = J. But then

J + <a> = <ala eeey an’a>a
a contradiction. 0

I1.1.3 Exercise. Where was the axiom of dependent choice used in the above proof? Spec-
ify the set X and the relation R to which it was applied.

I1.1.4 Corollary. Let R, S be rings and ¢: R — S a surjective ring homomorphism. If
R is noetherian, then so is S.

Proof. Let J C S be an ideal of S. Then,

J=o), 1:=¢ ).

Since I is an ideal of R and R is noetherian, there exists a natural number n > 1 and

elements ay,...,a, € I with I = (ay,...,a,). Obviously, J is generated by the images

Sp(al)a ) ()D(an)
We can also argue by using ACC: By Exercise 1.2.4, ii),

S = R/ker(p).

The ideals of S are in inclusion preserving bijection to the ideals of R containing ker(¢p)
(LemmaI.2.2). So, the ascending chain condition in R clearly implies the ascending chain
conditionin S. i

I1.1.5 Examples. 1) Fields are noetherian rings.
i) Principal ideal domains are noetherian rings. Recall that Z and the polynomial ring
k[x] over a field k are examples for principal ideal domains and, thus, for noetherian rings.
iii) We let R := €°([0, 1]) be the ring of continuous functions on the interval [0, 1]
(compare Example 1.1.3, vi). Set

I = {f€R|f|[0,1/k] 50}, k>1.

Then, (I;)i>1 is an ascending chain which is not stationary. In particular, R is not a noethe-
rian ring.
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II. Noetherian Rings

I1.1.6 Hilbert’s basis theorem. If R is a noetherian ring, then the polynomial ring R[x]
is also a noetherian ring.

Proof. Assume that R[x] is not noetherian. Let I C R[x] be an ideal which is not finitely
generated and X the set of all finite subsets of /. It is obviously non-empty. For x,y € X,
we write x <y, if x C y, #y = #x + 1, and the unique element f € y \ x satisfies

fEx) A Vgel\(x): deg(g) > deg(f).

Since [ is not finitely generated, it is clear that we find for each x € X an element y € X
with x < y. By the axiom of dependent choice II.1.2, there is a sequence (xy)ien With
Xx; € X and x; < xi41, k € N. This defines the sequence (f;)i>1 With

fd=x\xa, k=1

Finally, we obtain the sequence (a;)i>; in R in which g, is the leading coefficient of f;,
i.e., the coefficient of x%¢U¥ in f, k > 1.

Claim. Yk > 1 : <Cl], ...,Clk> - <Cl1, ceny Ay At 1 >

If we had {ay, ...,ay) = {ay, ..., ai, ai+1 ), then there were elements ry, ..., ry € R with
k
Ayl = Z ri- Q.
i=1

The definition of the relation “<” implies

Vk:  deg(fi) < deg(fir1)-

Therefore, we can define

k
8= frwr — Z T dea(firn)—deg(f) - .. (L1)

i=1
But then,
deg(g) < deg(fi+1)-

By construction of “<”, fi;; has the least degree among all elements of / that are not
contained in {x) +{ fi, ..., fx )- S0, we must have g € (xo) +{ fi, ..., fx ). Now, (Il.1) shows

Jfrea1 € (x0) + { fi,.--» fx ), and this is a contradiction. v
This claim shows that ({ay, ..., a; ))r>1 1S a non-stationary ascending chain in R. This
contradicts the assumption that R is noetherian. O

I1.1.7 Corollary. Let R be a noetherian ring, e.g., a field. Then, the polynomial ring
R[xy, ..., x,] is noetherian, n > 1.

I1.1.8 Remark (An application to algebraic sets). Let k be a field, n > 1 a natural number,
k[x1, ..., x,] the polynomial ring in n variables, and F' C k[xy, ..., x,] a possibly infinite
subset. We claim that there are a natural number m > 1 and elements f, ..., f,, € F with

V(F) = V({ fi, s fu })-
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In particular, every algebraic set may be defined by finitely many equations. According
to Property 1.9.1, v),

V(F) = V((F)).
Now, k[xi, ..., x,] is a noetherian ring, so that (F) is finitely generated. Pick a natural
number s > 1 and elements gy, ..., g; with

(F)=(8&1, . 8s)-
Then,
V(F) =V({g1, ... 8:}),
but the elements g1, ..., g; need not belong to F. However, there are elements

aij € R and ﬁ] eF, j: 1, ...,m,-,i = 1, ey S,

such that

gi:Zaij'ﬁj, I= 1,...,S.
j=1
We obviously have

<F> = <f11’ cees flmp ooy fsl’ cees fsms >

and, consequently,

V(F) = V(<F>) = V(< fll’ ceey flmla seey fSl’ ceey fsmx >) = V({ flla seey flmla seey fSl’ ceey fsmx })

Let Rbe aring. An R-algebrais aring S together with a ring homomorphism¢: R —
S. An R-algebra S is finitely generated, if there are elements fi, ..., f, € S, such that the
homomorphism
R[x1,...x,] — S

that is associated with ¢ and the assignment x; — f;, i = 1, ..., n, is surjective (compare
Exercise 1.1.9). One writes abusively

S =RI[f1, ..., ful.

I1.1.9 Proposition. If R is a noetherian ring and S is a finitely generated R-algebra, then
S is also a noetherian ring.

I1.1.10 Example. Let k be a field, n > 1 a natural number, and Z C A} an algebraic set.
Then, the coordinate algebra

klx1, ..., x,1/1(Z)
is a finitely generated k-algebra and, hence, a noetherian ring.

I1.1.11 Exercise (Noetherian rings and spaces). 1) Let k be a field. Then, one may define
the polynomial ring R := k[xy, x5, x3, ...] in the infinitely many variables x;, i > 1. Is R
noetherian?

ii) A topological space X is called noetherian, if it satisfies the descending chain
condition for closed subsets, i.e., for any sequence

Z1D>7Z,D -

of closed subsets of X, there is an index ko, such that Z;, = Z, for every k > ky. Let R be
a noetherian ring. Show that Spec(R) is a noetherian topological space.

iii) Give an example of a non-noetherian ring R, such that Spec(R) consists of just one
point (and is, therefore, noetherian).
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IL.2 Artinian Rings

A ring satisfies the descending chain condition (DCC), if every descending chain of ideals
in R is stationary. A ring which satisfies the descending chain condition is called an
artinian® ring. It might be surprising that the descending chain condition is much more
restrictive than the ascending chain condition. In fact, it turns out that artinian rings are
very special noetherian rings (see [1], Theorem 8.5). We will not discuss this in full detail.
Instead we give some indications.

I1.2.1 Proposition. In an artinian ring, every prime ideal is maximal.

Proof. Let R be an artinian ring and p C R a prime ideal. Then, R/p is an integral domain.
Lemma [.2.2 shows that R/p satisfies the descending chain condition (compare the proof
of Corollary II.1.4). Let x € R/p be a non-zero element. Consider the descending chain

(D ien-

For some kg > 0,

(xf0y = (ot
Thus, there exists an element a € R/p with x* = g - X**! In other words,
X (l-a-x)=0.

Since R/p is an integral domain, X £ 0and, so, 1 —a-x=0and xis a unit.
Every element x € (R/p) \ {0} is a unit. This shows that R/p is a field and p is a
maximal ideal. O

11.2.2 Examples. Let k be a field.

i) Let R be a k-algebra which is finite dimensional as a k-vector space. Then, R satisfies
the ascending and descending chain condition for dimension reasons. (Ideals in R are, in
particular, sub vector spaces.) So, R is both noetherian and artinian.

ii) For n > 1, k[x]/{x") is a k-algebra which has dimension n as k-vector space. By 1),
it is an artinian ring.

I1.3 Localization

Let R be aring. A subset S C R is multiplicatively closed, if
*x 1€8§,
*x Vs,teS:s-t€8S.

I1.3.1 Example. Let R be aring, f € R, and p C R a prime ideal. Then, the following
subsets of R are multiplicatively closed:

* S :={a € R|ais not a zero divisor }.

* Sc={fkeN}={1ff%..}.

2Emil Artin (1898 - 1962), Austrian mathematician.
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* S =R\ p.

13 2

Let R be aring and § C R a multiplicatively closed subset. We define a relation “~” on
R X S by:

Y(a,s),(b,t)eRxS : (a,s)~(b,t) & dueS:u-(a-t—>b-s5s)=0.
I1.3.2 Lemma. The relation “~” is an equivalence relation on R X §.

Proof. Reflexivity and symmetry follow easily from 1 € §. For transitivity, let (a, s),
(b,1),(c,u) € R xS with (a,s) ~ (b,t) and (b,t) ~ (c,u). This means that there exist
elements v, w € § with

vi(at—-b-s)=0 and w-b-u—c-1t)=0.
We multiply the first equation by u - w, the second by v - s and find

u-v-w-a-t—u-v-w-b-s = 0

u-v-w-b-s—v-w-c-t-s = 0.
Adding these two yields
t-v-w-(@au—c-s)=u-v-w-a-t—v-w-c-t-s=0.
Since § is multiplicatively closed, - v-w € §, and we see (a, s) ~ (c, u). m]
11.3.3 Remarks. Assume that R is an integral domain and O ¢ S. Then,?
Y(a,s),b,t)eRXS : (a,5)~(b,t) < a-t—b-5s=0.

If R does contain zero divisors, it is necessary to formulate the relation “~” as above in
order to get an equivalence relation.

In the following, we write
a
for the equivalence class of (a, s),a € R, s € S, and set

Rs ::{g’aeR,seS}.
)

11.3.4 Notation. i) Other common symbols for Ry are S 'R and R[S ~'].
ii)Let f € Rand S = { f*|k € N}. Then, we write Ry for Rs.
ii1) Let p C R be a prime ideal and S := R \ p. We will write R,, instead of Ry.

Next, we equip Rg with the structure of a ring. The addition is defined via

+: R¢g XRy — Ry
(a b) a-t+b-s
2 - -

st st

3Compare Page 25.
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We first check that this is well-defined. Let (a, s), (¢, 5*), (b, t) € R X S with
(a,s) ~(d, ).

‘We need to show
(a-t+b-s,s-t)~(@ -t+b-s,s -1). (I1.2)

For this, we observe
A=@@-t+b-s)-5 t—(@ t+b-s)-s-t=a-5 -*—a-s-t>*=(@-s—a-s) .

If u € S annihilates a - s’ — a’ - s, then u also annihilates 4. This establishes (I1.2). v
The addition is clearly commutative, and

0
0.—T

is the neutral element. Finally, we check associativity: Let a/s, b/t, and c/u € Rs. We
compute

+— = —— +—
u St u

a-t-u+b-s-u+c-s-t

(a b) c a-t+b-s ¢

S-t-u

a b-u+c-t

= -4 — "
s t-u
a b ¢
= —+|-+—].
Ky t u

The multiplication is defined as

-t R¢g XRy — Ry
(a b) a-b
- =] - —.

st st
Again, we verify that this is well-defined. For (a, ), (d’, s’), (b,1) € R X S with
(a,s) ~ (d,s),

we have to establish

(a-b,s-t)y~ (@ -b,s -1). (I1.3)
We form
A=a-b-s-t—a -b-s-t=@-s—a -s)-b-t.
If u € § annihilates a - 8" — a’ - s, then u also annihilates 4. We infer (I1.3). v

It is immediate that multiplication is commutative and associative and that
1

l:=-

1

is the neutral element.
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The last thing we verify is the distributive law. For a/s, b/t, and c¢/u € Rg, we find

a (b c)
—_— _+_
S t u

b-u+c-t

t-u
-b-u+a-c-t
S-r-u
a-b-s-u+a-c-s-t

Q wlQ

s2-t-u
ab a-c
= — 4+ —
‘r os-u
b a
.—+—.
1t k)

v | Q e,
S Y

So, (Rg, +,+,0,1)is aring.

11.3.5 Example. 1) If R is an integral domain and S := R\ {0}, then Ry is the quotient field
of R that was already considered in Section I.6.
i1) In an arbitrary ring R,

S :={s € R]|sis not a zero divisor }

is a multiplicatively closed subset. In this case, Q(R) := Ry is the total ring of fractions
of R.

iii) The ring Ry is the zero ring if and only if 0 € S. In fact, 0/1 = 1/1 is equivalent
to the existence of an element s € S with s - 1 = 0. Multiplicatively closed subsets of R
which contain zero are, e.g., {0, 1}, R.

We look at the homomorphism

¢:R — Rs

a
a — —.

Note that

%:(p(a):o — HSGS: S'(l:().

This shows

ker(y) = U Ann(s).

seS

In particular, if R is an integral domain, ¢ is injective.

I1.3.6 Proposition. i) For every ideal I C R, the extension of I via ¢ is

Ie:J::{g‘aeI,seS}.
S
1) For an ideal I C R,

IF=Ry < INS +02.

iii) Every ideal J C Ry is an extended ideal.
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1v) For an ideal I C R, we have

I = U(I 2 (s))

seS

v) An ideal I C R is a contracted ideal if and only if, for all s € S, [s] is not a zero
divisor in R/1.

Proof. 1) Itis clear that (1) c J c I°. Since I° is the smallest ideal of Ry which contains
(1), it suffices to show that J is an ideal. But this is immediate.

) “=”.IfselnSs,then
1= 5 el
S

“=". Fora € I and s € §, the equation

v | Q

implies that there is element r € S with
t-a-s-t=t-(a-s)=0.

So,s-telINS.
iii) By Property 1.8.24, 1), J*® c J. So, we have to show J c J*. Let a/s € J. Then,

a

a
-—€e J.
S

—|

This shows a € J°and a/s € J.
iv) “C”. Let a € I*°. This means that there exist b € I and s € S with

a b
1 s
So, there exists an element ¢ € S with
t-(a-s—b)=0.

Foru :=s-t €S, we obtain
u-acl, ie, ac(l:{u).

“>”. Letse S anda € (I :(s)). Then, b:=a-s € I, so that

b
2-2er
N

This shows a € I*°.
v) Since I C I* (Property 1.8.24, 1), we have to investigate the condition /* C I. By
iv), it is equivalent to
¥seS: ([:(s))cl.

This condition is, in turn, equivalent to
VYVseSVYaeR: a-s€l — ac€l.

This is equivalent to the condition that [s] € R/I is not a zero divisor, s € S. O
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I1.3.7 Corollary. Let R, S, and ¢: R —> Rg be as in the proposition.

1) The assignment p — p° gives an inclusion preserving bijection between the prime
ideals of R with p NS = @ and the prime ideals of Rs.

ii) Let p C R be a prime ideal. Then, R, is a local ring with maximal ideal v°.

Proof. 1) Let p C R be a prime ideal with p N S = @. By Part ii) of the proposition, p° is
a proper ideal of R. We show that it is a prime ideal. Let a,b € R and s, € § with

a b_a bE .
s-t s t P
So, there exist ¢ € p and u € S with
a-b ¢
s-t u
i.e.,
dveS: v-@b-u-c-s-t)=0.
We see

(a-b)y-(u-vy=(s-t-v)-cep.
Since u,v ¢ p, wehaveu-ve¢ panda-b € p. Thismeansa € por b € p and

b
a ep® or - €.
s t
Finally, R/p is an integral domain (Proposition 1.4.1, i). Since p NS = @, we have
0 # [s] € R/p, i.e., [s] is not a zero divisor, s € S. Proposition 11.3.6, v), shows p* = p.
i1) This follows immediately from i): For a prime ideal ¢ C R, gN(R\ p) = @ is

equivalent to q C p. O

I1.3.8 Exercise (The universal property of localization). Let R be a ring, S € R a mul-
tiplicatively closed subset, and ¢: R — Ry, x +— x/1, the canonical homomorphism
to the localization. Show that the pair (R, ¢) has the following universal property: For
any ring T and any homomorphism : R — T, such that ¢(S) c T*, there is a unique
homomorphism s : Ry — T with ¢ = 5 o .

To conclude this section, we will give another proof of Proposition 1.7.2 which only
uses the axiom that every non-zero ring possesses a prime ideal. This axiom is weaker
than the axiom of choice (see Remark 1.4.5, ii).

Alternative proof of Proposition 1.7.2. The inclusion “C” is obtained as before. For the
converse inclusion, let f € R\N. Then, the multiplicatively closed subset S = { f*|k € N}
does not contain 0, so that R; # {0}, by Example 11.3.5, iii). Let g C R be a prime ideal.
Then, p := q° is a prime ideal of R with

pn{fflkeN}=g,
ie., f¢p. m]
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II.4 Primary Decomposition

In the ring of integers, we need powers of prime numbers in order to factorize all positive
integers. We now need the ideal theoretic analogs for powers of prime numbers. It turns
out that these are quite subtle.

Let R be aring. An ideal q C R is primary, if the following property holds:

Ya,beR: a-beq = aecq Vv dk>1: beq

I1.4.1 Lemma. An ideal g C R is a primary ideal if and only if every zero divisor in the
ring R/q is nilpotent.

Proof. Assume that q is a primary ideal and that b € R is an element, such that [b] € R/q
is a zero divisor. Then, there is an element a € R with [a] # 0 and [a - b] = [a] - [b] = O.
This means that a-b € gbut a ¢ q. By assumption, there is an exponent k > 1 with b* € g,
ie., [b]F=0.

Now, assume that every zero divisor in R/q is nilpotent. Let a,b € R witha - b € q.
This means [a] - [b] = [a - b] = 01in R/q. So, [a] = 0 or [b] is a zero divisor and there
exists a natural number k > 1 with [b*] = [b]* = 0. This shows a € q or there is a natural
number k > 1 with b* € q. o

11.4.2 Examples. 1) A prime ideal is a primary ideal.
i1) If ¢: R — S is aring homomorphism and g C S is a primary ideal, then q° C R is
a primary ideal. In fact, by Exercise 1.2.4, i1), we have an injective homomorphism

¢ R/a"— S/q,
so that we may apply Lemma I1.4.1.

I1.4.3 Lemma. Let R be a ring and g C R a primary ideal, then the radical \[q is a prime
ideal.

Proof. Leta,b € R be elements with a - b € 4/q. There is an exponent k > 1 with
d b= (a-bfeq.
Then, a* € q or there is an exponent [ > 1 with
b= (B4 € q.
This shows a € /g or b € 4/q as asserted. o

Let g C R be an ideal and p a prime ideal. We say that q is a p-primary ideal, if it is a
primary ideal with 4/q = p.

I1.4.4 Examples. i) The primary ideals of Z are exactly the ideals of the form (p*), p a
prime number, k > 1 a natural number. First, let ¢ C Z be a primary ideal. According
to Lemma I1.4.3, 4/q is a prime ideal, i.e., of the form (p), for some prime number p. By
Example 1.8.20, i), q = (p*), for some natural number k > 1. Second, let k > 1 be a
natural number and p a prime number. For integers a,b € Z, a - b € {p*) means p*|(a - b).
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Then, p* divides a or p divides b and, then, p* divides b*. It follows that a € (p*) or
b* € (p").
ii) Let k be a field, R = k[x, y], and q := ( x,y*). Then,

R/a = k[yl/(7).

The zero divisors in that ring form the ideal (y). The elements of that ideal are all nilpo-
tent. So, q is a primary ideal. Its radical is

Va=(xy)=:p.
Observe
2 _ 4.2 2 _ 2 _
pr=(xx-y,y ) Ca=(xy ) S p=(xy).
This shows:
Not every primary ideal is the power of a prime ideal.
iii) Let &k be a field and
R = k[X,y,Z]Kx *y _Z2 >
We look at
p = ([x], [z] ).
Since
R/p = k[y],

the ideal p is a prime ideal. We claim that the ideal p? is not primary. We have

Here, [x] ¢ p* and, for all k > 1, [y]* ¢ p>. We note:
Not every power of a prime ideal is a primary ideal.

The phenomenon in Example I1.4.4, iii), cannot be observed in rings in which every
non-zero prime ideal is a maximal ideal, such as principal ideal domains. More generally,
the following holds true:

I1.4.5 Lemma. Let R be a ring and q C R an ideal, such that m = +\[q is a maximal ideal.
Then, q is an m-primary ideal.

Proof. By Corollary 1.8.18, /q is the intersection of all prime ideals which contain g. The
assumption implies that m is the only prime ideal which contains g, i.e., R/q is a local
ring. Let m be the image of m in R/q. The elements of m are nilpotent, and the elements
of (R/q) \ m are units. In particular, every zero divisor in R/q is nilpotent. By Lemma
II.4.1, q is an m-primary ideal. O

I1.4.6 Primary decomposition in noetherian rings. Let R be a noetherian ring and
I € R a proper ideal. Then, there exist a natural number m > 1 and primary ideals
a1, --vs O SUCh that

I=q N0--Naq.
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II. Noetherian Rings

Proof. Step 1. An ideal q C R is irreducible, if, for ideals I, J C R, the equality
a=InJ
implies g =1 or q = J.

Claim. For every proper ideal I C R, there exist a natural number m > 1 and irreducible
ideals qy, ..., q,,, such that
I=qg N--Naq

Let 2" be the set of proper ideals in R which cannot be written as the intersection of
finitely many irreducible ideals. Assume that 2 is non-empty. By Theorem II.1.1, this set
contains a maximal element a. The ideal a is not irreducible. So, there exist ideals a C /
and a € J with

a=INJ

Note that this implies / € R and J C R, By definition of a, the ideals I and J are finite
intersections of irreducible ideals. But then, a is also an intersection of finitely many
irreducible ideals, a contradiction. v

Step 2. By Step 1, it remains to be shown that every irreducible ideal is primary. Let
q C R be an irreducible ideal. In view of Lemma 1.2.2, we may replace R by R/q. So,
without loss of generality, we may assume q = (0). Leta,b € Rwitha-b =0and a # 0.
We look at the ascending chain

(Ann(b")), -

Since R is noetherian, there exists a natural number ky € N with
Ann(b*) = Ann(p**).
Claim. (a) N (") = (0).

Let ¢ € (a) N {b). We write ¢ = r - b* for a suitable element r € R. Since c € {(a), we
have
O=c-b=r-b*".

This means
r € Ann(»*") = Ann(b"),
sothatc =r- b = 0. v
Since (0) is irreducible and (0) # {a), we have (0) = (b*), i.e., b* = 0. o

The first step of the above proof bears strong resemblance to the proof of the existence
of a prime factorization in the ring of integers ([30], Satz 1.3.2).

I1.4.7 Corollary. Let R be a noetherian ring and I C R a radical ideal. Then, there exist
prime ideals py, ..., P, with
I=p NNy

Proof. Let
I=qg N---Nay

be a primary decomposition. According to our assumption and Property 1.8.19, iv), we

have
[=VI=+a N N+an.
By Lemma I1.4.3, the radical ideal p; := /q; is a prime ideal, i = 1, ..., m. O
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11.4.8 Remarks. i) The theorem is also known as the Lasker*—Noether theorem.

ii) A ring in which every ideal can be written as a finite intersection of primary ideals
is called a laskerian ring. The above theorem states that every noetherian ring is laskerian.
However, there exist laskerian rings which are not noetherian. An example is contained
in [9].

iii) The zero ideal in the ring €°([0, 1]) of continuous functions on the unit interval
does not admit a primary decomposition (Exercise 11.4.11).

11.4.9 Caution. In the proof of the Lasker—Noether theorem I1.4.6, we showed that every
irreducible ideal in a noetherian ring is a primary ideal. The converse does not hold: Let
k be a field and R := k[x, y].> We have

(X, x99 =(x,*) N {y, ).

All occurring ideals have the maximal ideal m = (x,y) as radical, so they are all m-
primary, by Lemma I1.4.5.

The reader should also look at the proof of Lemma I1.4.12. There, several primary
ideals are intersected to obtain a new, non-irreducible, primary ideal. In order to obtain
uniqueness statements, we have to include primary ideals which are not irreducible. This
explains, in particular, why we work with primary ideals rather than with irreducible ones.

11.4.10 Exercise (Maximal ideals in rings of continuous functions). In this exercise, we
work in the ring R := €°([0, 1]) of continuous functions on the interval [0, 1] C R.
i) Show that, for a point x € [0, 1],

m, = {f€R|f(x)=0}

is a maximal ideal in R.
i1) Let m C R be a maximal ideal of R. Show that there exists a point x € [0, 1] with
m = m,. (Hint. Use the compactness of [0, 1].)

I1.4.11 Exercise (An ideal without primary decomposition). Let R be as in the previous
exercise.

1) Let ¢ C R be a primary ideal. Show that there is a unique point x € [0, 1] with
q C m,.

i1) Conclude that the zero ideal (O) C R cannot be written as the intersection of finitely
many primary ideals.

The First Uniqueness Theorem

For the considerations in this part, we do not need to assume that the ring R is noetherian.
Unfortunately, primary decompositions are, in general, not unique. First, there are
some stupid reasons for non-uniqueness which we will eliminate first. A primary decom-
position
I=qi 0 Nay

is minimal or irredundant, if the following two properties hold:

“Emanuel Lasker (1868 - 1941), German chess player, mathematician, and philosopher.
5Example taken from http://math.stackexchange.com/questions/28620/primary-ideals-
of-noetherian-rings-which-are-not-irreducible
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II. Noetherian Rings

D Vie{l,..m): ﬂ a; ¢ .

JE(L....m \{i}
ii) F0r1§i<j5m:\/a¢\/q_j_
I1.4.12 Lemma. Let R be a ring, I C R an ideal, and
I=qN---Nq,

a primary decomposition. Then, the ideal possesses also a minimal primary decomposi-
tion
I=sN---Ng,.

Proof. Step 1. Given any primary decomposition, one gets a primary decomposition
satisfying Condition 1), by just removing some of the primary components.

Step 2. The idea is to collect the primary components with the same radical in one
primary component. For this, we need the following result:

Claim. Let p C R a prime ideal and t,,t, C R two p-primary ideals. Then, the intersection
ri=1 N1

is also a p-primary ideal.

We first compute the radical with the help of Property 1.8.19, iv):
Vionn =+ViinVn=pnp=p.

Now, we show that r; N1, is a primary ideal. Let a,b € R witha -b € r; N1, and
a ¢ 1y N 1,. We may assume without loss of generality that a ¢ r;. Then, there exists an
exponent k > 1 with * € r;. So,

b ety =V N1,

This means that there is also an exponent / > 1 with b € r; N 15. v
Let py, ..., p, be the distinct prime ideals with

{pl,---,pn} = {\/q_”@}

Set
Li={ie(lum) IV =v;) and =) Jj=lo.n
iElj
By the claim,
I=rxyN---Nx, (IL.4)

is a primary decomposition with satisfies Condition ii). If the primary decomposition we
started with satisfied Condition i), (I1.4) will also satisfy Condition i). Otherwise we apply
Step 1 to (11.4). O
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IL.4. Primary Decomposition

11.4.13 Example. Let k be a field and R = k[x, y]. Here, we have
(2, x-3) =X N{xy) =) NL5y). (IL5)

The ideal (x) is a prime ideal, and

(x,y) = V(22 y) = V(xy)2

This is a maximal ideal, so ( x?,y) and { x, y )* are primary ideals. Therefore, (I.5) con-
tains two distinct minimal primary decompositions of the same ideal.

We can understand the underlying geometry at a heuristic level. The algebraic set
V(x?) is the y-axis in A7. We should count it twice. The set V(x - y) is the union of the
coordinate axes. The intersection V(x*) N V(x - y) consists of the y-axis. But the origin
occurs with multiplicity 2, because it occurs both in V(x?) and in V(x-y) with multiplicity
2. This fact is reflected by the above primary decompositions.

This gives an “embedded”
point of multiplicity two
in the intersection.

—

The origin occurs with
multiplicity two in
both “varieties”.

N

N

_——e————————
|

I1.4.14 First uniqueness theorem. Let R be a ring, I C R an ideal,
I=q N---Nay

a minimal primary decomposition, and v; :=+/q;, i = 1,...,m. Then,

{P1s s P} = {p C R|pisa primeideal : Ar € R with p = /(I : (r))}.
In particular, the set { py, ..., P, } depends only on I and not on the primary decomposition.

I1.4.15 Corollary. Let R be a noetherian ring. For every radical ideal I C R, there exist
uniquely determined distinct prime ideals vy, ..., p,, with

I=p N---ND,.

Let I/ C R be a proper ideal. A prime ideal p C R is associated with I, if there is an

element r € R with
p =4/ :(r).

The set of prime ideals associated with [ is denoted by
Ass(]).

The prime ideals in Ass(/) which are minimal with respect to inclusion among the ideals
in Ass(/) are called isolated. The remaining ones are called embedded.
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II. Noetherian Rings

11.4.16 Example. We return to Example 11.4.13 and the primary decomposition

(2, xy) =0 N lxy)

The associated prime ideals are (x) and ( x, y ), and we have

(x) C{x,y).

So, (x) is an isolated associated prime ideal and ( x,y) an embedded one. The corre-
sponding geometric objects are the y-axis V({x)) and the origin V({ x,y)). The origin is
embedded into the y-axis. This explains the terminology.

We need some preparations for the proof of Theorem I11.4.14.

I1.4.17 Prime avoidance. Let R be a ring.
1) Suppose pi, ..., P C R are prime ideals and I C R an ideal with

Then, there exists an index iy € { 1, ...,m } with
I C Piy-

ii) Let I, ..., I,, C R be ideals and p C R a prime ideal. If

m

pD ﬂlj,

=1

then, there exists an index jy € { 1, ...,m} with

Moreover, if

i.e., prime ideals are irreducible.

Proof. i) We prove the following statement® by induction on m:

Vie{l,..m): I¢yp = I¢Up,-.
i=1

5This explains the name “prime avoidance”: If I avoids the prime ideals py, ..., p,;, then it also avoids
their union.
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The case m = 1 is trivial. For the induction step “m — m + 17, we may choose elements
A1y ey Q1 €1 with

ai&€v;, je{l,..m+1}\{i}, i=1,..m+1.

If there is an index iy € {1,...,m + 1} with a;, ¢ p;,, we are done. Thus, we need to
consider the case a; € p;, i = 1, ..., m + 1. We then form

Leti € {1,....,m+ 1}. The i-th summand of b is not contained in p;, but all the other
summands are. It follows b ¢ p;,,i=1,...,m+ 1.
ii) Suppose that p 2 I;, j = 1, ...,m. Choose elements a; € I; \ p, j = 1,...,m. Then,

but

This is a contradiction.
Assume

By what has already been proved, there is an index jo € { 1,...,m } with p D I;,. We clearly
have p C I}, and, thus, p = I;,. O

11.4.18 Lemma. Let R be a ring, p C R a prime ideal, q a p-primary ideal, and a € R.

Then,
R, ifacq
(q:¢a)) =3 avp-primary ideal, ifa ¢ q
9, ifaép

Proof. The assertion for a € q is clear. Next, let us assume a ¢ p. If r € (q: (a)), we have
r-a € q. Since a ¢ p = +/q, we have r € q. This shows (q : (a)) C q. The other inclusion
is trivial.

Next, we just assume a ¢ q. Let us first determine the radical of (q : (a)). For
r€(q:{(a)), wehaver-a € q. Since a ¢ q, we have r € 4/q = p. This implies

ac(qa:{a)cw.
Taking radicals yields V(q : {(a)) = ».
Finally, assume that r, s € R are elements with 7 - s € (q : (a)) and s ¢ p = V(q : {(a)).

We have to check that » € (q : {a)). Witha-r-s € qand s ¢ p, wefinda-r € g, i.e.,
re(q:{a)). O
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Proof of Theorem 11.4.14. Let I C R be an ideal and
I=q N---Nay

a minimal primary decomposition. By Property 1.8.17, iv),
VaeR: (I:(a)= (ﬂ 0 : <a>) = ﬂ(qi 2 {a)).
i=1 i=1

With Lemma I1.4.18, this gives
VaeR: \(I:@)=|) J@i (@) = ;. (IL6)
i=1 ie{ 1,....m|agq; }

a) Let a € R be an element, such that V(I : (a)) is a prime ideal. By (I1.6) and Propo-
sition I1.4.17, i1), there is an index ip € { 1,...,m|a € q; } with p;, = V(U : {(a)).
b) Let iy € {1,...,m}. By the minimality of the primary decomposition, there is an

element
a, € ( ﬂ Clj)\%-
}

Jel1,...m N\
Lemma II.4.18 and (I1.6) show
\/(1 1 {@iy)) = Piy-
This concludes the proof. O

11.4.19 Exercise (Irreducible sets). A topological space X is called irreducible, if it is non-
empty, and, if X; and X, are closed subsets, such that X = X; UX,, then X; = X or X; = X.
Let X be a topological space and Y a subset of X. Then, Y inherits a topology as follows:
A subset U C Y is said to be open, if there is an open subset UcXwithU=YNU.We
call a subset Y C X irreducible, if it is irreducible with respect to the induced topology.

1) Let X be a noetherian topological space and Z a closed subset. Show that there are
irreducible closed subsets Z;.,...,Z,, such that

x Z=Z,U--UZ.
* ZI(ZZ],fOrl?&‘]

Show also that these closed subsets are uniquely determined. The sets Z;, i = 1, ..., r, are
called the irreducible components of Z.

ii) Let R be a noetherian ring and / C R an ideal. What is the relation between the
primary decomposition of I and the above decomposition of the closed subset V(I) C
Spec(R) into irreducible components?

11.4.20 Exercise (Primary ideals). Show the following: In the polynomial ring Z[t], a) the
ideal m = (2, ¢) is maximal and b) the ideal q = (4, f) is m-primary, but c) q is not a power
of m.
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11.4.21 Exercise (A primary decomposition). Let k be a field and R := k[x,y,z]. Set

P = (6 y), P2 i=(x, 2), and m = (X, v, 7).
i) Show that p, and p, are prime ideals, while m is maximal.
1) Let I := p; - po. Show that

I[=p NpNm?
and that this a minimal primary decomposition of /.

ii1) Which components are isolated and which are embedded?

11.4.22 Exercise (A primary decomposition). We work in the ring R = k[x;, x2, X3, x4], k a
field. Show that

(X1Xp — X4, X1 X3 — X4, X0X3 — X4 ) =

2
= (X1, X2, X4 ) NV (X1, X3, X4 ) N (X2, X3, X4 ) N (X — X2, X — X3, X] — X4)

is a minimal primary decomposition.

The Second Uniqueness Theorem

I1.4.23 Proposition. Let R be a ring, S C R a multiplicatively closed subset, p C R a
prime ideal, q C R a p-primary ideal, and

¢: R— Ry

the natural localization homomorphism. Then:
1) The assertion S N'p # @ is equivalent to the assertion q° = Ry.
i) If S N'p = @, then o° is a °-primary ideal and q*° = q.

Proof. 1) By Proposition 11.3.6, i1), the extended ideal q° equals Rg if and only if S Nq # @.
Thus, we have to prove:

Claim. SNp£2 < S Nqg+ Q.

“«<=". This is clear, because q C p.

“=”. Let s € S Np. Since p is the radical of q, there is an exponent k > 1 with s* € q.
Furthermore, S is a multiplicatively closed subset, so that s* € S v

i1) We use the description

0 = J@: ()

seS
from Proposition I1.3.6, iv). Suppose s € S and r € (q : (s)). Then, r- s € q. Since
sk ¢ q, k > 1, we must have r € q. This shows q C q. The other inclusion is contained in
Property 1.8.24, 1), so that

0% = q.
By Proposition 11.3.6, iii), J° = J holds for every ideal J C Rs. So, in order to verify
V& = p%, it suffices to check
(Voo)* = p*.

With Property 1.8.19, iv), we verify this as follows:
(Vo©)* =V =g = p = p=.
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Finally, we check that q° is a primary ideal. Suppose we are given a,b € R and s, € R
with

a-b a b
st s t
Then, a- b € ¢* = q, so that a € q or b* € q, for some k > 1. This implies a/s € ¢ or
(b/H)F = b*/t* € o°, for some k > 1. o

I1.4.24 Proposition. Let R be a ring, S C R a multiplicatively closed subset, I C R an
ideal, and

I= ﬁ%‘
=1

1

a minimal primary decomposition. Set p; := \Ja;, i = 1,..,m, and suppose that the
numbering is such that

dmy e {0,...miVie{l,...m}: SNp#0 & i>my.
Then,
mo mo
F=(\a ad 1*=(a (IL7)
i=1 i=1
and these are both minimal primary decompositions.

Proof. Using Proposition 11.3.6, iii), and Property 1.8.24, iv), it is enough to check the
second equality in (II.7). We first apply Proposition 11.3.6, iv), and Property 1.8.17, iv), to

See
=@ =U( e o) -UNe: o

SES seS \i=1 ses i=1
Our assertion amounts to
m mo
U o =(a
seS i=1 i=1

“c”. Fors € S and 1 < i < mgy, we have s ¢ p;. This inclusion, therefore, follows
from Lemma I1.4.18.

“>”. Formy+1 <i<m, S Np; # @. By Proposition 11.4.23, i), we may pick an
element s; € S N g;. Then,

Vie{my+1,....m}: =Sy Sm € Q.
Lemma I1.4.18 shows
Yie{my+1,...m}: (q;:(s))=R.

The second equation in (II.7) is a minimal primary decomposition, because I = () g;

i=1
is one. By Proposition 11.4.23, ii), qf is a p{-primary ideal, i = 1, ..., mo. This shows that
the first equation in (II.7) is also a primary decomposition. To check that it is minimal,
we may contract it to R. This is the second equation in (II.7) which is minimal. O
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I1.4.25 Second uniqueness theorem. Let R be a ring, I C R an ideal,

I= ﬂ a (IL8)

m
i=1

a minimal primary decomposition, and

Ass(l) = {p1, ., P -

1) Let {iy,....,i,} C{1,..,m} be a subset, such that p;; is an isolated associated prime
ideal of I, j = 1, ...,n. Then, the intersection

n
ﬂ i
=1

does not depend on (11.8).
ii) Let p € Ass(l) be an associated prime ideal and set

M(I,p) ={reAss(I)|[tCp}.

Let
(i1, nin}y ={i€{1,...m}|\a € MU, p)).

Then, the intersection
n
ﬂ a;;
j=1

does not depend on (11.8).

Proof. For i), we define
S:=R\(p,VU---Up,)

and, for ii),
S:=R\p,

and look at the localization map ¢: R — Ry. In both cases,

n
I = ﬂ Gi;»
j=1

by Proposition 11.4.24. O

11.4.26 Remark. In general, we may associate with any subset { p; , ..., p;, } C Ass() an
ideal which is the intersection of some of the primary ideals in (II.8) and which does not
depend on 1.

11.4.27 Corollary. The primary ideals in a minimal primary decomposition of I which
correspond to the isolated associated prime ideals are uniquely determined by 1.

Proof. Let p C R be an isolated associated prime ideal. We apply i) to {p} C Ass(]) or ii),
noting M(1, p) = {p}. a
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To further familiarize us with primary decompositions, we study the primary decom-
position of the zero ideal.

11.4.28 Theorem. Let R be a noetherian ring. Write

{ pil’ ees Pi } = ASS(<O>)

and let
{Piyser Py, } € Ass({0))

be the subset of isolated prime ideals associated with {0). Then:
1) The nilradical of R is

N=vO0)=pN---Npe=p; N---NP,,.
ii) Let p C R be a prime ideal. Then, there exists an index j € { 1,...,m} with
pi; C P,

i.e., the isolated prime ideals associated with {0) are the minimal prime ideals of R.
iii) The zero divisors of R are exactly the elements of the set

k
U pi.

i=1
Proof. 1) Let
Oy=an---Na

be a minimal primary decomposition with p; = /q;, i = 1, ..., k. Then,

VO =vVan-ng=vVan-Nya=p N Npe=p, NN,
ii) By Proposition 1.7.2, 4/{0) C p, so that
p,N---Np, CPp.

By prime avoidance (Proposition I1.4.17), there is an index j € { 1, ...,m } with pi; C p.

1ii) Assume first that a € R is a zero divisor. There is an element » € R \ {0} with
a-b=0. Since (0) = q; N---N @, there is an index i, € { 1, ...,k } with b ¢ q;,. Since q;,
is a primary ideal, it follows that a € /q;, = pj,.

Next, let

aep U---Up.

If a is nilpotent, then a is a zero divisor and we are done. Otherwise, we may choose
an index iy € {1,...,k} and an exponent [ > 1 with &’ € a;,- Note that the existence of
non-nilpotent zero divisors implies k > 2. We have

Qo - (@1 N N g1 N Gigsr NN qr) S ap N =N = €0).
Since the primary decomposition is minimal, we infer
Ji=ar N N -1 N Giger N === N e # €0).

Choose b € J\{0}. Then, a’-b = 0. Let n > 0 be the largest natural number with a"-b # 0.
We see that a - (@" - b) = ™! - b = 0 and that a is a zero divisor. |
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The Nullstellensatz

We prove here Hilbert’s famous Nullstellensatz. It completes our discussion from Section
[.9: Over an algebraically closed ground field k, there is a correspondence between alge-
braic sets in A} and radical ideals in k[xy, ..., x,]. This result, therefore, translates algebraic
geometry in affine spaces into commutative algebra and establishes the close ties between
these two areas of mathematics. There are many proofs of the Nullstellensatz. We will
present a very elementary one which is a variant of an argument due to Munshi. The proof
uses some basic facts about integral ring extensions. In order to speak about integral ring
extensions, we need the language of modules. For these reasons, we take the opportunity
to develop the language of modules and the formalism of finite ring extensions in some
detail. We will also discuss normal rings and (Noether) normalization.

III.1 Modules

Let R be a ring. An R-module is an abelian group (M, +, 0) together with a scalar multi-
plication
“RXM+— M,

such that the following conditions are satisfied:
* Yae RVx,yeM:a-(x+y)=a-x+a-y.
* Ya,be RNxe M: (a+b)-x=a-x+b-x.
* Ya,be RNxe M: (a-b)-x=a-(b- x).
* VxeM:1-x=nx

III.1.1 Remark. Let (M, +,0) be an abelian group. The datum of a scalar multiplication
-t RX M — M is equivalent to the datum of a ring homomorphism!

¢: R — End(M).

I'The ring End(M), which is, in general, non-commutative, was described in Example I.1.3, viii).
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In fact, let a scalar multiplication -: R X M — M be given. The first property states
that
oo M — M

X — a-x
is an endomorphism of the abelian group M. So, we can define

¢: R — End(M)
a +— U,
The fourth property says that ¢(1) = idy,, the second and third property express that ¢ is

compatible with addition and multiplication.
If we are give a ring homomorphism?

¢: R — End(M),
then it is easy to check that

“RXM — M
(a,x) +— @l@)(x)

is a scalar multiplication.

II.1.2 Examples. 1) If k is a field, a k-module is the same as a k-vector space (see [33],
§7).

ii) A Z-module is the same as an abelian group. In fact, the endomorphisms u,,: M —
M (see Remark III.1.1), n € N, satisfy the recursion formula

VneNVxeM: px)=m+1)-x=n-x+1-x=n-x+x=u,(x)+x. (ALI)

Furthermore, it is easy to see that u_;(x) = —x (compare Property 1.1.2, ii). Thus, gy = 0
and

YneNVxeM: u ,(x)=(-n)x=((-1)n)x=n(-1)x) =n(-x) = w,(-x). (IIL.2)

¢ 9

So, the w, k € Z, or, equivalently, the scalar multiplication “-” are completely determined
by the condition y; = idy,. In particular, on every abelian group, there exists at most one
scalar multiplication -: ZX M — M.

On the other hand, given an abelian group M, we can start with the constant map
Ho: M — M, x — 0, and define y, by recursion (see [27], Satz 1.3.8) via (II.1) for
all natural numbers and, using (III.2), for all integers. It is then checked with various
inductions (compare [27], Satz 1.3.12) that

IZIXM — M
(k,x) —  m(x)

is a scalar multiplication.

2This implies that (1) = idy.
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iii) Let k be a field and R = k[¢] the polynomial ring in one variable over k. Any
R-module M is, in particular, a k-vector space, and

f=u M — M

X — f-X

is a k-linear map. So, an R-module determines a pair (M, f) which consists of a k-vector
space M and a k-linear map f: M — M.

Suppose, conversely, that M is a k-vector space and f: M — M is a k-linear map.
Set

kLf] := {Zn:/li-fi‘ne N, A, ek,i:O,...,n} C End(M).
i=0

This is a commutative subring of End(M). By the universal property of the polynomial
ring (Page 5), id; and f € k[f] define a (surjective) homomorphism k[f] — k[f] and,
thus, a homomorphism

¢: k[t] — End(M).

In this way, we get an R-module structure on M. It satisfies y; = f.

Altogether, we can say that R-modules identify with pairs (M, ) composed of a k-
vector space M and a k-linear endomorphism f of M. Such objects are intensely studied in
any introduction to linear algebra, especially in the situation when M is finite dimensional.

iv) Let R, S berings and ¢: R — S a ring homomorphism. Then,

tRxS§ — S
(a,b) +— @(a)-b

equips S with the structure of an R-module. In particular, we can use idg: R — R to
view R as an R-module.
Let R be aring and M, N R-modules. An R-module homomorphismis amap ¢: M — N,
such that

* Vx,y € M: p(x +y) = ¢p(x) + o(y).

*x Yae RVx e M: ¢g(a- x) =a- @(x).
Module homomorphisms are the maps that are compatible with the given group struc-
tures and scalar multiplications on the modules and, therefore, allow to compare different
modules. As usual, there are different modules which are in a certain sense “indistin-
guishable”. These are modules which are related by an isomorphism. The “categorical”

definition of an isomorphism reads as follows: Let R be a ring and M, N R-modules. A
map ¢: M — N is an isomorphism of R-modules, if

* ¢ is an R-module homomorphism,

* there exists an R-module homomorphismy: N — M with oy = idy, and Yo =
idy.

I11.1.3 Exercise. Let R be aring, M, N R-Modules, and ¢: M — N an R-module homo-
morphism. Show that ¢ is an isomorphism if and only if ¢ is bijective.
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111.1.4 Example and Exercise. Let k be a field, R = k[x], and (M, f) and (N, g) k-vector
spaces endowed with k-linear endomorphisms. According to Example III.1.2, iii), they
define R-modules. A map ¢: M — N is a homomorphism of R-modules if and only if it
is k-linear and verifies

pof=goe,
i.e., the diagram
M—~5N
fJ Jg
M—2=N
commutes.

The classification of finite dimensional C[x]-modules is provided by the theory of the
Jordan® normal form (see [33], §54; compare Page 871f).

Constructions

Let R be a ring and M an R-module. A submodule is a subset N ¢ M, such that
* N+ @.
* Vx,ye N: x+yeN.
* Yae RVYxe N:a-x € N.

Note that, for x € N, we have —x = (—1) - x € N. Let xo € N (N is non-empty). Then,
0 = xp — xo € N. This proves that N is a subgroup of M. By the third property, N is also
equipped with a scalar multiplication. So, N inherits the structure of an R-module.

I11.1.5 Example. Let R be a ring. According to Example III.1.2, iv), we may view R as an
R-module. The submodules of R are the ideals.

Suppose that M is an R-module and that N ¢ M is a submodule. Then, we can form
the group M/N (see [30], Satz 11.9.4). We set
- :RXM/N — M|N
(a,[x]) — [a-x].
The reader should verify that this is well-defined and equips M/N with the structure of an
R-module. It is the quotient module of M by N.

II1.1.6 Example and Exercise. Let R be a ring, M, N R-modules, and ¢: M — N a
homomorphism.
1) Then,

* im(yp) is a submodule of N.
* ker(p) is a submodule of M.

* The module N/im(yp) is called the cokernel of ¢.

3Marie Ennemond Camille Jordan (1838 - 1922), french mathematician.

76



III.1. Modules

i1) The first isomorphism theorem holds, i.e.,
M /ker(p) = im(yp).

Let I # @ be a possibly infinite index set and (M,);c; a family of R-modules indexed
by I. The cartesian product
XM

i€l
together with componentwise addition and scalar multiplication is an R-module. It is

called the direct product of (M,);;.
The set

@ M; = {(x,»),»el € >< M; | x; = 0 for all but finitely many i € I}
i€l i€l
is a submodule of X M;. It is referred to as the direct sum of (M,);c;. Note that the direct
iel
sum €P M; equals the direct product X M; if and only if / is finite.
iel i€l

If M is an R-module and / # @ an index set, we may define M; := M, i € I. In this

case, we set
@ M = @ M;.

iel iel

EBM = {0).

€9

For convenience, we also define

Let M, N be R-modules, then
Homg(M,N) := {¢: M —> N|¢ is a homomorphism of R-modules }
together with the addition
Vo, € Homg(M,N): ¢+y: M — N, x+— @(x)+ ¥(x),
and the scalar multiplication
Va € RV¢ € Homg(M,N): a-¢: M — N, x+— a-p(x),

is an R-module, too. The neutral element for the addition is the zero homomorphism
0: M — N, x+— 0.

I11.1.7 Exercises (The universal properties of the direct sum and the direct product). i) Let
R be aring, (M;);c; a family of R-modules, and @ M, its direct sum. Define, for k € I,

iel
Joo My — @Mi
iel
. m, ifi=k
m (mi)iel with m; = { 0, ifithk

77



III. The Nullstellensatz

Prove that € M; has the following universal property: Given an R-module N and a
i€l

collection of homomorphisms f;: M, — N, k € I, there is a unique homomorphism

f: @ M; — N with f o j; = f;, k € I. In other words,

i€l
HomR(@ M;,N) = >< Hom ¢ (M, N).

iel iel
ii) Let R be a ring, (M;)c; a family of R-modules, and )X M, its direct product. Define,

iel
fork e,

Pk ><Mz — Mk
(Mp)ier +— my.

Show that X M; has the following universal property: Given an R-module N and a col-
i€l

lection of homomorphisms f;: N — M, k € I, there is a unique homomorphism

f: N — X M; with p; o f = f;, k € I. In other words,

iel
Hom R(N, >< Ml») ~ >< Hom r (N, M) .

iel iel

Let R be a ring, M an R-module, and S ¢ M a subset. The submodule generated by

S is
(S):= ﬂ N:{Zai-xi)nz1,a,~eR,x,~eS,i:1,...,n}.

NcM submodule i=1
ScN

We say that the R-module M is finitely generated, if the there is a finite subset S ¢ M
with
M = (S).

An R-module M is free, if there are an index set / and an isomorphism

If7={1,...,n}, we write

I11.1.8 Exercise (Finitely generated modules). Show that an R-module M is finitely gen-
erated if and only if there exist a natural number n € N and a surjection

0: R — M

of R-modules.

I11.1.9 Exercise (The rank of a free module). Let R be a ring, s, € N natural numbers,
and ¢: R® — R® a surjective map. Prove that s > ¢. In particular, R®* = R* if and
only if s = ¢.
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If M is an R-module and there are a finite index set I and an isomorphism ¢: (P R —

iel

M, we call the number #/ the rank of M. By the last exercise, this is well-defined.
If k is a field, then every vector space has a basis* (see [33], §28) and, so, every
k-module is free. Many concepts of linear algebra, such as the matrix formalism, may
be extended to free modules. However, the condition of freeness is rather restrictive, in

general. The following lemma gives a first illustration for this.

II1.1.10 Lemma. Let R be an integral domain and I C R an ideal. Then, I is a free
R-module if and only if it is a principal ideal.

Proof. Let I be a principal ideal. If I = (0), there is nothing to show. Otherwise, I = (a)
with a # 0. Consider

:R — R

r — r-a

Since R is an integral domain, ¢ is injective. The image of ¢ is {(a), so that (a) = R as
R-module.

Assume [ is a free R-module. If it is of rank O or 1, then [ is a principal ideal. Other-
wise, there is an injective homomorphism ¢: R®? — I. Set f := ¢(1,0) and g := (0, 1).
The elements f and g are non-zero, because ¢ is injective. Observe

g —=f) =g ¢1,0)=f-00,1)=g-f-f-g=0.
Since (g, —f) # 0, this contradicts the injectivity of ¢. O

Let M be an R-module. The forsion submodule of M is
Tors(M) := {x € M| non-zero divisora € R:a-x=0}.

If Tors(M) = {0}, then M is said to be torsion free. If M = Tors(M), then M is said to be
a torsion module.

IIL.1.11 Remark. Let us briefly verify that Tors(M) is indeed a submodule. Clearly, 0 €
Tors(M). Let x € Tors(M), a € R, and b € R a non-zero divisor with b - x = 0. Then,
b-(a-x)y=a-(b-x)=a-0=0,sothata-x € Tors(M). If x,y € Tors(M) and a,b € R
are non-zero divisors witha - x =0 and b - y = 0. Then, a - b is not a zero divisor and

(a-b)-(x+y)=(@-b)-x+(a-b)y-y=b-(a-x)+a-(b-y)=0.

This illustrates the appearance of non-zero divisors in the definition of the torsion sub-
module.

II1.1.12 Examples. i) A free R-module is torsion free.

i) If k is a field, then every k-module is free and, in particular, torsion free.

iii) If A is an abelian group, i.e., a Z-module (Example III.1.2, ii), then x € A lies in
Tors(A) if and only it is an element of finite order.

iv) Let k be a field and (M, f) a k[x]-module (see Example III.1.2, iii). If M is a
finite dimensional k-vector space, then (M, f) is a torsion module. In fact, since the

4if and only if the axiom of choice is admitted ([12], Theorem 4.44)
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vector space Endy(M) = Homy(M, M) is also finite dimensional, the powers f*, k € N,
are linearly dependent. So, there is a polynomial p € k[x] with p(f) = 0,° and, for every
XEM,

p-x=p(f)x)=0.
Let M be an R-module and x € M, then

Ann(x) := Anng(x) :={a € R|a-x=0}

is an ideal in R. It is the annihilator of x.
If N ¢ M is a submodule, we set

Ann(N) := Anng(N) :={a€R|VxeN:a-x=0}= ﬂAnn(x).

xeN

This is the annihilator of N.

II1.1.13 Remark. Let M be an R-module. Note that M is in a natural way a module over
the ring R/Ann(M).

Modules over Principal Ideal Domains

The main theorem on finite abelian groups (see [30], I1.13.5) classifies all finitely gener-
ated Z-modules. It generalizes to modules over a principal ideal domain R. We start with
the following

II1.1.14 Theorem. Let R be a principal ideal domain and M a finitely generated R-
module. Then,

* M/ Tors(M) is a free R-module.

* The map

¢: M/Tors(M) ® Tors(M) — M
(xy) +— x+y

is an isomorphism.

The rank of the free R-module M/Tors(M) is called the rank of M and is denoted by
rk(M).

II1.1.15 Remark. Let M, N be finitely generated R-modules and ¢: M — N a homomor-
phism. It induces a homomorphism

¢: M/Tors(M) — N/Tors(N).

If ¢ is surjective, then so is ¢. In particular, rk(M) > rk(N) in that case (see Exercise
II1.1.9).

We need several preparations to prove this result.

3The theorem of Cayley—Hamilton ([33], §36) asserts that we may take p to be the characteristic poly-
nomial of f.
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I11.1.16 Proposition. Let R be a principal ideal domain, m € N a natural number, and
M a free module of rank m. Then, every submodule N of M is free of rank n for some
nel{0,...m}

Proof. Without loss of generality, we may assume M = R®". We set
M :={(ay,....a0,..,0) e R®"" |a; e R,i =1, ...k}
and
Nk I:Nka, k= 1,...,m.

We will prove inductively that NV, is a free module, k = 1, ..., m. Obviously, M, is isomor-
phic to R (as R-module). Thus, N; is isomorphic to a submodule of R, i.e., to an ideal of
R (Example II1.1.5). Lemma III.1.10 shows that N; is free of rank O or 1.

For k > 2, we set

I:= {b S R|Elb1, ---,bk—l €ER: (b], ...,bk_1,b,0,...,0) S Nk }

This is an ideal in R. Pick an element a € R with I = {(a) and elements ay, ...,a;-;1 € R
with
Xo :=(ay,...,a;i-1,a,0,..,0) € N;.

If a = 0, then N, = N,_; and N is free by induction hypothesis. For the rest of the
argument, we assume a # 0. For every element x € Ny, there exists an element r € R with
X —r - Xxg € Ni_1. This shows that the homomorphism

O Nieit® R — Ny

(x,7) — x+r-Xxo
is surjective. It is also injective, because
Ni-1 N (xo) = {0}.
So, Ny is free of rank rk(N,_;) + 1. Note that the rank of N, is at most k. O

I11.1.17 Remark. The proposition is false, if R is not a principal ideal domain. In fact, R
is a free module of rank 1. If R contains an ideal which is not principal, we may use the
argument given in the proof of Lemma III.1.10. If R is not an integral domain, then we
pick a non-trivial zero divisor b. Then,

Ann({b)) = Ann(b) # {0}.
But, for a non-zero free module, the annihilator is clearly {0}.

II1.1.18 Corollary. Let R be a principal ideal domain and M a finitely generated R-
module. Then, every submodule N of M is finitely generated.

Proof. The assumption means that there exist a natural number m € N and a surjection
¢: R®" — M.

Now, ¢~ !(N) is a submodule of M and, therefore, free. Let n € { 1,...,m} be its rank and
choose an isomorphism i : R®¥" — ¢~!(N). Then,
le=1v)

[
R@n i)(p—l(N) VN

is a surjection, and N is finitely generated. O
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I11.1.19 Remark. The corollary is true for every noetherian ring (see Proposition I11.1.30
and Lemma I11.1.29).

I11.1.20 Proposition. Let R be a principal ideal domain and M a finitely generated tor-
sion free R-module. Then, M is free.

Proof. We may clearly assume M # {0}. Let us start with a surjection (see Exercise
II1.1.8)
0: R — M.

Lete; :=(0,...,0,1,0,...,0), 1 being the i-th entry, and x; := ¢(e;), i = 1,...,m. A subset
X C M is linearly independent, if

A -Xi 44l x,=0 = AZ=---=2,=0

holds for all n > 1, for all pairwise distinct xy, ..., x, € X, and for all 4,,...,4, € R. Note
that, in a non-zero torsion free module, any set of cardinality 1 is linearly independent. Let
n € {1,...,m} be the maximal cardinality of a linearly independent subset of { xi, ..., X,,, }
and fix a linearly independent subset { x;,, ..., x;, } of {xj,...,x, } with n elements. For
i = 1,...,m, there exist ring elements a;, a;1, ..., @;;, € R with

a,--x,»+a,»1-x,»l+---+a,-,,-x,-”:O.

Note that a; # 0, because { x;,, ..., x;, } 1s linearly independent, i = 1, ..., m. So,

Fori=1,...,m, we have
a-xi €N :=(xj,...x;)

and, thus,
a-MCN.

Note that N is a free module of rank n. By Proposition I1I.1.16, a - M is also free. Finally,

UM — M

X — a-x

is injective, because a # 0 and M is torsion free. Since y, maps M onto a - M, the module
M is free. o

II1.1.21 Proposition. Let R be an arbitrary ring, M an R-module, N a free R-module,
and ¢: M — N a surjection. Then, there exists a submodule P C M, such that

* @p: P—> N is an isomorphism,
* the homomorphism

v: Poker(p) — N
(x,y) +— x+y

is an isomorphism.
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Proof. Let I be an index set, such that
N=Pr.
i€l
Let e; = (e;j)jes be the tuple with e; = 1 and ¢;; = 0, j € I\ {i}. We pick elements x; € M
with
o(x;) =e;, 1€l.
By the universal property of the direct sum (Exercise II1.1.7, 1), there is a unique homo-
morphism o: N — M that maps e; to x;, i € I. We set

P :=im(o).

Clearly, ¢ o 0 = idy. In particular,  is injective and, therefore, maps N isomorphically to
P. It also follows that ¢yp is inverse to p.
For x € M, we have

(x = (0 0 )(x)) = @(x) = (¢ 0 P)(@(x)) = p(x) — p(x) = 0

and
x = (00 @)(x) +(x — (0 ° )(x)).
——— ———
ep eker(p)
It follows that i is surjective. It is also injective, because P N ker(¢) = {0}. |

Proof of Theorem 111.1.14. We first show that M/Tors(M) is free. By Proposition I11.1.14,
it is enough to verify that this module is torsion free. Let [x] € M/Tors(M) be a torsion
element. There exists a non-zero divisor b with [b - x] = b - [x] = 0. This means b - x €
Tors(M). So, there is a non-zero divisor a € R with

(a-b)y-x=a-b-x)=0.

Since a - b is a non-zero divisor, x € Tors(M) and [x] = 0. To conclude, we apply
Proposition III.1.21 to the surjection M — M/ Tors(M). O

Let R be a principal ideal domain. In order to understand all finitely generated modules
over R, we need to understand the finitely generated torsion modules. This we will do now.
Let P C R be a subset, such that for every prime element g € R, there exists one and only
one element p € P with g ~ p, i.e., P is a set of representatives for the equivalence classes
of prime elements in R with respect to the equivalence relation “being associated”.

Let M # {0} be a non-trivial torsion module over R. In this case, Ann(M) is a non-zero
proper ideal of R. Pick a generator a € R \ (R* U {0}) for Ann(M). The idea is to use the
prime factorization of a to decompose M further.

For any ring element b € R, let

,Ltb:M — M

X — b-x

and
Mb = ker(yb).
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II1.1.22 Proposition. Let c,d € R be coprime elements and b = ¢ - d. Then,
M,=M.®&M,.
Proof. 1t is evident that M. ¢ M), and M; C M.. Note that (c) + (d) = (1). So, letr,s € R

with
r-c+s-d=1. (II1.3)

With this equation, we see that M. N M, = {0}.
Next, let x € M,,. By (II1.3), we have

x=1-x=r-(c-x)+s-(d-x).
Now,d-x€ M,and c-x € M,. m]
There are distinct elements p, ..., p; € P and positive integers ky, ..., k; with
(@y=(py e pi).

By Proposition 111.1.22,
M = Mpk1 S OM .
1 s

I11.1.23 Proposition. Suppose there are an element p € P and a natural number k > 1

with
M =M.

Then, there exist positive integers |y, ..., 1, such that
M =R/(p")&--- @ R/(p").

We need some preparations for the proof. Let M be any R-mdoule. We call elements
X1, ..., X, € M independent, if

YA, .., 4, €ER: A x+-+4,-x=0 = Ai-xy=---=4,-x,=0.

This condition is weaker than linear independence. In fact, independent elements can
exist in torsion modules whereas linearly independent elements can’t.
In the set-up of Proposition II1.1.23, M is said to be a p-torsion module. The number

e:=min{k € N|M =My}

is the exponent exp,(M) of M. In the following, M is assumed to be a p-torsion module.
Let x € M \ {0}. We call

s:=min{t€ N|p'-x=0}
the order ord,(x) of x. Clearly,
s> 1, ord,(x) < exp,(M),

and there is an element x, € M for which equality is achieved.
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II1.1.24 Lemma. In the above setting, let b € R be an element with b - x = 0. Then,
pord[, (x) |b

Proof. We may write b = p* - m with p and m coprime. Assume s < o := ord,(x). Asin
the proof of Proposition III.1.22, we find r, s € R with

l=r-p +s-m.

Now,
x=r-p’-x+s-m-x

has order at most s. This is a contradiction to the definition of the order. O

II1.1.25 Lemma. Let M be a p-torsion module of exponent e and x, € M an element of
order e. Assume y, ...,y, € M/{xy) are non-zero independent elements. Then, there exist
elements xy, ..., x, € M, such that

* [x]=y,i=1,...,n,
* ord,(x;) = ord,(y;), i =1,...,n,
* X0, X1, ..., X, are independent.
Proof. Lety € M/{xy), 0 := ord,(y), and x" € M an element with [x] = y. Obviously,
ord,(x") > ord,(y).
There exist 0 < s < e and an element m € R which is coprime to m, such that
pl-x =p’-m-x.

If s = e, then p° - x" = 0, and ord,,(x") < ord,(y), so that finally ord,(x") = ord,(y).
If s < e, then p* - m - xy has order e — s, by Lemma III.1.24. This means that x” has
order o + e — 5. But, we also know

o+te—s<e, 1e. o0Z<s.

In this case,

has order o and [x] = y.
These considerations show that we may find xi, ..., x, € M, satisfying the first two
properties. Finally, let ay, ay, ..., a, € R with

ap-xo+ay-x1+---+a,-x,=0.

Then,
apyy+--+a, -y, =0.

By assumption, a; - y; = 0,i = 1, ..., n. According to Lemma I11.1.24,
poOg, i=1,.. 0.

But then
ai-xi:O, i:1,...,n,

and also a - xg = 0. O
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From now on, we assume that M is finitely generated. Let p € P and suppose M is a
p-torsion module. By Corollary III.1.18, M), is finitely generated. According to Remark
III.1.13, M, is a module over R/{p). The latter is a field. We shall denote it by K(p). So,
we may associate with M the number

dimK(p)(Mp) € N.

Proof of Proposition 111.1.23. Let xo € M be an element of order r and M = M/{x,). We
prove

dimg,(M,) < dimg,)(M,).

Note that elements xi, ..., x, € M, or elements yi, ..., y, € M,, are independent if and only
if they are K(p)-linearly independent (Lemma I11.1.24).

Let yi,....,y, € Mp form a K(p)-basis. By Lemma III.1.25, we can lift these elements
to K(p)-linear independent elements x, ..., x, € M,. The elements xo, xi, ..., X, € M are
independent. Then, p™' - xo, X1, ..., x, are also independent. Observe that p"' - xo € M,,.
We see

dimg,(M,) > n+ 1 = dimg,(M,) + 1.

We now prove the result by induction on d := dimg,)(M). If d = 0, we claim that
M = {0}. Indeed, if M # {0} and x € M \ {0}, then o0 := ord,(x) > 1 and p°~ ! xisan
element of order 1, i.e., a non-zero element in M,,.

Now, suppose the result holds for all natural numbers < dimg,(M,,). Pick an element
Xo € M of order e = exp,(M). Then,

dimK(p)((M/<X0>)p) < dimK(p)(Mp).

By induction hypothesis, M/{x) is generated by independent elements yy, ..., y,. We con-
struct xy, ..., X, € M as in Lemma III.1.25. Then, xy, x, ..., X, generate M and are inde-
pendent. This means

M = (x0) ®(x1) @ -+ - & (xp).

Furthermore,
<xi> ~ R/<p0rdp(xi)>, i=0,1,..,n

This finishes the proof. O
IT1.1.26 Theorem (Torsion modules over principal ideal domains). Let M be a finitely
generated torsion module. Then, there are positive integers s,ty,...,t,, s distinct prime
elements py, ..., ps € P, and positive integers 1 <k <--- <k, i=1,..,s, such that

M=R/(p) & ®R/(p,") - ®R/(PY) & ®R/(pS). (L4

The integers s,ty, ...ty kij, j=1,...t, i =1, ..., s, and the prime elements® pi, ..., ps €
P are uniquely determined by M.

6They depend, of course, on the choice of P.
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Proof. The existence follows from the previous discussion. The uniqueness follows from
a careful look at submodules of the form N, where N is constructed in some way from M
and p € P is a prime element.

First, we observe

{p1,...ps}={pePIM,#{0}}.
Hence, s and py, ..., p, are uniquely determined.
Next, we point out that

/P, = PP pePk21.

This shows
t; = dimk(p,.)(Mpi), i=1,..s.

Likewise one sees
#lj €11t b ky 2 1) = dimg,((M/pT - M), ), 12 1,i=1,..s.
From these numbers, one may clearly determine &y, ..., kg, . O

As an application of this result, let us derive the theorem on the Jordan normal form.
Let R = C[x] and let (M, f) be a pair in which M is a finite dimensional complex vector
space and f: M — M is an endomorphism. By Example III.1.2, ii), and Exercise
III.1.12, iv), this defines a torsion module over C[x].

We decompose it according to Theorem II1.1.26. Since C is algebraically closed, a
polynomial p € C[x] is irreducible if and only if it is linear, i.e., of the form c - (x — 1), for
some ¢ € C*, 1 € C. We need to understand the C[x]-modules

My = Clx]/{(x =", A1eCk>1.

The elements
vii=[(x =D, i=1, .k

form a C-basis for M. Set vy := 0. We have, fori =1, ...k,
XV = A v+ (x=)v; = v+ (x =) [(x= D] = v+ [(x= DD = Aovi+vi.

Thus, with respect to the ordered C-basis (vy, ..., vx) of M, multiplication by x is de-

scribed by the matrix
1 0 --- 0

, AdecC.

0
: S |
0 -« -~ 0 2

I11.1.27 Theorem (Finitely generated modules over principal ideal domains). Let R be a
principal ideal domain and M a finitely generated R-module. Then, there are a positive
integer t and elements ay, ...,a; € R \ {0} with

(@) > --- 2 {ay)
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and
M =R g R/(a))®---®R/{a,). (I11.5)

Moreover, if a\, ..., a, are other elements with these properties, then t = u and a; ~ a,,
i=1,..,t

Proof. By Theorem 1II1.1.14, it suffices to look at the case rk(M) = 0, i.e., that M is a
torsion module. We use Theorem III.1.26. Let 7 := max{;|i = 1, ..., s }. Define

Ly =---:= li(l—li) =0 and li(l—l,~+j) = kij’ j= 1,..,4i=1,..s,

and

By the Chinese remainder theorem 1.8.12, these elements clearly have the required prop-
erties.

Since we recover the decomposition (II1.4) from (IIL.5), the asserted uniqueness fol-
lows from the corresponding statement in Theorem III.1.26. O

Note that this theorem includes the main theorem on finitely generated abelian groups
([30], Satz I1.13.5).

Noetherian Modules

Let R be a ring and M an R-module. We say that M is noetherian, if every submodule N
of M is finitely generated.

II1.1.28 Remark. 1) We may view R as an R-module (Example III.1.2, iv). Then, the
submodules of R are the ideals of R (see Example III.1.5). So, R is noetherian as R-
module if and only if R is noetherian as ring.

ii) If R is not noetherian, then there exist finitely generated R-modules which are not
noetherian. In fact, R itself is such an example. It is free of rank 1 as R-module and
contains an ideal / which is not finitely generated.

II1.1.29 Lemma. Let M be an R-module and N € M a submodule. Then, M is noetherian
if and only if N and M|N are noetherian.

Proof. We will use the canonical surjection
n: M — M/N.

Assume first that M is noetherian. Every submodule of N is also a submodule of M.
Therefore, N is also noetherian. The fact that any submodule of M/N is finitely generated
is shown with an argument similar to the one in the proof Corollary II1.1.18.

Next, assume that N and M/N are noetherian and P is a submodule of M. Let
X1, ..., X,y € P be generators of the module N N P, yy, ...,y, € M/N generators for n(P) C
M/N, and x,,,; € P with n(x,,,;) = y;, i = 1, ...,n. Then, one easily checks that x, ..., X4,
generate P. |

I11.1.30 Proposition. Let R be a noetherian ring, M a finitely generated R-module. Then,
M is a noetherian R-module.
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III.1. Modules

Proof. There exist a natural number m > 0 and a surjection ¢: R®*” — M. By Lemma
I11.1.29, it suffices to show that R®” is noetherian. This will be done by induction on m.
m = 1. This was explained in Remark III.1.28.
m— m+ 1. Let
N :={(0,..,0,7r) € R®"*V|reR).

This is a submodule of R®". It is evidently isomorphic to R. The quotient R*"*D/N is
isomorphic to R®”. In fact,

Q: R ReB(mH) N Rea(m+1)/M
(a17"'?a’n) H (al""’am7 0)
(al"-"am7am+1) — [ab-'-’am’am+1]

is an isomorphism. By the induction hypothesis, N and R®"*V/N are noetherian. By
Lemma II1.1.29, R®™*D is noetherian, too. O

II1.1.31 The Nakayama’ lemma. Let R be a local ring with maximal ideal m. Let M be
a finitely generated R-module, such that

Then,

Proof. Assume M # {0} and let m > 1 be minimal, such that there is a surjection

¢: R — M. Define ¢; as in the proof of Proposition III.1.21 and set x; := ¢(e;),
i=1,...,m. Since m - M = M, there are elements ay, ..., a, € m, such that

Xp=ay X1+ -+ ay,- Xy,

i.e.,
A=aw) - xp=ay-x1+- -+ a1 Xp_1.

Since a,, € m and R is a local ring, (I — a,,) is a unit. This shows that x,, is a linear
combination of xi, ..., x,,_1, so that M is generated by xi, ..., x,,_;. This contradicts the
choice of m. O

We will discuss two applications of this result.

II1.1.32 Krull’s® intersection theorem. Let R be a noetherian local ring with maximal

ideal m. Then,
Izﬂwzm

keN

Proof. The intersection / is an ideal. Set
2:={JCR|Jisanideal withJNI=m-1}.

Note that m-/ € 2, so that 2’ # @. Let J, be a maximal element of 2’ (see Theorem II.1.1).
By definition, m - I C Jj.

"Tadashi Nakayama (1912 - 1964), japanese mathematician.
8Wolfgang Krull (1899 - 1971), german mathematician.
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Claim. There is a natural number k € N, such that m* C J,.

If the claim is correct, we have

I cwfcJp,
so that
IcJynl=m-1I.
We see
I=m-1I
Hence, I = {0}, by the Nakayama lemma II1.1.31. v

Let us prove the claim. Since m is finitely generated, it suffices to check:
Viemdl>1: flel,.

In fact, let fi, ..., f, generate m and assume fl."' € Jo,i=1,..,n. Fork > 1, m* is generated
by the monomials (compare Example 1.8.8, ii)

RERES fir with k4 + ky = ko (IIL.6)

> [; , and then the monomial in

iy =

Ifk>10+---+1, thereisanindex iy € { 1, ...,n} with k,
(IT1.6) belongs to Jj.
Let f € m and look at the ascending chain

(Jo : {f*Nien-

There is an exponent k, > 1, such that

(Jo 2 (f)) = (Jo : ().

Choose x € (Jy + (f*)) N I. This means

ig»

dyeJydaeR: x=y+a-fh.

We see
fk0+l_a:f.x_f-yem'I+JO:J0

and conclude a € (Jy : {(f%*1y) = (Jy : (f*)). Consequently, a - f* € J, and x € J,. This
implies
(Jo+{ffNnI=JynI=m-I and (Jo+ () e

Since Jy is maximal in X and Jy C Jy + (f*), we infer Jy = Jo + (f), thatis f* € J,. O

Let M and N be finitely generated R-modules and ¢: M — N a homomorphism of
R-modules. We also have the natural quotient map

m: N — C := coker(¢) = N/im(yp).
Note that we get induced homomorphisms
©: M :=M/(m-M)— N := M/(m-N)
and

7:N— C:=C/(m-CO).
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I11.1.33 Lemma. i) We have C = coker().
i1) The homomorphism ¢ is surjective if and only if ¢ is surjective.

Proof. ii) If ¢ is surjective, then ¢ is obviously surjective, too. If ¢ is surjective, then
coker(¢) = {0}. By 1), C = {0}. The Nakayama lemma III.1.31 implies C = {0}, i.e., the
surjectivity of ¢.
1) We have to show that
ker(m) = im(yp).

The inclusion “D>” is clear. For “C”, let y € N be such that 7([y]) = [x(y)] = 0. So, there
are an element m € m and an element z € N with n(y) = m - [z] in C. This, in turn, means
that there is an element u € im(y) with

y=u+m-z

We see that, in N, we have

and this element belongs to im(yp). O

I11.1.34 Remark. The proof actually shows that the kernel of the induced surjection
N—C
is
im(p) + m- N.
I11.1.35 Exercise. Let R be a local ring with maximal ideal m, M a finitely generated
R-module, and N ¢ M a submodule. Prove that, if

M=m-M+N,

then
M = N.

III.2 Finite Ring Extensions

Let R,S be rings and ¢: R — § a ring homomorphism. We say that ¢ is a finite ring
extension, if ¢ is injective and S is finitely generated as an R-module.

I11.2.1 Example. If K and L are fields, then a finite field extension K C L, i.e., dimg(L) <
oo, is an example for a finite ring extension.

For the following definitions, we assume that ¢ is injective. An element s € § is
integral over R, if there are a positive integer n > 0 and elements aj, ..., a, € R with’

-1

s"+ap -S4+ +a,-s+a,=0.

I11.2.2 Example. Let K C L a field extension. Then, y € L is integral over K if and only if
it is algebraic over K (see [8], Satz II1.1.6.2, 1). If R and S aren’t fields, it is important to
keep in mind that the coefficient of the highest occurring power of s is 1.

9The symbol - refers to the R-module structure of S (Example IT1.1.2, iv).
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The ring R is integrally closed in S, if
VseS: sisintegraloverR &= s€R.

We say that R is integrally closed, if R is integrally closed in its total ring of fractions (see
Example I1.3.5, ii). A ring R is reduced, if v/{0) = {0}, i.e., R does not contain non-trivial
nilpotent elements. It is normal, if it is integrally closed and reduced.

I11.2.3 Examples. 1) We define
R = Clx,y]/(x* = y).

One readily checks that the polynomial x> — y? is irreducible, so that R is an integral
domain.
‘We will show that R is not normal. For this, we look at the element

=2 c QR
y
in the quotient field of R. We have
2 3
2:x—2:y—2:y and t3:t'y:x.
oy

In particular, 7 is integral over R, but is is not contained in R. This shows that R is not
normal.
To conclude this example, let us compute the normalization of R, i.e., its integral
closure in Q(R). We look at
S :=R[t] € O(R).

We see that
S = C[X,y,t]/<x2 _y3’t2 _y’t3 _-x>'

Moreover, one checks that

p:C[PH — S
9 —
and
v S — (VY]
t — 9
X — 9
y — 92

are homomorphisms which are inverse to each other. It is easy to verify that the poly-
nomial ring C[#] is a normal ring. Hence, so is §. The integral extension v: R C § is,
therefore, called the normalization. Using the isomorphism S = C[}] just described, it is
given as

v:S§S — C[Y]
X t3

yl—)tz.
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Its geometric counterpart is the map

fiAy — V(P -y)cA;

t — (2,1P).

ii) Set
R :=C[x,y]/{x-y).

We write abusively x, y for [x], [y] € R. Note that R is not an integral domain but reduced
and that

(0) =(x) N {y)

is a minimal primary decomposition. By Theorem 11.4.28, iii), we have
{ zero divisors of R} = (x) U (y).

This shows that x + y is not a zero divisor, so that we may form the non-zero element

X

€ O(R)

u =
X+y

in the total ring of fractions of R. It is not contained in R, but satisfies the integrality
condition

5 x? X wy=0 X-(X+Y) x X x

u —u

:(x+y)2_x+y (x+y)? x+y_x+y x+y_

This shows that R is not normal.

iii) Set R := C[x]/{x?). An element a + b - [x] is a unit if and only if a # 0, a,b € C.
Otherwise, it is nilpotent. We see that Q(R) = R. The ring R is integrally closed, but not
normal, because it is not reduced.

The notion of normality is an important concept in commutative algebra and algebraic
geometry. The above examples already suggest that the notion of normality is related to
singularities. We will study normal rings and normalizations in more detail in Section
IIL.5 and I'V.8.

Let K C L be a field extension. If it is finite, then every element of L is algebraic over
K. Conversely, if @ € L is algebraic over K, then the subfield K(«) C L it generates is a
finite extension of K. The sum and product of algebraic elements are algebraic, and so on.
The reader may consult, e.g., [8], Satz II1.1.6.2, ii), for this. We will now prove similar
results in the realm of commutative rings.
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II1.2.4 Proposition. Let ¢: R — S be an injective ring homomorphism and s € S. The
following conditions are equivalent:

1) The element s is integral over R.

ii) The R-module R[s] C S is finitely generated.

iii) There is a finitely generated R-module T C S which contains R[s].

1v) There exists an R[s]-module M, such that

* M is finitely generated as R-module,
* Anngg(M) = {y € R[s]|y- M = {0} } = {O}.

Proof. “i)=ii)”. Letn > 1 and ay, ..., a, € R, such that

-1

sS+a 8"+ +a,-s+a, =0.

Then, R[s] is generated as an R-module by 1, s, ..., s"~. In fact, set

1

px):=x"+a;- X" +---+a,-x+a, €R[x].

For u € R[s], there is a polynomial g € R[x] with u = g(s). Since the leading coefficient of
p is a unit in R, polynomial division is possible. This implies that there are polynomials
q,r € R[x], such that

g=q-p+r
and deg(r) < n. Then,
u=g(s)=r(s)e(l,s, ... s" ).

“ii)==iii)”. We may take 7" = R[s].

“li1)==1v)”. Set M :=T. For y € Anngz (M) C S, we have y - 1 = 0 and, thus, y = 0.

“iv)==1)". Let M be generated as an R-module by the elements x, ..., x,,. There are
elements a;; € R, i, j = 1,...,m, such that

VYie{l,...m}: s-x;=aj X1+ +aip- Xn.

We form the (m X m)-matrix

.....

with entries in the ring R[s]. By definition

X1
B-1 : |=0. (I11.7)
Xm
We note that the theory of determinants works over every commutative ring. In particular,

we have Cramer’s rule'® ([33], §27): Fori,j = {1,...,m}, let B;; € Mat,,_;(R[s]) be the
matrix that is obtained from B by deleting the i-th column and the j-th row and b;; :=

.....

B . B = det(B).

10Gabriel Cramer (1704 - 1752), swiss mathematician.
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Multiplying Equation (II1.7) by B*! yields the conclusion
Vie{l,..,m}: det(B)-x;=0, 1ie., det(B)e€ Anngy(M).

By assumption, det(B) = 0. Expanding the determinant of B provides us with an integral-
ity equation for s. O

This proposition has several important consequences.

IIL1.2.5 Corollary. Let R, S be rings and ¢: R — S an injective ring homomorphism.

i) Suppose n > 1 and sy,...,s, € S are integral over R. Then, the R-subalgebra
R[s1, ..., s,] C S is finitely generated as R-module.

1) If s,t € S are integral over R, then so are s + t and s - t. In particular,

T :={seS|sisintegral over R}
is a subring of S.

The subring T in Part i1) of the corollary is called the integral closure of Rin S . In the
proof of the above corollary, we use the following

II1.2.6 Lemma. Suppose A, B,C are rings and f: A — B and g: B — C are homo-
morphisms. If B is finitely generated as A-module and C is finitely generated as B-module,
then C is also finitely generated as A-module.

Proof. Suppose xi, ..., X, € B generate B as A-module and that y, ...,y, € C generate C
as B-module. Using the B-module structure of C, we introduce the elements

Xy, i=1.,mj=1,.,n.
It is readily checked that these elements generate C as A-module. O

Proof of Corollary 111.2.5. 1) We prove this result by induction on n. The case n = 1 is
Part i1) of Proposition I11.2.4, ii).
n — n + 1. For the induction step, we write (compare (1.2))

R[Sl’ seey Sn+1] = R[S17 eey Sn][sn+1]-

By induction hypothesis, R[s, ..., s,] is finitely generated as R-module. Since s,,; is
integral over R, it is also integral over R[sy, ..., s,]. By Part ii) of Proposition III.2.4,
R[s1, ..., Sy, Sp+1] 18 a finitely generated R[sy, ..., s,]-module. Lemma II1.2.6 shows that
R[s1, ..., Sy, Su+1] 1s also finitely generated as R-module.

ii) By Part 1), we know that the R-module R[s,?] c S is finitely generated. Note
R[s + t] C R[s,t] and R[s - t] C R[s, t]. Part iii) of Proposition II1.2.4, iii), says that s + ¢
and s - ¢ are integral over R. O

II1.2.7 Corollary. Let R,S,T be rings and ¢: R — S and : S — T injective ring
homomorphisms. If S is integral over R and T is integral over S, then T is also integral
over R.
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Proof. Lett € T. There exist a natural number n > 1 and elements by, ..., b, € § with
+b "+ 4b, - t+b,=0.

SetS’ := R[by, ..., b,]. The elements by, ..., b, are integral over R. By Corollary I11.2.5, S’
is a finitely generated R-module. The element ¢ is integral over S’. So,

S’[t] = Rbx, ..., b, 1]

is a finitely generated S’-module. Lemma III.2.6 proves that R[by, ..., b,, t] is a finitely
generated R-module. It contains R[¢]. By Part iii) of Proposition II1.2.4, t is integral over
R. |

II1.2.8 Corollary. Let R, S be rings, ¢: R — S aninjective homomorphism, and T C S
the integral closure of R in S. Then, T is integrally closed in S .

I11.2.9 Example. This corollary can be applied to the homomorphism ¢: R — Q(R). If T
is the integral closure of R in Q(R), then Q(T) = Q(R) (Exercise II1.2.11, ii). This means
that 7 is an integrally closed ring.

I11.2.10 Exercise (Integral ring extensions). Let R, S4,...,5, be rings and f;: R — §,,
i =1,...,n, integral ring extensions. Show that

fiR — ><Si
i=1
x = (i) fa(0)

is also an integral ring extension.

I11.2.11 Exercises (Total rings of fractions and integral ring extensions). Let R be a ring
and Q(R) its total ring of fractions.
1) Show that the homomorphism

iR — OR)
a

a = T
is injective.
i1) Let S € Q(R) be a subring, containing Agz(R). Prove that

y: OR) — QS)
a Ar(a)

—
s Agr(s)

is an isomorphism, so that, in particular, Q(Q(R)) = Q(R).
ii1) Give an example of rings R, S, an injective ring homomorphism ¢: R — §, and
an element a € R, such that

* a € R is not a zero divisor,

* ¢(a) € S is a zero divisor.
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Conclude that there is no ring homomorphism ¢ : Q(R) — Q(S), such that the diagram

R—% 5§

o |

O(R) —— Q(S)

commutes.
iv) Let R be aring and § C Q(R) the integral closure of R in Q(R). Demonstrate that
S is an integrally closed ring with Q(R) = Q(S).

I11.2.12 Exercise (Normal rings). i) Let R be an integral domain and S C R a multiplica-
tively closed subset. Note that one may interpret the localization Rg as a subring of the
quotient field Q(R). Using this interpretation, show that the following identity holds in

O(R):

maximal ideal

Hint. Let s be an element of the right hand intersection. Look at {r € R|r-s € R}.
i1) Prove that an integral domain R is normal if and only if R, is normal for every
maximal ideal m C R.

II11.3 The Nullstellensatz

In this section, we will present a fairly elementary proof of Hilbert’s Nullstellensatz, fol-
lowing Swan'! [34]. It is due to Munshi [22]. The next section contains a more geometric
proof, based on Noether’s normalization theorem.

I11.3.1 Nullstellensatz — Field theoretic version. Let k be a field and R a finitely gen-
erated k-algebra. If R is a field, then k C R is a finite field extension.

111.3.2 Exercise (Maximal ideals). Suppose that k is an algebraically closed field and that
m C k[xy, ..., x,] is a maximal ideal. Prove that there exists a point (ay, ..., a,) € A} with

M= (X —dy, .., Xy — Ay ).

II1.3.3 Weak Nullstellensatz. Let k be an algebraically closed field, n > 1 a natural
number, and I C k[xy, ..., x,] a proper ideal. Then,

V() # @.

Proof. There is a maximal ideal m with I ¢ m (Corollary 1.4.8, i). By Exercise 111.3.2,
there is a point (ay, ...,a,) € A}, such that

m={X] — Ay, ..., X, — dyp ).

Then,
(ai,...,a,) € V().

This proves the claim. O

Richard Gordon Swan (* 1933), US mathematician.
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I11.3.4 Strong Nullstellensatz. Let k be an algebraically closed field, n > 1 a natural
number, and I C k|xy, ..., x,,] an ideal. Then,

(VD) = VI

Proof. We apply the trick of Rabinovich. Let I = ( fi,..., f,) C k[xy,...,x,] and f €
I(V(I)) \ {0}. This means

Ya=(aj,...a,) e A} : (Vief{l,..m}: fla)=0) = f(a)=0.

We infer that the polynomials fi, ..., ., (1 —xo- f) € k[xo, X1, ..., X,,] do not have a common
zero in A?*'. By the weak Nullstellensatz I11.3.3, there exist polynomials by, ..., b,, €
klxy, ..., x,,] with

bo-(1=xo-f)+by-fi+--+by,-frn=1. (I11.8)

Define

@2 k[X0y oo Xl > k[X15 ey Xl s
1

Xy ?
X — x;, i=1,..,n
With ¢; := (b)), i = 1, ..., m, Equation (IIL.8) yields
ci-fit - tcCm fu=1 (111.9)
By construction of the localization R[x;, ..., X, ], there exists a natural number s € N with
di:=f°-ci€R[x1,....,x,], i=1,..,m.
Multiplying Equation (II1.9) by f* gives
di-fitotdy f=f°
and shows f* € I and f € VI. |

I11.3.5 Corollary. Let k be an algebraically closed field, n > 1 a natural number. Then,
the maps @ and ¥ defined on Page 43 are bijections which are inverse to each other.

Next, we will prepare the proof of Theorem III.3.1.

II1.3.6 Lemma. Let R be an integral domain and R|x] the polynomial ring in one variable
over R. Then, there does not exist an element f € R|x], such that the localization R[x]y is
a field.

Proof. Assume to the contrary that f € R[x] is an element, such that R[x]; is a field.
Obviously, we must have deg(f) > 1. In particular, 1 + f # 0. There are a polynomial
g € R[x] and an exponent k € N, such that the equation

1 g

L+ f f*
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II1.3. The Nullstellensatz

holds in R(x) := Q(R[x]). It implies the equation

ff=0+f-¢g (I11.10)

in R[x]. We pass to the ring S := R[x]/{1 + f). Then, [f] = —1 in § and (III.10) gives
[f1¥ = 0. We find

-1)=0

in §. This means S = {0} and (1 + f) = R[x]. So, 1 + f is a unit in R[x]. But this is
impossible, because deg(1 + f) > 0 (Exercise 1.3.10). O

II1.3.7 Lemma. Let ¢: R — S be an integral ring extension. Then,
RNS™* =R*.

(13 "

Proof. The inclusion “D” is obvious. For the converse inclusion, let @ € R N S*. Then,
there is an element b € § with a - b = 1. Since b is integral over R, there are a positive
integer n > 1 and elements ay, ..., a, € R with
V' +a, V"' +---+a,,-b+a,=0.
We multiply this by a"! and find
b=-aj—ay-a—-—a,,-d"*>—a,-a"".

This shows b € R and a € R*. O

I11.3.8 Exercise. Let R and S be integral domains, ¢: R — § an integral ring extension,
and n C S be a maximal ideal and m := n N R. Show that m is a maximal ideal in R.

II1.3.9 Lemma. Let ¢: R — S be an integral ring extension. If S is a field, then so is R.

Proof. This is a direct consequence of Lemma II1.3.7: R\ {0} = RN (S \{0})) =RNS* =
R*. O

The central ingredient in the proof of the Nullstellensatz is

I11.3.10 Proposition. Let R be an integral domain, n > 1 a positive integer, and m C
R[x1, ..., x,] a maximal ideal with

mN R ={0}.
Then, there exists an element a € R, such that
*x R, is a field,

* R, C R[xy, ..., x,]/m is a finite field extension.
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III. The Nullstellensatz

Proof. We prove the result by induction on n.
n=1.Let f € m\ {0} be a non-constant element and / > 1 be its degree. Write

f=ao-xX+a - X"+ +a_ -x+a.

Since R N m = 0, by assumption, we have ay ¢ m. Thus, we obtain the injective homo-
morphism (compare Exercise 11.3.8)

¢: R,y — R[x]/m = R[£], €& :=[x].
Observe that

1
gi=— -f=x+b -+ +b - x+b, b=—, i=1,.,1,
ap ap

is a polynomial in R, [x] with
g =0.

This shows that ¢ is an integral ring extension. By Lemma II1.3.9, R, is a field. Obvi-
ously, ¢ is a field extension of degree at most /.

n— n+1.SetS,; :=R[x;],i =1,..,n+ 1. We apply the induction hypothesis to §;
and the polynomial ring

Silxts e Xict, Xigts s Xpal, I=1,..,n+ 1.
We infer from Proposition I11.3.10 that
Sinm=#{0}, i=1,..,n+1.

Pick non-zero elements
f;' eSS, Nm

and write

_ i i1
fi=ay-x;+a-x

z +...+a;_1-xi+a§, i=1,...,n+1.

As before, we may assume that ag égm,i=1,...,n+1, and

We get the injective homomorphism

2 Ra — R[X], "-’xn+1]/m = R[é:]’ ceey §n+l]’ fi = [-xi]7 i = 17 et L.
Note that

so that we can form the polynomial
1 , , , :
gii=— f=x+b X b x4 b, b= =1,
0 o
inR,[x;],i=1,...,n. We have
gi(gi) = O, = 1, ey 1.
We see that ¢ is an integral ring extension. As before, we conclude that R, is a field and

@ is a finite field extension. O
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II1.4. Noether Normalization

Proof of Theorem 111.3.1. We find a positive integer n > 1 and a surjection
w: klxy,...,x,] — R.

Its kernel is a maximal ideal m C k[xi, ..., x,]. Since the elements of k* are units in
k[x1, ..., x,], we have
knm = {0}.

In Proposition II1.3.10, we must have R, = k, so that this proposition immediately yields
the claim. O

111.3.11 Exercise (Study’s lemma'?). Deduce the following result from the Nullstellensatz:
Let k be an algebraically closed field and f, g € k[x, ..., x,,] polynomials. Assume that f
is irreducible and V(f) C V(g). Show that f divides g in k[xy, ..., X,].

II1.4 Noether Normalization

Let k be an infinite field, e.g., an algebraically closed field. We first collect some elemen-
tary facts on the polynomial ring k[x, ..., x,,].

II1.4.1 Lemma. Let f € k[xy, ..., x,] \ {0} be a non-zero polynomial. Then, there exists a
point (ai, ..., a,) € A} with
f(a,...,a,) #0.

Proof. We prove this result by induction on n. For n = 1, observe that a polynomial
f € k[x;] has at most deg(f) zeroes and k is infinite.

n — n + 1. For the induction step, set S := k[xi,...,x,] and let f € S[x,.1] be a
non-trivial polynomial and d € N its degree. There are polynomials gy, ..., g; € S with
ga # 0, such that

f=8a-Xo 4+ 81 et + go.

By the induction hypothesis, there is a point (ay, ..., a,) € A} with g4(ay, ...,a,) # 0. Then,
F(a1, e Qs Xs1) = 8a(@1s ey @) - Xy + -+ + 811, eeey @) * Xpa1 + G0(@1, -.es )
is a non-trivial polynomial in k[x,;]. There exists an element a € k with
f(ay,...,ap,a) #0,

and this finishes the proof. O

111.4.2 Exercises (Dominant regular maps). Let k be an algebraically closed field. An
affine algebraic variety is an irreducible algebraic set X C A}. Recall that an algebraic
set Z C A} is irreducible if and only if its coordinate algebra

K[Z] := k[x1, ..., x,1/1(Z)

is an integral domain. A regular map (see Exercise 1.9.8) f: X — Y between algebraic
varieties is dominant, if f(X) is dense in Y.

12Christian Hugo Eduard Study (1862 - 1930), German mathematician.
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III. The Nullstellensatz

i) Let F': X — Y be aregular map between algebraic varieties and F*: k[Y] — k[X]
the corresponding homomorphism of algebras. Show that F is dominant if and only if F*
is injective.

ii) Let X be an algebraic variety. The function field of X is the quotient field

k(X) = Q(k[X])

of the coordinate algebra k[X] of X. Show that a dominant morphism F': X — Y induces
a field extension F*: k(Y) — k(X), such that the diagram

k[Y] 2 k[X]

#
k(Y) - k(X)
commutes.
An element m € k[x, ..., x,] is a monomial, if there are natural numbers k;, ..., k, € N
with
k n
m = xll ..... ')g}’{l .

The number
deg(m) = k; +--- + k,

is the degree of m. The set of monomials is a k-basis for k[xy,...,x,]. Letd > 1 be a
natural number. A polynomial f € k[x, ..., x,,] 1s homogeneous of degree d, if it is a linear
combination of monomials of degree d.

I11.4.3 Remark. Lemma I11.4.1 shows that a polynomial f € k[xy, ..., x,,] is homogeneous
of degree d if and only if

V(ay,...a,) € ANAek: f(Ad-ay,..A-a,) =2 f(ay,...a,).

The degree of a not necessarily homogeneous non-zero polynomial f € k[xy, ..., x,] \
{0} is the maximal degree of a monomial occuring with non-zero coefficient in f.

I11.4.4 Noether normalization for hypersurfaces. Let d > 1 be a natural number and
f € kl[xi, ..., x,] a polynomial of degree d. Then, there are linear polynomials y, ...,y, €
k[x1, ..., x,], polynomials g1, ..., g, € k[x1, ..., x,_1], and a non-zero constant ¢ € k*, such
that

e klxy, ... x,] — klxi, ..., x,]

Xi — y, i=1,..,n,
is an isomorphism and
P = Ot ¥n) = € (X + 81 X7 0+ gt X+ 8a)- (IL11)

Proof. There are uniquely determined homogeneous polynomials fy, ..., f; € k[x1, ..., X,,]
with

*x deg(f)=1i,i=0,...,d,
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II1.4. Noether Normalization

* f=fot+ far++ fi+ fo,
* fd # 0.
By Lemma II1.4.1, there is an element (by,...,b,) € A} with ¢ := fy(by,...,b,) # O.

Note that (by,...,b,) # 0, because d > 1 and f; is homogeneous of degree d, so that
f40, ..., 0) = 0. After renumbering, we may assume b,, # 0. Set

Yn = bn'xn’
Vi bj-x,+x;, i=1,...,n—-1.

We leave it to the reader to check that the homomorphism ¢: k[x, .., x,] — k[xy, ..., X,,],
x; — y;, i = 1,...,n,1s an isomorphism. Let /& := ¢(f). We compute (compare Remark
111.4.3)

h(O, ceey Oa xn) = fd(bl’ ceey bn)'xz +fd—1(bla ooy bn)'xfj_1 +e +fl(bl’ ceey bn)'xn +f0(bl’ ceey bn)

This implies that there are polynomials gy, ...,gs € k[xi,..., x,—1], such that Equation
(II1.11) holds. i

111.4.5 Remarks. 1) Let f be a polynomial as in (II.11). Then,

k[X1, ceey xn]/<f>

is a finitely generated k[x, ..., x,_1]-module. Indeed, it is generated by 1, [x,], ..., [xﬁf‘l]
(see the proof of Proposition 111.2.4).
i1) Assume that k is algebraically closed. There is a geometric interpretation of the
lemma. We let f be a polynomial as in (IIl.11) and look at the projection
A — Ay

@i, ....a,) +— (ap,...,a,-1)

and its restriction
~ -1
.= 7T|V(f): V(f) e AZ

to the zero set of f. Then,
* T is surjective,

* any fiber of 7 consists of at most d points, or exactly d points when counted with
multiplicity.

This means that the hypersurface V(f) C A} may be presented as a ramified covering of
degree d of affine (n — 1)-space AZ“. This suggests also that the dimension of V(f) is
n — 1. We will develop this in Chapter I'V.
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III. The Nullstellensatz

e e e
P e e e - -
iy U ey A

-

1
Ak

ramification/discriminant locus

I11.4.6 The projection theorem. Let k be an algebraically closed field, I C k[x, .., x,]
an ideal, and fy € I an element for which there exist a natural number d > 1 and elements
81s.r &a € kX1, ..., X,_1], SUch that

fo=x'+g - x4+t g X, + g

Set

* X :=V(I) cCA],

* I :=1Nk[x,..., Xu-1],

* X =V c AT
Then, the projection

A — A
(ay,...a,) +— (ai,....,a, 1)

satisfies
nX)=X.

Proof. “C”. Leta = (ay, ..., a,-1) € n(X). There, there exists an element b € k with
((l, b) = (ala cees Ap—1, b) €X.

For f € I’ C I, we have f(a,b) = 0. Since f € k[xy, ..., x,_1], this means f(a) = 0. We
conclude a € V(I).

“>”. Suppose a = (aj,....,a,-1) ¢ m(X). We will construct an element g € I’ with
g(a) # 0,sothata ¢ X'.

Claim. Let f € k[x, ..., x,]. Then, there exist an element hy € I and polynomials p, ...,
Pa-1 € k[x1, ..., Xp_1] with pi(a) =0,i=0,...,d — 1, such that

f=Ppo+pi-Xa+ - +par-xy ' +hy
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II1.4. Noether Normalization

We look at the homomorphism

@ klxp, o Xl — klx,]
X — a;, i=1,...,n—-1,

-xn xl’l’

i.e.,
o(f) = fla, xp).

Since ¢ is surjective, the image ¢(/) of I is an ideal. Note:
Abek: beV(p(l)) < 3TAbekVfel: f(a,b)=0 < aecnX).

Since we assumed a ¢ 7(X), we see V(¢(I)) = @. By the “Nullstellensatz in one variable”,
i.e., the definition of an algebraically closed field, ¢(I) = k[x,]. So, there exists an element
h} € I with

() = ¢(f).
We set

gr=f M.
We perform polynomial division by fy (in k[xy, ..., x,—1][x,]). There are a polynomial
q € k[xy, ..., x,] and polynomials py, ..., ps—1 € k[x1, ..., X,—1], such that

d-1
gr=q-fo+ ) pi %
i=0

We look at the equation
d-1
0= gpla, x,) = qla, %) - foa, %) + ) pi(@) - .
i=0
Now, deg(fo(a, x,)) = d. This implies ¢g(a, x,) = 0 and p;(a) =0,i =0, ...,d — 1. With
hy:=hy+q- fo€l,
we find
d-1
f=hi+ ) piox,
i=0
as asserted. v

Using this claim, we find polynomials p;; € k[xi,...,x,—1] with p;(a) = 0, i,j =
0,..,d—1,and h; € 1,i=0,...,d — 1, with

d-1
I = poo+poi1-Xn+-+poa-x, +ho
-1
Xy = Pro+piicXetoc+ prat X+ hy
d-1 -1
Xn = Pd-10t Pa-1,1 " Xp + -+ Pa-1,4-1 xf,l + hy_1.

105



III. The Nullstellensatz

Define

The above system of equations can be rewritten as
1 ho

xd-1 hg_y

Multiplying by the adjoint matrix (compare Page 94) A%, we infer

1 K,
det(d)-| : |=| : |, (IIL.12)

) Uy

n

for appropriate polynomials A, ...,h, € I. We would like to show that g := det(A) €
k[x1, ..., X,—1] is the polynomial we are looking for. The first row in (II[.12) shows g € 1
and, consequently, g € I’. Finally, p;i(a) = 0,1, j=0,...,d — 1. This gives g(a) = 1. m]

We pause a minute to give an alternative proof of the weak Nullstellensatz I11.3.3.

Proof of Theorem 111.3.3. We perform induction on n. For n = 0, 1, the theorem is true.
Since an algebraically closed field is infinite, we can apply Noether normalization for
hypersurfaces 111.4.4 and assume without loss of generality that / contains an element f
as in the projection theorem. If I C k[x, ..., x,,] is a proper ideal, so is I’ C k[xy, ..., X,_1].
By induction hypothesis, V(I') # @. Since

m(V(D)) = V(I'),
we also have V(I) # @. |

I11.4.7 Noether’s normalization theorem. Let k be an infinite field and I C k[x, ..., x,]
a proper ideal. Then, there are linear polynomials zi, ..., z, € k[xi, ..., X,] and a natural
number r < n, such that

voklxy, e x,] — k[xy, ..., X

xi — z;, i=1,..,n,
is an isomorphism,

klxi, .. x,] — kl[x1,..., x,1/¥()

xi — [xl, i=1..n
is a finite ring extension. If I # (0), then r < n.

Proof. We perform induction on n. Note that the case I = (0) is trivial.

n = 1. Let f € k[x] \ {O} be a polynomial with I = (f). Then, k[x]/I is a finite
dimensional k-vector space of dimension at most deg(f) (compare Remark I11.4.5, 1).

n — n+ 1. Again, we may assume [ # (0). We let yy, ..., y, and ¢ be as in Theorem
I1.4.4, i.e., such that ¢(I) contains an element f; of the form given in (II.11). As was
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II1.4. Noether Normalization

explained in Remark I11.4.5, 1), k[xy, ..., x,1/{fo) 1s a finite module over k[x, ..., x,_]. Set
J :=¢(I) and
J =JN0kl[xy, ..., x,—1]-

Since fj € ¢(I), we have the commutative diagram

k[X1, eeey -xn—l] — k[.X1, eeey xn]/(fO)

l |

kLxts ooy Xt 1/ —— kX1, s X0/ T

in which the vertical maps are surjective and the horizontal ones injective. So, the ring
k[x1, ..., x,]/J 1s a finite module over k[x, ..., x,_1]/J’. Now, we apply the induction hy-
pothesis to J' C k[xy,...,x,—1]. (The reader should pay attention how to combine the
choice of yy, ..., y, and the choice of elements in k[x, ..., x,_] hidden in the application of
the induction hypotheses to J’ to a single choice of elements zy, ..., z, € k[x1, ..., x,].) O

I11.4.8 Lemma. Assume that k is algebraically closed, and let I C k[xy, ..., x,] be an ideal
and r < n an integer, such that

klxi,....,x.] — k[x1, ..., x,]1/1
is injective and k| xy, ..., x,1/1 is a finite k[x1, ..., x,]-module. Then, the restriction
Ti=myay: V) — A
of the projection
A, — A,
(ay,...,a,) +— (ay,...,a,)
to the algebraic set V() is surjective.

Proof. Set s; := [x;] € k[xy,...,x,]/I, i = r+ 1,...,n. Since s; is integral over S :=
k[x1, ..., x,], there are a positive integer d; € Z and a polynomial

fix) = x + g x4+ gan i+ ga € S (IL.13)

with
fi(si) =0,
ie.,
fielnklxy,....x], i=r+1,..,n

Define, fori=r+1,...,n,
Ji=Inklxy, ..., x]
and
m AL — AL

@i, ....a;) +— (ai,...,ai1).
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III. The Nullstellensatz

Due to (III.13), the projection theorem II1.4.6 implies that 7; maps V(J;) surjectively
onto V(Ji_1),i =r+2,...,n,and V(J,,) surjectively onto A;. Since

T =Tp41 O Oy,

this gives the assertion. We will see in Remark 1V.2.5, ii), a more conceptual proof of this
statement. O

111.4.9 Exercises (Noether normalization). We study the map

v — C

t — @&, 0).
1) Show that the image of v is the set V(a) with
a:= <z§ — 21 ‘Z3,Zf —22 'Z3,Z§ —Z% “22).

ii) Prove that the projection 7: € — C, (z1,22,23) — 21, gives a Noether normal-
ization of V(a), such that 7, is a primitive element for the corresponding field extension.
Determine the discriminant locus.

I11.4.10 Exercise (Noether normalization). Let S be an integral domain and R C § a
subring, such that S is finitely generated as R-algebra. Prove that there are a non-zero
element f € R\ {0}, a natural number n, and elements yy, ..., y, € S, such that

* V1, ..., y, are algebraically independent over R

* the induced homomorphism ¢: R¢[yi, ...,y,] — S s is an integral ring extension.
I11.4.11 Exercise (Universal property of normalization). An affine algebraic variety X is
said to be normal, if its coordinate algebra k[X] is normal (compare Exercise 111.4.2). Let

k be an algebraically closed field and X an affine algebraic variety over k. Show that there
are a normal affine algebraic variety X and a dominant regular map

v: X —X

which are universal, i.e., for every normal algebraic Variet)[ Z and every dominant regular
map ¢: Z — X, there is a unique regular map ¢#: Z — X withp = v o ¥

7-.%

N

X.

The pair (35 , V) is the normalization of X.

13See Page 8 for the definition of algebraically independent elements.
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III.S Normal Rings

II1.5.1 Lemma. Let R be a factorial ring.'* Then, R is a normal ring.

Proof. Recall that a factorial ring is an integral domain. Let Q(R) be the quotient field
of R and s € Q(R) \ {0} a non-zero element which is integral over R. Pick d > 1 and

ai, ..., dg € R with

d—1

stvar s ot ag - s+ay=0. (I11.14)

According to Lemma 1.6.11, there are elements ¢g,r € R\ {0} which are coprime and
satisfy

By Equation (1I1.14),

Therefore,
g =rt s er).

Since g and r are coprime, this is possible if and only if r is a unit of R. This implies
s €R. i

IIL.5.2 Proposition. Let R be a normal noetherian local ring. Then, R is an integral
domain.

Proof (compare Example 111.2.3, i1). By definition, a normal ring is reduced, i.e., V(0) =
(0). According to Corollary 11.4.7, there are a natural number r > 1 and prime ideals p;,
.o, P, With

O)=pN---Np,.

We have to prove that » = 1. So, let us assume r > 2. We choose elements
* fep \(p,U---Up,) (compare Proposition 11.4.17, 1),
* ge(mN---Np)\pr.
Then,
*x f+gép U---Up,ie., f+ gisnotazero-divisor (Theorem I1.4.28, iii),
* frgep-(mN---Np)CpN---Np.=(0).
We look at the element (compare Example I11.2.3)

u .= f
f+g

€ O(R).

It satisfies

2= P o0 f(fre) _
(f +8)7? (f+8?* f+g 7
14See Page 24.

e, u-(u-1)=0.
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III. The Nullstellensatz

This shows that u is integral over R. Since R is assumed to be integrally closed in Q(R),
this means that u € R. Note u # 0, because f # 0, and u # 1, because g # 0. Hence, u
and (1 — u) are zero divisors in R. Thus, they are both contained in the maximal ideal m
of R. Butthen 1 = u + (1 — u) € m, and this is impossible. O

I11.5.3 Exercises®. 1) Let R, and R, be integral domains. Describe the total ring of frac-
tions Q(R; X R;) in terms of the quotient fields Q(R;) and Q(R>).
i1) Use Part 1) to construct a normal ring which is not an integral domain.

We look at integral domains R, S, and at an injective ring extension ¢: R — S. By
the universal property of a quotient field (Page 25), it induces a field extension

@ Q(R) — QO(8).
I11.5.4 Remark. If ¢ is a finite ring extension, then ¢ is a finite field extension.

We need to recall some results from the theory of fields. Let K be a field, n > 1, and
f@=x"+a - X"+ +a,,-x+a,

a monic polynomial in K[x], i.e., a polynomial with leading coeflicient one. Let K C L
be a field extension, such that f splits in L, i.e., there are elements a4, ..., @, € L, such that

fO=G&-ay)- - (x—a,) in L[x].

The discriminant of f is

Af) = || @-ap.

i,je{ L...n}:
i#j

By the theory of symmetric functions ([17], Chapter IV, §6), A(f) is a polynomial in
ai, ..., a, with integral coefficients and does not depend on L. In particular,

A(f) € K.

I11.5.5 Remark. We have A(f) = 0 if and only if f has a multiple root in L.

An irreducible monic polynomial f € Kl[x] is separable, if A(f) # 0. An arbi-
trary non-constant monic polynomial f € K[x] is separable, if its irreducible factors,
normalized to have leading coefficient one, are separable. A field k is perfect, if every
non-constant monic polynomial f € K[x] is separable.

I11.5.6 Examples. 1) Every field of characteristic zero is perfect ([8], Korollar 111.3.4.8;
Exercise I11.5.7, i1).

i1) Every finite field is perfect ([8], Korollar I11.4.1.9; Exercise II1.5.8, ii).

iii) Every algebraically closed field is perfect. (This is trivial, because the only irre-
ducible polynomials are those of degree one.)

iv) Let k be a field of characteristic p > 0 and k(¢) := Q(k[¢]) the quotient field of the
polynomial ring in one variable over k. Then, k() is not perfect. In fact, the polynomial
xP — t is not separable, because

X —t=x-9)7

for every field extension k(¢) C L and every element ¢ € L with 97 = t.

151t might be good to recall Exercise 1.4.22
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I11.5.7 Exercises (Separable polynomials). Let K be a field and f € K[x] an irreducible
monic polynomial. Define the derivative f” of f by the usual rules of analysis ([27], Page
127).

i) Let K c L be a field extension, such that f and f” split over L. Show that f is
separable if and only if f and f” do not have a common zero in L.

ii) Prove that f is inseparable, i.e., not separable, if and only if f* = 0.

I11.5.8 Exercises (Perfect fields). i) Let k be a perfect field of characteristic p > 0. Show
that, for every element a € k and every s > 1, there is an element b € k with

5
b’ =a.

ii) Prove that a field k with the property that, for every element a € k, there is an
element b € k with b” = a is perfect.
Hint. Use Exercise I11.5.7, ii), to show that an inseparable polynomial f € k[x] lies in the
subring k[x”].

Let K c L be a finite field extension and « € L. Then,

m,:L — L

vV — a-V

is a K-linear automorphism. The minimal polynomial of « is the minimal polynomial
Uo € K[x] of the linear map m, (see [33], §36). It is, by definition, monic and irreducible.
We say that @ € L is separable over K, if u, € K[x] is a separable polynomial. The field
extension K C L is separable, if every element a € L is separable over K.

Let K c L be a field extension. An element « € L is primitive for this field extension,
if L = K(a). Here, K(«) is the smallest subfield of L that contains K and «.

I11.5.9 Remark. If the primitive element a € L is algebraic over K, then K C L is a finite
extension and every element can be written as a polynomial in @ with coefficients in K.
The degree of this polynomial can be chosen to be smaller than the degree of the minimal
polynomial u, of a. In fact, if » = deg(u,), then 1, a, ...,a’ ! is a K-basis for L.

I11.5.10 Theorem of the primitive element. Ler K C L be a finite separable field exten-
sion. Then, it has a primitive element.

Proof. [8], 111.4.2.3; [17], Theorem V.4.6. O

II1.5.11 Lemma. Let R be an integral domain, K := Q(R) its quotient field, and K C L a
[inite field extension.

1) If there exists a primitive element for the field extension, then there exists also a
primitive element which is integral over R.

ii) Assume that R is also normal, and let @ € L be an element which is integral over
R. Then, the minimal polynomial of « lies in R[x].

Proof. 1) Let @ € L be a primitive element. Then, there are a natural number r > 1 and
elements ay, ..., a, € K with

-1

a+a o +-+a_-a+a,=0.
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III. The Nullstellensatz

Since K is the quotient field of R, we may find an element s € R \ {0} with s - a; € R,
i =1,...,r. We multiply the above equation by s” and find

(@-8) +@-s)- (@) '+ +@_- -5 -(@s)+ (@, -s)=0.
This shows that the element « - s is integral over R. Finally, K(« - 5) = K(@), because

s € K*.
ii) Let L c L be a field extension, such that U splits in L, and write

fo = (X—a)) - (x-a,) in L[x],

for suitable elements «;, ...,@, € L. We may assume that the numbering is such that
a = a;. Note that y, is also the minimal polynomial for «;, i = 2,...,r. Thus, there are
K-linear isomorphisms

Yit Klx]l/{pa) — K(@:) (IIL.15)
sending x to @;, i = 1,...,r. We deduce that a; is integral over R, i = 1,...,r. The
coefficients of u, are polynomials in aj, ..., @, with integer coefficients. By Corollary
II1.2.5, ii), they are integral over R. Since R is integrally closed in K, they must actually
belong to R, and this concludes the argument. O

II1.5.12 Finiteness of integral closure 1. Let R be a normal integral domain with quotient
field K := Q(R), K C L a finite separable field extension, and S the integral closure of R
in L' Pick a primitive element'” a € S for the given field extension, and let A € R\ {0} be
the discriminant of the minimal polynomial u, € R[x].'® Then, the following properties
hold true:
1) If r = deg(uy,), then S is contained in the R-submodule of L that is generated by the

elements

l a a!

T
In particular, for f € S, there exists a polynomial g € R[x] with 0 < deg(qg) < deg(u,),
such that

4. f =q(a).

ii) We have
SA = RA[Q’].

In particular, R4[a] is normal.

I11.5.13 Remark. Assume that R is noetherian. Since the R-module (1/4) - R[] is finitely
generated, the R-submodule § is also finitely generated (Proposition III.1.30), i.e., R C §
is a finite ring extension. The theorem does not necessarily hold, if K C L is not separable!
See [15], Theorem 100, for a counterexample. In the case of an inseparable extension,
we have to add additional assumptions on R for the theorem to remain true (see Theorem
1I1.5.14).

16See Page 95.
17See Theorem I11.5.10 and Lemma IIL.5.11, i).
18See Lemma II1.5.11, ii)
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III.5. Normal Rings

Proof of Theorem 111.5.12. 1) We fix a finite field extension K C M, such that y, splits in
M. Let ay, ..., @, € M be such that

Mo(X) = (X =) - -+~ (x — ) € M[x].

We may assume @ = ;. Since y, belongs to R[x] and is monic, the equation u,(@;) = 0
shows that a; is integral over R, i = 1, ..., 1.
Next, let f € S be an element of the integral closure of R in L. There are elements
q0, - qr—1 € K with
f=qo+q-a+-+q_-a"
We define
fi=qo+qi-ai+--+q -af_l, i=1,..,r

Note that f = f;. By (Il.15), there is a K-linear isomorphism K(a) — K(«;) which
maps a to @; and, therefore, f to f;, so that f; is integral over R, i = 1, ...,r. We form the
matrix

r—1

1 a “e. al
A= : € Mat,(M).

By definition,
q0 /i
qr-1 fr
We multiply this equation by the adjoint matrix A* of A (see Page 94) and find
qo0 P1
det(A) -| : =| :
qr-1 Pr
The entries of A* are polynomials in the elements a{ eM,i=1,..,r,j=0,..,r—1,
with integer coefficients. This implies that they are integral over R (see Corollary II1.2.5,

ii). Since fi, ..., f, are also integral over R, we infer that p, ..., p, are integral over R. Note
that det(A) is a Vandermonde'® determinant (see [19], Kapitel 1V, §3, Beispiel 3). Hence,

det(d) = [ | (@i-a).

rzi>jz1
This implies that det(A) is integral over R. We finally see that
4 - g; = xdet(A) - p;

is integral over R, i = 1, ..., r. Furthermore, 4 - ¢; € K and R is normal, so that 4 - g; € R,
i=1,..,r. Weinfer
A- f € Rla].

19Alexandre—The’:ophile Vandermonde (1735 - 1796), French musician, mathematician, and chemist.
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III. The Nullstellensatz

i1) We clearly have
Rla] C S,
and Part 1) shows
S C R, [a/]
This yields the assertion. O

II1.5.14 Finiteness of integral closure II. Let k be an infinite perfect field,*® R a finitely
generated k-algebra and integral domain with quotient field K := Q(R), K C L a finite
field extension. Then, the integral closure S of R in L is a finitely generated R-module.

Proof. Letn € N be a natural number, such that R may be generated over k by n elements.
By the Noether normalization theorem I11.4.7, there are a natural number O < r < n and a
finite ring extension

p: klty,....t,] — R.

This means that we may assume without loss of generality that R = k[#4, ..., t,]. In partic-
ular, the theorem of Gauf} 1.6.4 and Lemma II1.5.1 show that R is normal.

By Theorem II1.5.12, we only have to treat the case that K C L is an inseparable
extension. We explain how we may reduce to the separable case. We fix an algebraically
closed extension L ¢ K ([8], Theorem II.2.1.8). Let p > 0 be the characteristic of the
fieldk. Leti=1,..,r,s > 1,and 9;; € K aroot of the polynomial

X —t; € K[x].

Then,
X == (x— ﬂi,s)ps € K[x].

In other words, #; has a unique p°-th root in K,i=1,..,r s> 1. Thus, we write
7 =9, i=1,..,r, s>1.

Define?!
K, =kt .t s> 1.

Note
Vs>1: K, CK,,.

K., = UKS.

s>1

Therefore, we may form

This is a subfield of K. For every element a € K., there is an index sy > 1 with a € K,
so that we may define
s(a) :=min{s > 1|a € K, }. (II1.16)

Claim. The field K., is perfect.

2e.g., an algebraically closed field as in Example II1.5.6, iii)
21 By definition, this is the smallest subfield of K that contains k, t}/pj, N
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III.5. Normal Rings

We apply Exercise I11.5.8, ii). The fact that & is perfect (Exercise I11.5.8) gives
K,={beK|b" €K}, s>1, (I11.17)

i.e., Ky consists of the p°-th roots of elements of K, s > 1. Now, let a € K. Since K
is algebraically closed, there is an element b € K with b» = a. By Equation (II1.17),
be Ks(a)+l Cc K. Vv

The composite L- K., of L and K., in K is the smallest subfield of K that contains both
L and K. The extension K., C L- K, is finite and, by the claim, separable. Let 8 € L- K,
be a primitive element (Theorem II1.5.10) and ug € K [x] its minimal polynomial.

Claim. There is an index so > 1 with L C K, [] and s € K, [x]. In particular, K, [B] =
Ky, (B).

We have L C K. [B]. Letb € L, m € N, and Ay, ..., 4,, € K, with
b=+ -B+---+4, B"
Then, in the notation of (III.16),
b e KJB], s:=max{s(d),...,s(1,)}.

Now, let (by, ..., b,) be a K-basis for L. The previous discussion shows that there is an
index so > 1 with b; € K, [B], i = 1,...,n. This clearly implies L C K [5]. Likewise,
the fact that yz € K.,[x] has only finitely many coeflicients implies that we may suppose
Hp € K [x]. v

We choose sy so large that K [x] contains the minimal polynomial uz of . The
field extension K, C K, [B] is separable, because the yz is a separable polynomial ([8],
Korollar I11.3.4.13).

Since L C K, [f] is a finite field extension, we may replace L by K [5]. In fact, the
integral closure S of R in L is an R-submodule of the integral closure 7" of R in K, [S]. If
T is finitely generated as R-module, then so is S (Proposition III.1.30).

For the field extension K;, ¢ K [8], we may apply Theorem III.5.12. It remains to
investigate the extension K C K. Recall that R = k[1y, ..., t,].

1/p*
1 e

1/p*

Claim. The elements t . 1'" " are algebraically independent over k.

Indeed, if g € k[xy, ..., x,] is a polynomial with

g(t,"", ...ty = 0,

then u := ¢”* is a polynomial in the subring k[xfxo, o X271 C k[, ..., x,]. So, u(tf/”so, ey
t}/ P 30) is actually a polynomial in ¢4, ..., t,, i.e., there exists a polynomial ¥’ € k[xy, ..., x,]
with

W (th, s ty) = u(t)?" .. 1177,

Since ¢4, ..., t, are algebraically independent over k, ' = 0. Using the injective map

[NXV SN [NXV

Viy e vy) = (PP vy, ., p ),
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III. The Nullstellensatz

we find a bijection between the monomials in # and the monomials in u’. We infer u = 0
and g = 0. v
By this claim,

tok[xy,..ox] — K,
X — tl.l/pso, i=1,..r,
is an injective homomorphism, and Kj, is isomorphic to the quotient field of k[x, ..., x,].
The polynomial ring k[xy, ..., x,] is normal (Theorem 1.6.4 and Lemma III.5.1), so that
k[t}/p * ... ;7] is integrally closed in Kj,. It remains to show that
K[t1, ont,] — k[P, .. 1117

1 9 eees by

is a finite ring extension. By Corollary III.2.5, i), it is enough to show that 7; := z‘l.l/"’x0 is

integral over k[t1, ..., #,], i = 1, ..., r. Finally, 7; satisfies the integrality equation 77 =0,
i=1,..r. O

ITL.5.15 Corollary (Finiteness of normalization). Let k be an infinite perfect field, R a
finitely generated k-algebra and integral domain, and R C S the normalization of R, i.e.,
the integral closure of the ring R in its quotient field Q(R).** Then, the integral closure S
is a finitely generated R-module and, in particular, a finitely generated k-algebra.

Proof. By Theorem II1.4.7, there are r € N and a finite ring extension
¢: k[xy,....,x,] — R.

By Corollary III.2.7, the integral closure of k[x, ..., x,] in Q(R) equals the integral closure
of R in Q(R). So, we may apply Theorem II1.5.14 to k[xy, ..., x,] and L := Q(R). m|

I11.5.16 Remark. Not every noetherian ring has a finite normalization. We refer to [24]
for a survey on counterexamples.

22See Example I11.2.9.
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IV

Dimension Theory

The concept of dimension is very important in many areas of mathematics. That might be
partially due to the fact that we have a good intuition for dimension. It is our impression
that we live in a three-dimensional world, so that, adding time, we may visualize up to
four real dimensions. Now, it becomes an important task to introduce in a mathematically
rigid way a concept of dimension that matches our intuitive expectations. In commutative
algebra, this concept is the Krull dimension of a ring. It will be defined and discussed in
this chapter. For integral domains which are finitely generated over a field, it is possible to
identify the Krull dimension with the transcendence degree of the quotient field. Another
important concept is the embedding dimension of a local ring. In the geometric context,
the embedding dimension is the dimension of the tangent space at a point.! With the
embedding dimension, we may define regular and singular points of algebraic varieties.
Working over the complex numbers, a point of a variety is regular if and only if the variety
looks locally? around that point like an open subset of C¥, k the dimension of the variety,
1.e., 1s a complex manifold around that point. So, near regular points, the local geometry
is very easy, whereas, at singular points, it can become very intricate. We will see some
basic examples for this. We will also highlight some algebraic consequences of regularity.

IV.1 Krull Dimension

Let R be a ring. Its Krull dimension is
dim(R) := sup{k € N|d prime ideals py C --- C px } € N U {oo}.

IV.1.1 Examples. 1) A field has Krull dimension zero. Geometrically, a field is the coor-
dinate algebra of a point. So, this matches our expectation that a point should be zero-
dimensional.

"We recall that, for varieties over algebraically closed ground fields, we have a correspondence between
points of the variety and maximal ideals in the coordinate algebra. The local ring attached to a point of the
variety is the localization of the coordinate algebra of the variety at the corresponding maximal ideal.

%in the euclidean topology of AL
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IV. Dimension Theory

i1) A principal ideal domain is either a field or has Krull dimension one. For example,
let k be a field. Then, k[x] is one-dimensional as ring. It is the coordinate algebra of
the affine line A}. Again, our feeling that the affine line should be one-dimensional is
confirmed. It is worthwhile noting that Z also has Krull dimension one. For this reason,
one draws Spec(Z) in a fashion which supports this fact (see [21], Chapter II.1, Example
C).3 It is, indeed, one of the big achievements of modern algebraic geometry that rings
such as Z and k[x] may be described on an equal footing.

1V.1.2 Remarks. i) Let k be a field, n € N, I C k[x, ..., x,] an ideal, and
R :=k[x1,....,x,]/1.

Then, the Krull dimension of R is the supremum of all natural numbers s for which there
exist irreducible algebraic sets

VDo Vo2---2V

in the affine n-space A}. This illustrates the idea behind Krull dimension: Given two
irreducible subsets ¥,Z c A}, an inclusion Y C Z is only possible, if Y = Z or the
dimension of Z is larger than the one of Y. For example, an irreducible zero-dimensional
algebraic set is just a point. Any irreducible algebraic set properly containing it has to be
at least one-dimensional, and so on.

ii) Let k be a field, n € N, and R := k[xy, ..., x,]. We have the chain of prime ideals

0) SCx1) C - XL, s X )

This shows
dim(k[x, ..., x,]) = n.

IV.1.3 Theorem. Assume that the field k is infinite. For any natural number n € N, we
have dim(k[xy, ..., x,]) = n.

The proof will be given on Page 121f.

IV.2 The Going-Up Theorem

We now investigate how dimension behaves under integral ring extensions.

IV.2.1 Lemma. Let R and S be integral domains and ¢: R — S an integral ring
extension. Then, R is a field if and only if S is one.

Proof. We have already seen that R is a field, if S is one (Lemma II1.3.9). Now, assume
that R is a field. Let y € S \ {0} be a non-zero element. Choose n > 1 minimal, such that
there exist elements a, ..., a, € R with

Yi4a -y '+ +a,,-y+a,=0. Iv.y)

3 Accordingly, Z[x] should be two-dimensional. Here, you should consult your picture of the spectrum
of that ring (Exercise 1.4.21). You will also find it in [21], Chapter II.1, Example H.
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Since we chose n to be minimal and § is an integral domain, we have a, # 0. Equation
(IV.1) can be read as

ap=—=y- 0" ra YT+ a).

This shows that

1 _ e
y :—a_.(ynl+al.y 2+...+an_l)

is an element of §'. O

IV.2.2 Lemma. Let R, S be rings, ¢: R — S an integral ring extension, ¢ C S a prime

ideal, and
p:=qgNR.

Then, q is a maximal ideal in S if and only if p is a maximal ideal in R.*

Proof. The homomorphism ¢ induces the homomorphism
¢:R/p— S/q.

Here, R/p and S /q are integral domains, and ¢ is also an integral ring extension.

By Proposition 1.4.1, ii), q is a maximal ideal in S if and only if S/q is a field. The
previous lemma says that S/q is a field if and only if R/p is a field. Using Proposition
[.4.1, ii), again, R/p is a field if and only if p is a maximal ideal in R. This completes the
proof. O

IV.2.3 Lemma. Let R, S be rings, ¢: R — S an integral ring extension, and ¢ C ¢ C S
prime ideals. If
p:=RNng=RnN{,

then
q=q.

Proof. The set T := R\ p is a multiplicatively closed subset of both R and S. By Exercise
I1.3.8, the homomorphism ¢ induces a homomorphism

()DflRT—>ST.

It is readily verified that ¢7 is an integral ring extension, too. We use the commutative
diagram

RT LST
Define
n:=q°cSy and n' :=q°cSy.
Note that’

aNT=2=qnNT.

4Compare Exercise I11.3.8.
SWe use ¢ to view R as a subring of § and write intersections instead of preimages.
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Thus, Proposition I1.3.6, v), shows
n“=q and n°=¢. Iv.3)
Next,
m:=p° C Ry.
By Corollary I1.3.7, i1), it is the maximal ideal of R;. Using Proposition I1.3.6, 1), and the
maximality of m, our assumption gives

nNRy =m=n"NRy.

We apply Lemma IV.2.2 to ¢r. It shows that n and n’ are maximal ideals in S;. Since
n Cc ', we infer n = n’. So, Equation (IV.3) yields our claim. O

IV.2.4 Lying-over theorem. Let R, S be rings, ¢: R — S an integral ring extension,
and p C R a prime ideal. Then, there is a prime ideal ¢ C S with

P=qNR.
IV.2.5 Remarks. 1) The theorem says that the induced map
¢": Spec(S) — Spec(R)

is surjective.

ii) Note that, by Lemma IV.2.2, ¢* maps maximal ideals to maximal ideals, i.e., ¢" is
also surjective on the level of maximal ideals. Together with the correspondence between
the points of an algebraic set and the maximal ideals of its coordinate algebra provided by
the Nullstellensatz (Exercise I11.3.2), we find a nice conceptual proof for Lemma II1.4.8.

Proof of the lying-over theorem. As in the proof of Lemma I'V.2.3, we localize at the mul-
tiplicatively closed subset 7" := R \ p and look at Diagram (IV.2). Let n C S be a maxi-
mal ideal (Theorem 1.4.4). Since ¢y is an integral ring extension, we conclude by Lemma
IV.2.2 that

m:=nNRr

is a maximal ideal of Ry. Now, Ry is a local ring (Corollary I1.3.7, ii). So, m = p°® and
m® = p. Finally,

g:=n‘cS
is a prime ideal. By construction, ¢ N\ R = p. O

IV.2.6 The going-up theorem. Let R, S be rings, ¢: R — S anintegral ring extension,
k > [ natural numbers,

Po& - &M
prime ideals in R, and

G & &
prime ideals in S, such that

ViE{O,...,l}: 0 NR=7p.

Then, one finds prime ideals
in S with
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* g S A
* qiﬂR:pi,i=l+1,...,k.

Proof. 1t clearly suffices to treat the case k = [ + 1. This case follows from applying the
lying-over theorem to the integral ring extension

¢ R/pp— S/
and the prime ideal p; of R/p, (Lemma 1.2.2). O

IV.2.7 Theorem. Let R, S be rings and ¢: R — S anintegral ring extension. Then, the
Krull dimensions of R and S are equal:

dim(R) = dim(S).
Proof. The lying-over theorem and the going-up theorem clearly show that
dim(R) < dim(S).

Conversely, let

Go & - & Gk
be prime ideals in S and

pi:=q;NR.
By Lemma IV.2.3,

Po & & P
This implies

dim(R) > dim(S)

and, therefore, the assertion of the theorem. O

Proof of Theorem IV.1.3. We proceed by induction on n. For n = 0, we are dealing with
the field k. It has Krull dimension O (Example IV.1.1).
Now, assume that the theorem is true for », and let

Po& & Pk

be prime ideals in the polynomial ring k[xy, ..., X,+1]. Since k[xi, ..., x,4+1] 1S an integral
domain, we may assume py = (0). Moreover, we may suppose k > 1 (see Remark IV.1.2,
ii). Let f € p; \ {0}. Recall that k[xy, ..., x,.1] is a factorial ring (Theorem 1.6.4). Thus,
there are pairwise non-associated irreducible polynomials fi, ..., f; € k[xy, ..., X,4+1] and
positive integers kj, ..., ks, such that

Since p; is a prime ideal, there is an index iy € { 1, ..., s} with f;, € p;. We get the prime
ideals
PoC{fi SP1 G C P
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This shows that we may assume without loss of generality that p; is a principal ideal, say,
p; = (g) with g € k[x, ..., x,41] an irreducible polynomial. By the Noether normalization
theorem for hypersurfaces I11.4.4, there is an integral ring extension

@ klxi,..., x,] — k[xq, ..., x,411/8)

By Theorem IV.2.7 and the induction hypothesis,
dim(k[x1, ..., X,+11/{g)) = n.
This shows that kK < n + 1 and, consequently,
dim(k[x1, ..., X,11]) < n + 1.

Together with Remark IV.1.2, ii), we obtain the desired equality. m]

IV.3 The Transcendence Degree of a Field

Let k C K be a field extension. A subset S C K is said to be algebraically independent
over k, if every finite subset S’ C S is algebraically independent over k (in the sense of
Page 8). The algebraically independent subsets of K are partially ordered by inclusion,
and @ is an algebraically independent subset. Zorn’s lemma 1.4.7 gives:

IV.3.1 Lemma. The field K contains maximal algebraically independent subsets.

A maximal algebraically independent subset S C K is called a transcendence basis
for K over k. We say that K has finite transcendence degree over k, if there exists a finite
transcendence basis for K over k.

1V.3.2 Remark. The field extension k C K is algebraic if and only if @ is a transcendence
basis of K over k.

IV.3.3 Proposition. Assume that K has finite transcendence degree over k. Let S C K be
a transcendence basis and m := #S. Then, every transcendence basis of K over k has m
elements.

If K has finite transcendence degree over k and S C K is a transcendence basis, we
call
trdeg, (K) := #S

the transcendence degree of K over k. By Proposition IV.3.3, this is well-defined. If K
does not have finite transcendence degree, we say that it has infinite transcendence degree
and write

trdeg, (K) := oo.

Proof of Proposition IV.3.3. We may assume that S has the minimal number of elements
among all transcendence bases for K. Write § = {sy,...,s,}andlet T = {f,....t,} C K
be an algebraically independent subset with m < n. We will then prove that there is a
subset 7° C T with m elements, such that K is algebraic over k(7). This implies that
T \ T’ is empty and, thus, m = n, and that 7 is a transcendence basis. The strategy is to

exchange elements of S by elements of 7.
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We set

rr=max{o €{0,..m} | Fig1,....iwef{l,..om}:
K is algebraic over k(ty, ..., 1o, i, ..» i) |-

We will lead the assumption r < m to a contradiction. After renumbering, we may as-
sume { i 41, ..., i } = {r+1,...,m}. There exists a non-zero polynomial f € k[xy, ...., Xp41]
with

f(tl,...,lr, Srals oees Sms lr+1) =0 (in K)

Since 14, ..., t,41 are algebraically independent over k, there is an index iy € {r + 1,...,m},
such that x;, occurs in f, i.e., f & k[X1, ..., Xpy Xy 1y ey Xig—1s Xig+15 -o» Xm+1]. After renum-
bering, if necessary, we may assume that r + 1 is such an index. This means that s,
is algebraic over k(ty, ..., t-41, Sy425 -..., Si) and, therefore, K is an algebraic extension of
k(t1, ..., tri1s Sr42s ... Sm), contradicting the definition of r. O

IV.3.4 Example. Let k be a field. For n € N, it follows readily that

trdeg, (k(x1, ..., x,)) = n,  k(xy, ..., x,) := Q(k[x1, ..., x,]).

IV.4 The Dimension of an Algebraic Variety

IV.4.1 Theorem. Let k be an infinite field, n > 1, and p C k[xy, ..., x,] a prime ideal.
Then,
dim(k[xla (223} -xn]/p) = trdegk(Q(k[xl’ ey xn]/p))

Proof. By Noether normalization II1.4.7, there are a natural number 0 < m < n and a
finite ring extension
@ klx,s s Xl — klx1, .0, Xa1/P.

The homomorphism ¢ induces a finite field extension (see Page 25)
@1 k(X1 ey Xin) = Q(K[X1, oo X]) —> QR[x1, ..oy X1/ D).

Since every finite field extension is algebraic ([8], Satz I11.1.6.2, 1), we have

trdeg, (Q(k[xy, ..., x,1/p)) = trdeg, (k(xy, ..., X,,)) = m.
On the other hand, Theorem IV.2.7 gives
dim(k[xy, ..., x,1/p) = dim(k[xy, ..., X,,]) = m.

This settles the theorem. O

The Going-Down Theorem

Let R, T be rings, ¥: R — T an injective homomorphism, and / C R an ideal. We say
that @ € T is integral over I, if there exist a positive natural number n > 1 and elements
ai, ..., a, € I with

-1

a"+a -+ +ara+a, =0. aIv.4)
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IV. Dimension Theory

IV4.2 Lemma. Let R,S be integral domains, ¢: R — S an integral ring extension,
@: K — L the corresponding algebraic field extension, K := Q(R), L := Q(S), and
I C R an ideal.

i) An element a € S is integral over I if and only if @ € VI°.

ii) Assume that R is normal. Let a € L be an element which is integral over 1. Then,
the minimal polynomial y, € K[x] of a has coefficients in VI.

Proof. 1) If @ € S is integral over /, then an integrality equation like (IV.4) shows a” € I,
so that a € VIe.

Conversely, suppose that @ € VI° and pick s > 1 with o* € I°. There are m > 1,
r,...tm €1,and ay, ...,a,, € S with

a’=ay-ri+-+ay -ty
Now, let M C S be the finitely generated R-submodule generated by ay, ..., a,,, and set

oM — M

X — a - x

This is an endomorphism with ¢(M) C I - M. As in the proof of “iv)==1)" of Proposition
II1.2.4, we construct a monic polynomial p € R[x] with coefficients in /, such that p(a*)
annihilates M. If @ # 0, then M # {0}. Since S is an integral domain, this implies that
p(a®) = 0. Therefore, o’ and « are integral over /.

i1) By Equation (IV.4) and the definition of a minimal polynomial, the minimal poly-
nomial y, of « divides p(x) := X" +a; - X' +--- + a,_, - x + a,. Therefore, the roots
ay, ...,a, of u, are integral over I. The arguments in the proof of Lemma IIL.5.11, ii),
show that the coefficients of u, belong to R, and Part i) yields that they lie in V1. O

IV.4.3 The going-down theorem. Let R, S be integral domains, ¢: R — S an integral
ring extension, k > [ natural numbers,

Po2 2 Pk

prime ideals in R, and
Go2"20

prime ideals in S, such that
Yie{O0,..,l}: qNR=rp.
If R is normal, one finds prime ideals
O+l 2 0 2 Gk
in S with
* a2 i,

* qiﬂR:pi,i:l+1,...,k.
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IV.4. The Dimension of an Algebraic Variety

Proof. Again, it suffices to treat the case k = [ + 1. We look at the localization® S,
and the homomorphism R — § It is sufficient to show that, with respect to this
homomorphism,

are

p?i] = Pr+1-
In fact, by Corollary I1.3.7, p;, ,, the extension being taken with respect to ¢, will do the
trick.
Let 8 € pj,,. Then, we may write 8 = a/s witha € § - pjy; and s € S \ g;. Since §

is integral over R, it is clear that « is integral over p;, and Lemma IV.4.2, ii), shows that
we may find n > 1 and ay, ..., a, € p;;; with

-1

a"+a -+ +a ra+a, =0. (IVv.5)

In fact, we may assume that x" +a; - X""! + -+ +a,_; - x + a, is the minimal polynomial of
a. Now, assume that § € pj7, \ {O}. Recall that s = /8. We divide (IV.5) by " and find
the integrality equation

1

sS"+b -5+ +b,_1-5s+b,=0, bj:=—, i=1,..,n, (IV.6)

for s over K. We claim that g(x) := x* + b; - X* ' + --- + b,_; - x + b, is the minimal
polynomial of s. Indeed, if there were a polynomial r(x) € K[X] of degree, say, [ < n,
with r(s) = 0, then (8 - r)(@) = 0 and B’ - r € K[x]. This contradicts the choice of n. By
Lemma II1.5.11, g(x) is a polynomial in R[x], i.e., b; € R, and

,8’-b,-za,»€p,+1, i:1,...,n.

If B ¢ pyy, then b; € pyyy, i = 1,...,n. Equation (IV.6) proves that s” € § - p;;; C q;, and
this is impossible. So, after all, 8 € p;1. O

A Refined Version of Noether Normalization

IV.4.4 Theorem. Let k be an infinite field, R a finitely generated k-algebra, n := dim(R),
and

IhyC---Cl

=

a chain of ideals in R. Then, there exist a finite ring extension
w: klt,....t;] —™ R
and natural numbers

with
o ') =ty ety j=0,.,L

Corollary I1.3.7 explains why this is natural.
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IV. Dimension Theory

Proof. Step 1. We first reduce to the case when R is a polynomial ring. By definition,
there are a natural number m > 1 and an ideal J C k[x,, ..., x,,], such that

R =k[x,...,x,1/J.
By Theorem I11.4.7, there is an integral ring extension
v oklxy, ..., x,] — R.

We get the chain
JoC--Cldy Jo=y'), k=0,..,1L

Since the composition of finite ring extensions is a finite ring extension (Lemma II1.2.6),
we may assume without loss of generality that R = k[xy, ..., X,].

Step 2. We first consider the case [ = 0. Here, we will use several inductions. To start
with, we look at the case I = (f) with f # 0.

Claim. The element f is transcendent over k.

According to the proof of Theorem III.4.4, we may assume that there are polynomials
g1 ..., &r € k[x2, ..., x,], such that

f:x1+g1-xq_l+---+gr_1-x1+g,. av.7
For a non-zero polynomial p(f) = ' + a, - ' +--- + a,_| - t + a; € k[t], we have
p(f) = x;! + terms involving x,, ..., x, + lower order terms.

This is not zero. v
A similar argument shows that the elements f, x,, ..., x,, are algebraically independent
over k (compare Section IV.3). The inclusion

k[f’ x27 b4 xn] C k['xl’ x2’ b4 xn]
is a finite ring extension,
X’i+g1 'xg_l tr g1t X +gr_f:O
being an integrality equation for x;. Together with the isomorphism

k[tl’IZ"-" tn] — k[f7 x2,---,xn]
Hh — f

t, — X, I = 2, e
we obtain the integral ring extension ¥} with
I = (1)

Now, we are ready to prove the case [ = 0 by induction on n. The case n = 1 is clear
by the foregoing discussion.
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IV.4. The Dimension of an Algebraic Variety

Next, assume that I C k[xy, X, ..., X,,] is a non-trivial ideal. We let f € I'\ {0}. Suppose
that it has the form given in (IV.7) and construct an integral ring extension

o klug, ..., u,] — klx1, ..., x,]
with 971 ((f)) = (u;). So, we have an induced finite ring extension
02 Kty ooy thn] = kL, ey 0]/ Cr) — kL1 ey X1/

—1
Define I’ as the image of [ in the ring k[xy, ..., x,]/{f) and I’ := 9 (I’). By induction,
there are a natural number 2 < ky < n and a finite ring extension

U/ klts, ..., t,] — klua, ..., u,]

with
lﬂ_l(l’/) = <t2, . >

Define ¢ as the composition of ¢ and the homomorphism

klti,....t,] — kluy,...,u,]
nh — u

i, l,[/(ti), i= 2, P (R
It is an integral ring extension with

()D_l(l) = <t1’ ey tko >

Step 3. Now, we can prove the general statement by induction on /. The case / = 0
has been settled in the previous step. Let I, C --- C I;;; be a chain of ideals in k[xy, ..., X,].
By induction hypothesis, there are natural numbers O < k) < --- < k; < n and a finite ring
extension

O kluy, ..., u,] — k[xq, ..., x,]

with
') = Cuy ey )y =0,

It induces a finite ring extension
O KUy oo tn] = KLU oy ) [t ooyt ) — KX, ey X1/
We conclude as in Step 2. O
1V.4.5 Remark. Assume in the statement of Theorem IV.4.4 that
Po& &P
is a chain of prime ideals. Then, by Lemma IV.2.3,
e p) S (), i=1,.0

i.e.,
OSk0<---<lel’l,

and ko = 0 holds if and only if py = (0).
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IV. Dimension Theory

IV.4.6 The chain theorem. Let k be an infinite field, n > 1 a natural number; R a finitely
generated k-algebra and an integral domain, and n = dim(R). Every finite chain

iN

Po o (IV.8)

of prime ideals in R can be completed to a finite chain of length n, i.e., there are prime
ideals

’

ppE G P,

such that
{ po’ s pl } C { pé? A p]"l }'

Proof. We apply Theorem IV.4.4 to (IV.8). Let 0 < ky < --- < k; < n be natural numbers
and
w: klty,....t,] — R

be an integral ring extension with
50_1(131') =(t, ... ty;), 1=0,..,L

Note that we may assume k; = n, because otherwise, by the going-up theorem IV.2.6,
there is an ideal p; € p; with @' (p1) = (11, ..., t, ). This assumption and Remark IV.4.5
imply that, if / < n, there must be an index iy € { 1, ..., /} with

ki, — kiy-1 > 1.
We pass to the finite ring extension
@ kltyrrs o tn] =kl o 1/t ) — R/pig1 % := ki1,
and look at the image p of p;, in R/p;,—;. By construction,
G F) = (st oo Iy ).

The assumption k;, > » + 1 implies

)

<t%+1> g <t%+17 AR tk

i

Since k[t,.1, ..., t,] is a normal ring (Theorem 1.6.4 and Lemma II1.5.1), we may apply the
going-down theorem IV.4.3. So, there exists an ideal

qCP
with
(@) = (tesr)-

The preimage q of q in k[x1, ..., x,,] satisfies
Pip-1 & 9 & ;.

So, we have increased the length of the given chain by one. Iterating the argument, if
necessary, we arrive at a chain of length n. O
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IV.4. The Dimension of an Algebraic Variety

Heights
Let R be aring and p C R a prime ideal. The height of p is

ht(p) = sup{ k| prime ideals py € --- C pr =p}.
IV.4.7 Remark. By Corollary I1.3.7, 1), we have
ht(p) = dim(R,).

IV.4.8 Corollary to the chain theorem. Let k be an infinite field, n > 1 a natural number,
q C k[xy, ..., x,] a prime ideal, and

R :=k[xq,....,x,]/q.
Then, for every prime ideal p C R, we have
dim(R) = dim(R/p) + ht(p).
In particular, if m C R is a maximal ideal, then
dim(R) = dim(R,,).

We now prove a variant of Krull’s principal ideal theorem (see Theorem IV.5.6) for
k[xi, ..., x,]. If Z C A} is an algebraic set, we define

dim(Z) := dim(k[Z])
to be the dimension of Z.

IV.4.9 Proposition. Let k be an algebraically closed field, n > 1 a natural number, I C
k[xi, ..., x,] a radical ideal, and

V)=V, U---UV,

the decomposition into irreducible components. Then, the following conditions are equiv-
alent:

1) The ideal I is a principal ideal.

i) Fori=1,...,s one has dim(V;) = n — 1.

Proof. One reduces immediately to s = 1, i.e., to the case when [ is a prime ideal.

“1)==11)". This is again an application of Noether normalization for hypersurfaces
111.4.4.

“i1)==>1)". Since [ is a prime ideal, we may apply Corollary IV.4.8. The assumption is
equivalent to ht(/) = 1, i.e., (0) C I is the maximal chain ending in /. As explained in the
proof of Theorem 1V.1.3, we may always insert a non-zero principal ideal into that chain.
Therefore, I has to be a principal ideal. O
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IV. Dimension Theory

IV.4.10 Exercise (Dimension). Let k be a field, R a finitely generated k-algebra, and
P, ..., Py the minimal prime ideals of R (see Theorem 11.4.28, ii).

1) Assume that k is algebraically closed and that R is reduced. Write R = k[xy, ..., x,]/1
for a suitable natural number n and a suitable radical ideal I C k[x, ..., x,], and set
Z := V() c A}. Define P; C k[xi,...,x,] as the preimage of p;, under the projection
k[x1y .o, X,] — kl[x1,....,x,]/1, i = 1,...,n. What is the geometric significance of the
varieties V(p;) Cc A", i =1, ..., s?

i) SetR; := R/p;,i =1, ..., s. Prove that

dim(R) = max{ trdeg,(QR) |i = 1,..., s }.

iii) Let S C R be a subalgebra. Prove that dim(S) < dim(R).
Hint. If py,..., p, € R are algebraically independent over k, then k[py, ..., p;] C R is an
integral domain.

IV.S Krull’s Principal Ideal Theorem

Let R be a ring and M an R-module. The number
I(M) :=sup{l € N|dsubmodules My C--- C M;} € N U {oo}

is called the length of M.

IV.5.1 Remarks. 1) Let R be a ring. We may view R as an R-module. Then, /(R) is not the
same as dim(R). In fact, in the definition of /(R), all ideals are used, not just the prime
ideals.

ii) As Part i) already suggests, an R-module M, even a noetherian one, will usually
have infinite length. In other words, modules of finite length are quite special.

1V.5.2 Example. Let k be a field and V a k-vector space. Then, (V) = dimy (V).

IV.5.3 Lemma. Let R be a ring, M an R-module, and My C --- C M; a maximal chain of
submodules. Then, (M) = 1.

Proof. Note that the maximality of the chain implies M, = {0} and M; = M. We proceed
by induction on /. The case I = 0 is trivial.
I-1— I Let!’” € Nand Mj C --- C M, be a chain of submodules of M with
M = {0}. Set
ri= max{t €{0,..,0'} |Mt’ C M, }

Then,
M +M =M, i=r+1,..,1I.
Observe that
M, =M, N"M=M_NM_+M)=M+M_NM,,), i=r+1,.,0I'-1

Since M ¢ M, ,, we have

i+1°

M nM)YSMynM,), i=r+1,.,0I'-1

130



IV.5. Krull’s Principal Ideal Theorem

We form

MC---CM.Cc(M_,NM,

r+1

YE ML N M ) S G (Mo N M),

This is a chain of length at least /’ — 1. Since M, C --- € M,_; is a maximal chain in M, i,
the induction hypothesis gives I’ — 1 <[ -1,1.e., I’ < [, and we are done. ]

IV.5.4 Lemma. Let R be a ring, M an R-module, and N C M a submodule. Then,
(M) =I(N) + I(M/N).

Proof. 1If N or M/N has infinite length, then it is easy to check that M has infinite length,
too. So, assume that N and M/N have finite length. Then, we have maximal sequences

{0}=NoC--- S Nyyy=N and {O}:MOQ”'QMI(M/N):M/N

of submodules of N and M/N, respectively. With the preimage M; of M; under the pro-
jection M — M/N,i=0,...,[(M/N), we get the maximal chain

{0} =No G- CNigwy =N =My & -+ & Mymyw)
of submodules of M. Lemma IV.5.3 shows /(M) = I(N) + I(M/N). a

IV.5.5 Lemma. Let R be a noetherian local ring and M a finitely generated R-module.
Then, the following holds:

dim(R/Ann(M)) =0 = I(M) < co.

Proof. We suppose M # 0.

Step 1. Let m be the maximal ideal of R and k := R/m. Since R and M are noetherian,
m is finitely generated, and, for every natural number s € N, (m* - M)/(m**! - M) is a finite
dimensional k-vector space. Note, for s € N,

(- M)/ (m** ! - M) = dimy((m - M)/ (! - M)

and

s—1
I(M/(n' - M) =~ dimy((m' - M)/(n™*" - M)).
i=0
The second formula results from Lemma IV.5.4.

Step 2. Let R := R/Ann(M) and M C R the image of m under the surjection R — R.
Then, R is a local ring with maximal ideal ™. The assumption dim(R) = 0 implies that
is also a minimal prime ideal of R. Therefore, it equals the radical of R (see Proposition
1.7.2). Since M is finitely generated, there is a power s > 1 with m’ = (0) (compare
Example [.8.8, ii), i.e.,

m’ Cc Ann(M) and m’-M =(0).
Together with Step 1, we find our claim. O

Let R be a noetherian ring and x € R \ R*. A minimal prime ideal containing x is a
prime ideal x € p C R whose image p C R/(x) is a minimal prime ideal.
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IV.5.6 Krull’s principal ideal theorem. Let R be a noetherian ring, x € R\R* and p C R
a minimal prime ideal containing x. Then, ht(p) < 1.

Proof. We look at the localization R,. In view of Remark IV.4.7, we have to show that
dim(R,) < 1. So, we have reduced to the case that R is a local ring and the minimal prime
ideal p containing x is the maximal ideal of R.

Suppose we have a chain v € q C p of prime ideals in R. We may pass to the quotient
R/t and, therefore, assume that v = (0) and that R is an integral domain.

Now, we work with the localization R — R,. We form the descending chain

a“+(x)CR, neN, (IV.9)

of ideals in R. We claim that this sequence becomes stationary. It gives rise to a de-
scending chain (p,),en in R := R/ (x). Note that our construction implies that R is zero-
dimensional and, therefore, has finite length as R-module, by Lemma IV.5.5. For this
reason, the sequence (p,),en becomes stationary. By Lemma 1.2.2, this is also true for the
sequence (IV.9).

Pick a natural number ny with

Q%+ (x) = g 4 ).

In particular,
npec

q% c ¢ + (x).

Let r € q™°. There are elements s € ¢°*'“ and a € R with
r=s+a-x.

We infer
a-x=r-—s.

Since x ¢ q, we find, using Property 1.8.24, ii),

r—=s = qnoece m R — qn()e ﬂR — qngec.

a =
X

Our discussion shows

npec __ qn0+lec npec

q
Using Exercise II1.1.35, we find

+P-q

qnoec — qn0+lec'
This yields

npe npece no+16c¢ __ qn0+1e e

q"° = g% =g =q"°-q

in R,. Note that q° is the maximal ideal of R, (Corollary 11.4.7). We apply the Nakayama
lemma III.1.31 once more. It gives

7 = (0).

Since R is an integral domain, this implies that g™ = (0) (see Page 57) and, thus, q = (0).
This contradicts our assumption on q. O
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1V.5.7 Exercise (Krull’s Hohensatz). Let R be a noetherian ring and / C R a proper ideal.
We say that I C p is a minimal prime ideal containing I, if the image p of p in R/l is a
minimal prime ideal of R/I.

Assume that there are s € N and a;, ..., a, € R with {ay, ..., a, ) = I. Prove that

ht(p) < s

for every minimal prime ideal p C R containing /. What is the geometric interpretation of
this statement?

IV.6 Embedding Dimension

Let R be a local notherian ring and m C R its maximal ideal. Then,

m/m?

is a vector space over the field R/m.

1V.6.1 Remark. The ideal m is finitely generated, because R is a noetherian ring. Let s > 1
and ay, ..., a; € m be such that
(ai,..,a;)y =m.

Then, the classes [a,], ..., [a,] € m/m? generate m/m? as a vector space over R/m, i.e.,
dimR/m(m/mz) <s.

The natural number
edim(R) := dimgj,, (m/m?)

is called the embedding or tangential dimension of R.

IV.6.2 Proposition. Let ay,...,a; € m be elements, such that the classes [a], ..., [a;] €
m/m? generate m/m? as a vector space over R/m. Then,

(aj,..,asy=m.

In particular, the embedding dimension of R equals the minimal number of generators for
the maximal ideal m.

Proof. We look at the homomorphism

¢:R¥ — m

(Fiyoens) V> 1y +---+715-a
of R-modules. The assumption states that the induced homomorphism
2 (R/m)®» — m/m?
is surjective. By Lemma III.1.33, ii), ¢ is surjective. O
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A noetherian local ring R is regular, if
dim(R) = edim(R).

1V.6.3 Remarks. i) Let R, S be not necessarily local rings and ¢: R — S a surjective
homomorphism. If n C S is a maximal ideal in S, then m = ¢~!(n) is a maximal ideal in
R, and we have an induced surjection

Q: m/m* — n/n’.

ii) Let R be a not necessarily local ring, m C R a maximal ideal, and ¢: R — R,
the localization. Then, R, is a local ring with maximal ideal n = m®. Then, by Corollary

I1.3.7, 1),
2

n=m*=m and (M>)* =m>
It is also evident (Proposition I1.3.6) that
(m?)° = n?.
Thus, we have an induced injective homomorphism
Q: m/m?> — n/n’.

It is also clear that ¢ is surjective and, therefore, an isomorphism.

1V.6.4 Examples. 1) Let k be an algebraically closed field, n > 1 a natural number, R :=
k[x1, ..., x,] and m C R a maximal ideal. Then,

dimg(m/m?) = n.
This is obvious for m = ( xi, ..., x,, ). In general, there is a point (ay, ..., a,) € A} with
m={(x; —ap, .., X, —a,),
and

@ klxy, . x, ] — klxq, ..., x,]

X — xi—a;, i=1,..n,

is an automorphism which maps ( xy, ..., x,, ) to m. Corollary IV.4.8 and Remark IV.6.3,
ii), show that R,, is a regular local ring of dimension #.

ii) Let k be an algebraically closed field, » > 1 a natural number, I C k[x, ..., x,] an
ideal, R := k[x;, ..., x,]/I, and m C R a maximal ideal. Then,

edim(R,,) < n.

In fact, let
m: k[xy,...,x,] — R

be the canonical surjection. There is a point (ay, ..., a,) € A} with

(X1 — A1y ey Xy — @y ) = ML
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By Remark IV.6.1,
dim(m/m?) < n.

The contention follows now from Remark 1V.6.3, ii). This gives (a partial) explanation for
the name embedding dimension: Given an affine variety X with coordinate algebra R :=
k[X], k an algebraically closed field. Then, the maximum’ of the embedding dimensions
of the localizations of R at all maximal ideals is a lower bound for the minimal number 7,
such that X can be embedded into A;}.

IV.7 Singular Points of Algebraic Varieties

We now work over an algebraically closed field k. Fix a natural number n > 1, and a
radical ideal I C k[xy, ..., x,]. Define

Z:=Vl) ch
as the corresponding algebraic set and
R :=k[xy,....x,]/1
as its coordinate algebra. According to Exercise I11.3.2, the assignment
ar—mg:={feR|fla)=0]}

establishes a bijection between V(/) and the set of maximal ideals of the k-algebra R.

We say that a € Z is a regular point of Z or that Z is non-singular at a, if R,,, is a
regular local ring. Otherwise, we say that a is a singular point of Z or that Z is singular
at a. The k-vector space

T.,Z := Homy(m,/m2, k)

is the Zariski tangent space of Z at a. Observe that it is defined intrinsically in terms of
the coordinate algebra of Z, i.e., without reference to the embedding Z C A].
A derivation of R at a is a k-linear map

t:R—k
which satisfies the Leibniz® rule
Vf,geR: t(f g =1tf) gla+ fla)-tg).

The space
Der,(R) := {t € Hom(R, k)|t is a derivation at a }

of all derivations of R at a is a sub vector space of Hom (R, k).
Now, suppose t: R — k is a derivation of R at a. We find

(D =11-1)=2-11).

"The above discussion shows that this maximum exists. In fact, it is bounded by m, if X ¢ Vi
8Gottfried Wilhelm von Leibniz (1646 - 1716), German mathematician and philosopher.
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This implies #(1) = 0 and, by k-linearity,
VYiek: tA4)=0. (IVv.10)
Note that

F:R — kom,
[ — (f),f-f@)

is an isomorphism of k-vector spaces. By (IV.10), ¢ is determined by its restriction to m,.
Next, let f, g € m,. Then,

1((f -8 =1(f) gla) + fa) - 1(g) = 0.
Thus, 1, factorizes over a k-linear map
t:my/m? — k.
IV.7.1 Proposition. The map

H: Der,(R) — T,Z =Hom(m,/m2,k)
t—
is an isomorphism of k-vector spaces.

Proof. The injectivity and k-linearity are clear from the definition and the above discus-
sion. Now, suppose we are given / € Hom,(m,/ mﬁ, k). We set

R — &k
f o= ([f - f@)).
Now, let f, g € R. Then,
(f - f@) - (g - g(@) € m.

We now compute

(f-8) = f g—(f-f@)-(g-g@))
= 1(f-gla)+ f(a)- g - f(a)- g(a))
= 1(f)-gl@)+ f(a) - 1(g) — f(a) - gla) - «(1)
= 1(f)-gla) + f(a)- 1(g).

So, t is a derivation of R at a with 7 = [, i.e., H is also surjective. m]

1V.7.2 Example (Taylor® expansion). Leta = (ay, ...,a,) € A} be a point and m := (x; —
Aly ooy Xy — Ay Y C k[X1, ..., X,] the corresponding maximal ideal. The homomorphism

T, klxy, ..., x,] — kl[x, ..., x,]

X — xi—aq;, i=1,..n,

9Brook Taylor (1685 - 1731), English mathematician.
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IV.7. Singular Points of Algebraic Varieties

is a k-linear isomorphism. So, for a polynomial f € k[xy, ..., x,,], there exists a polynomial
T.f € k[xy, ..., x,] with

f(xX1y ey Xp) = Tof(x1 — ay, ..., X, — ay).
We call T, f the Taylor expansion of f at a. We have
T,f(x;—ay,...x,—a, = f(a)+ Z 0¢i(a) - (x; — a;) + higher order terms.
i=1

The vector space ma/mﬁ has the basis [x; — a{], ..., [x, — a,]. Let [, ..., , be the dual basis
of Homy(m,/m2, k). Then,

Vf€klxi,...x, 0 Li(f)=0pia).

On the other hand, we may define the partial derivatives

— e klx,...x,], i=1,...,n,

5x,-
by formally applying the rules we know from analysis ([28], Kapitel 5). Then, one finds

0ri(a) = g(a), i=1,..,n. Iv.1n

In fact, for i € {1, ...,n}, the operators ¢.,(a) and (0/0x;)(a) are both k-linear and satisfy
the Leibniz rule, i.c., for f, g € k[xy, ..., x,],
of -8 af

o (@) = o

9g
Orgi(a) = 6ri(a) - g(a) + f(a) - 64(a) and (@)-gla) + fla) - 7=(a).
For this reason, it is enough to check (IV.11) for constant polynomials and the polynomials
X1, ..., X,. For all of these, (IV.11) is trivial.

1V.7.3 Remark. In principle, we could try to compute the Taylor expansion also up to
higher orders. Here, we have to be a little cautious: The usual Taylor formula ([28], Satz
7.2.2, [4], Kapitel I, Satz (2.9)) requires division by natural numbers of the form /;!-----,!
with [; + --- + [, = [ in the term of order /. So, the characteristic of our base field kX must
be larger than /, if we would like to have the usual formula for the term of order / in the
Taylor expansion. If we allow, as we do, fields of characteristic 2, it makes only sense to
look at the linear terms of the Taylor expansion.

Now, let gy, ...,gs € k[xy,...,x,] be such that I = (gy,...,gs). For every derivation
D: R — k at a, the composition

D: klxi, ..., x,] R 2, k
is a derivation of k[xj, ..., x,] at a.

IV.7.4 Lemma. A derivation D: k(x1,...,x,] — k at a factorizes over a derivation
D: R — k of R at a if and only if

Vie{l,...s}: D(g)=0.
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IV. Dimension Theory

Proof. The implication “=" is trivial. For the converse, we have to show that D vanishes
on all elements of /. An element of / has the form f;-g,+- - -+ f;-g, for suitable polynomials
fis e fs € k[x1, ..., x,]. Since a derivation is a k-linear, it suffices to look at elements of
the shape f - g;, f € k[xy, ..., x,], i € {1, ..., s }. For such an element we have

D(f - g) = D(f) - gi(a) + f(a)- D(g;) = 0.

Indeed, the first summand vanishes, because a € V(I) C V(g;) and the second one by
assumption. O

Example IV.7.2 and Lemma IV.7.4 give the following description of the tangent space
of a variety at a point.

IV.7.5 Proposition. Let I = {gy,....,gs) C k[xi,..., x,] be an ideal, R := k[xy, ..., x,]/1,
Z :=V({), and a = (a,...,a,) € Z. Then,
n P i
D Blay=0,i= 1,...,s}.
— a.x]'
j=1

In the situation of Proposition IV.7.5, set G := (g, ..., g&). The matrix

T,7 = {(tl, o ty) €K"

Jg = (g—i) € Mat(s, n, k[xy, ..., x,])

i=1,...s
Jj=l...n

is the Jacobian matrix of the ordered tuple G of polynomials. Putting everything together,
we find the following result.

IV.7.6 Proposition (Jacobian criterion). Let I = {gy,...,&s) C k[x1,..., x,] be an ideal,
R :=k[x,...x,1/1, Z := V), and a = (a4, ...,a,) € Z. Then,
0gi
edim(R,, ) = n —1k(Jg(a)), Js(a):= (a—g(a)) € Mat(s, n, k).
XJ i=1,...s

j=l..n
Moreover, if all the irreducible components of Z have the same dimension, R, is a regular
local ring if and only if
rk(Jg(a)) = n — dim(Z).

The reader should compare this with the corresponding result in real analysis ([28],
Abschnitt 11.2). Given a set of elements g, ..., g; € k[x1, ..., X,,], it is not obvious what the
dimension of V(gy, ..., g,) is. However, if s = 1, we know from Proposition 1V.4.9 that it
is n — 1. In this case, the Jacobian criterion is easy to check. For g € k[xy, ..., x,] \ {0},
the hypersurface V(g) is non-singular at a € V(g) if and only if there is at least one index
Jje{l,..,n}with (0g/dx;)(a) # 0.

1V.7.7 Examples. 1) We define the curve
Z:=V( -y -y) c AL
and compute the partial derivatives of f := x> — y> — y*:

of ) of
—_ = — =—v-(2 .
Ox 3%, dy y-(2+3y)

They both vanish at (0, 0) and (0, -2/3). The second point does not lie on Z. So, Z has
exactly one singular point at the origin.
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IV.7. Singular Points of Algebraic Varieties

0.5

-0.54

i) Set f :=y- 3x* —y*) — (&> + y»)? and Z := V(f) c AZ. This is a clover leaf.

0.5

T T T T T T T T
-08 -06 -04 -02 0.2 0.4 0.6 0.8
x

The partial derivatives are

of = 6xy — 4x - (x> +y?),
Ox

0
of =3x* =3y — 4y - (& + 7).
dy
We look at points where both partial derivatives vanish. These points verify the equation
0 = 3x° — 3xy° — 6xy* = 3x- (x* = 3y?).

This gives x = 0 or x = + V3 - y. In the first case, we must also have —y? - (3 + 4y) = 0,
thatis, y = 0 or y = —3/4. The origin (0, 0) is a singular point of Z, but (0, —3/4) does not
belong to the curve. In the second case, we plug the result into the second derivative:

0=9y" -3y’ —4y-4y’ =2y - (3 - 8y).

So,y=0andx =0, ory=3/8and x = 3 - V3/8. The point (3 - V3/8,3/8) does not lie
on the curve.
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IV. Dimension Theory

iii) We look at Cayley’s ruled surface
AL V(x%x3 + xi + X1x) C A?:.

The partial derivatives of f := x7x3 + X3 + xx, are

af:2xlx3+xz, ﬁ=3x§+xl, 6—f=

1 .
ox 1 sz 8x3

They all vanish on the line
lI:{)ﬁ :OZXQ}CZ.

In other words, Z is singular along the line /.

Let us add a simple example which is not a hypersurface.

1V.7.8 Example (The twisted cubic!®). We look at the regular map

¢: A, — A
r— 1,72 0).

The points in the image clearly satisfy the equations'!

¥-y=0 x-z=0, y'-72=0.

Setgy:=x* -y, g :=x" —z,83:=y — 2%, 1 :=(g1,82,83), and Z := V(I). The map

. 1
v Z — A

(x,y,2) +— x

10Tn this example, we will slightly abuse notation, by not distinguishing between coordinate functions
and coordinates.
"'"The third one being redundant.
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is inverse to ¢. Let us determine the corresponding homomorphisms of algebras (Exercise
1.9.8):

o' k[x,v,21/I —  k[f]
[x] — ¢
] — 7
[z2] — ¢

and

k[l —  klx,y,zl/1

t — [x].

So, the varieties A} and Z are isomorphic and one dimensional. In particular, Z is non-
singular. Let us check this with the Jacobian criterion:

2x -1 0
Jo=|3x* 0 -1
0 3y -2z

This matrix has everywhere rank at least two. We add (3y*)x the first line and (—2z)X the
second line to the last line and find

(6x-(y* —x2) 00).

This vanishes at every point of Z. So, the matrix has, in fact, rank two at every point of
Z'IZ

IV.7.9 Lemma. Let k be an algebraically closed field, n > 1, f € k[xy, ..., x,] an irre-
ducible polynomial, and Z := V(f) C A}. Then,

Sing(Z) :={a € Z|Z is singular at a }
is a proper Zariski closed subset of Z.

Proof. By the Jacobian criterion IV.7.6, we have

of af)

ox;” 7 0x,

Sing(Z) = v(f,

This shows that Sing(Z) is Zariski closed in Z. Assume Z = Sing(Z). This means

V(f) V(a—f),
Bxi
i.e., 5
f}a—){, i=1,..n,

12The fact that the rank of J; can never be three at a point of Z follows, indeed, from Theorem IV.7.16,

ii).
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by the lemma of Study II1.3.11. Since deg(df/dx;) < deg(f), this is only possible if

6_f:

0, i=1,..n (IV.12)
5x,-

In characteristic zero, it follows that f is constant. But, this is ruled out by the assumption
that f be irreducible.
If char(k) = p > 0, then (IV.12) implies that f is a polynomial in x{, ..., x;,. The field
k is perfect, because it is algebraically closed (Example II1.5.6, iii). So, we may find a
polynomial g € k[x, ..., x,] with
f=g.
Again, this contradicts the assumption that f be irreducible. O

We would like to extend this result to arbitrary varieties. For this, we need some
preparations.

Semicontinuity of the embedding dimension

Let R be aring, r,s € N, M € Mat(r, s, R) an (r X s)-matrix with coefficients in R, and
1 <t <min{r,s}. At-minorof M is the determinant of a (¢ X ¢)-matrix which is obtained
from M by deleting r—¢ rows and s— columns. It is an element of R and can be expressed
as a polynomial with integer coefficients in the entries of M. Recall the following basic
result from linear algebra ([7], 3.3.6, Satz):

IV.7.10 Lemma. Let K be a field, r,s € N, M € Mat(r, s,K), and 1 <t < min{r,s}.
Then, the rank of the matrix M is at least t if and only if it has a non-vanishing t-minor.

Now, let k be an algebraically closed field, » > 1, I C k[xy,..., x,] a radical ideal,
R :=k[x1,...x,1/1,Z := V() C A7, and

M = (fij)-1... P € Mat(r, s, R).

i=1
j=1
For every point a € Z, we obtain the matrix
M(a) := (fij(a)) i=t.r € Mat(r, s, k).
j=l..s

Fort e {1,...,min{r, s}}, a t-minor of M is a regular function on Z, i.e., an element of R.

1V.7.11 Exercises. i) Let a € Z be a point and ¢ := rk(M(a)). Show that there is a Zariski
open subset a € U C Z, such that

YaeU: r1k(M(a))>1.

ii) Show that there are a non-empty Zariski open subset @ # U C Z and a natural
number ¢ € {0, ..., min{ r, s } }, such that

YaeU: r1k(M(a)=t

and
YaeZ: rtk(M(a)<t.
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IV.7. Singular Points of Algebraic Varieties

Suppose g1, ..., 81 € k[xi, ..., x,] generate I and set G := (g, ..., g). Then, the above
discussion can be applied to the Jacobian matrix J;. An immediate consequence of Exer-
cise IV.7.11 is:

IV.7.12 Proposition. There are a non-empty Zariski open subset @ +# U C Z and a
natural numbert € {n —min{,n},...,n}, such that

YVaeU: edimR,,)=t, m,={feR|fla)=0},

and
YaeZ: edim(R,, ) >t

We will see later (Theorem IV.7.16) that t = dim(Z).

Principal open subsets
Let k be an algebraically closed field, n > 1, and f € k[xy, ..., x,] \ {O}. Then, we call

D(f) := M\ V()

the principal open subset associated with f (compare Exercise 1.4.18).

IV.7.13 Remark. Let U C A} be a non-empty Zariski open subset. Then, there is a non-
zero ideal I C k[xy, ..., x,] with A7 \ U = V(I). Pick f € I'\ {0}. According to Property
1.9.1,1v), V(I) c V(f), and, therefore,

D(f) c U.

IV.7.14 Exercise. Let U C A} be a non-empty Zariski open subset. Prove that there are
finitely many elements fi, ..., f; € k[x, ..., x,,] \ {0} with

U=D(f)V---UD(f).
The regular function f doesn’t vanish anywhere on D(f). For this reason, we consider

k[.X1, ooy xn]f

as the algebra of regular functions on D(f). There is an even better justification for
doing this: The homomorphisms

@: k[-xl’ ceey xn+l]/<xn+1 . f - 1> — k[X1, ceey -xn]f

X, — x;, i=1,...,n

1

Xn+1 > =

f

and

iklxy, X,y — k[xi, e, Xae 1/ {Xper - f = 1)
x, — x;, i=1,...,n

1
f

> X4l
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are inverse to each other. Now, the algebra k[xy, ..., x,.11/{xn+1 - f — 1) is attached to the

hypersurface
V(X - f— 1) C AP,

This hypersurface is the graph of the function

D(f) — A}
1
. flay

The projection
o A — A
(al’---’an+l) — (Cl],...,an)

induces a homeomorphism between V(x,,; - f — 1) and D(f). In this way, we may view
D(f) as an affine algebraic variety. The inclusion

D(f) c A}
corresponds to the localization homomorphism
klx1, ..., Xo] — klx1, ..., X415

IV.7.15 Example. Look at
D(x) = A, \ {0} C A,.

The above construction embeds A} \ {0} as a hyperbola into A?.

The same thing can be done for every algebraic variety. Indeed, let p C k[xy, ..., x,,] be
a prime ideal, R := k[xy, ..., x,]/p, and Z = V(p). For f € R\ {0},

D(f) :=Z\ V(f)

is a non-empty open subset. By Property 1.9.1, iv), and Exercise II1.3.2, its points are in
one-to-one correspondence with the maximal ideals m C R, such that

fém. (IV.13)
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The set D(f) inherits a topology from the Zariski topology of Z (compare [18], Section
2.1). On the other hand, Ry is a finitely generated k-algebra, and thus defines an affine
algebraic variety Z;. By Corollary I1.3.7, ii), the points of Z; correspond to the maximal
ideals of R, satisfying (IV.13). Again, Z; comes with a topology. The reader should check
that both topologies on the set of maximal ideals of R, satisfying (IV.13), thus obtained
do agree and that the localization R — R/ gives (via Exercise 1.9.8) rise to the inclusion
D(f) c Z.

The singular locus of an algebraic variety

IV.7.16 Theorem. Let k be an algebraically closed field, n > 1, p C k[xy, ..., x,] a prime
ideal, S := k[x{, ..., x,]/p, and Z := V(p).
1) The singular locus

Sing(Z) :={a € Z|Z is singular at a }

is a proper Zariski closed subset of Z.
ii) For every point a € Z, we have

edim(S,,,) > dim(Z).

Proof. We will reduce to the case of a hypersurface (Lemma 1V.7.9). In fact, we will
show that Z looks almost everywhere like a hypersurface. This is basically a consequence
of the theorem of the primitive element I11.5.10.

Let L := Q(S) be the quotient field of S. The proof of Theorem III.5.14 shows that
there is an injective homomorphism

p: klty,....t;] — L,
such that the induced field extension
¢: K :=k(ty,...t;) — L
is separable. Now, there are elements gy, ..., g, 11, ..., iy € S \ {0} with

8i .
ti = - = 1, ey .
@(1;) ’ i s

By the theorem of the primitive element II1.5.10, we may find g,,1, ;11 € S \ {0}, such
that

= 8s+1
. hs+1
is a primitive element for the field extension K c L. Seth := hy - ---- hg - hyyq. Then, we

may view ¢ as a homomorphism:
Q: klt,....t;] — Sy

As a k-algebra, S is generated by & = [x(],....,&, = [x,], and &,,; := 1/h. Since
K — L is a finite ring extension, these elements are integral over K, i.e., we find natural
numbers s; > 1 and elements x|, ..., %, € K with

Si [ S,‘—l [ | .
EN+ul & +---+%§i_1-§,~+%’si—0, i=1,...,n+1.
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Now, there are elements oz; € k[ty,...,t,] and ,8; € k[ty, ..., 1] \ {0} with

}{'.: -, j: 1,...,Si, I= 1,...,n+1.

Setting

we find a finite ring extension
ZE: klt, ..., ts]g — (Sh)g = Sg-h

which induces K — L.'* Recall that, by our construction, there is a primitive element
« € S,y Letd € k[ty, ..., 1], be as in Theorem II1.5.12. We find a natural number r € N
and an element 4" € k[, ..., t,], such that

A = _t
8
We see that
Sona = Sgn)y = klt1, .., tlgala] = k11, ..., t]gal511/ (o)
The minimal polynomial y, of a has coefficients in k[7y, ..., f;], (see Lemma IIL.5.11, ii).
We may find a polynomial y € k[t ..., ;] whose irreducible factors are among those of

g and A’, such that f := y - u, € k[ty, ..., t,, t;41] is an irreducible polynomial (compare
Lemma 1.6.16, 1). Let
H:=V(f)c A"

This is an irreducible hypersurface, and
Hy:=H\V(g-4')
is a dense open subset of H. By construction, Hy is isomorphic to the dense open subset
Zo:=Z\V(g-h-4")

of Z. Lemma IV.7.9 yields that there is a dense open subset U C Z with

Sing(Z) c Z\ U.
By the previous discussion, the rank of the Jacobian is everywhere at most

t:=n—dim(Z2),

and the locus where it is strictly less than 7 is the vanishing locus of all (# X #)-minors of
the Jacobian. But this is also the singular locus of Z. This proves all the claims about
the singular locus. The statement on the embedding dimension follows from this and the
Jacobian criterion IV.7.6. O

3By Exercise I11.4.10, you should be familiar with this argument.
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1V.7.17 Remark. In the above proof, we have shown that any algebraic variety has an
open subset which is isomorphic to an open subset of an irreducible hypersurface. You
will usually find this result in the form (see, e.g., [11], Proposition 1.4.9)

Any algebraic variety is birationally equivalent to a hypersurface.
1V.7.18 Exercise (Singular and non-singular points I). i) Compute the Jacobian for the
following regular functions f: C> —s C. Which points are non-singular by the “Jacobian

criterion”? Find out which equation gives which curve in the following picture. Try to
explain why the remaining points really are singular.

a) f,y) =X —=x*=y", b)) fly) =xy-x=)°, © flxy)=x -y —x*—)*,

d) f(x,y) = xzy + xy2 —x*t - y4.

034
s 10
06 |
08 06
7 o
04
06 o y
02 N A
04 y
04 02 o 0z o4 06 08 L 02 03 04 05 06 07 08 09 1o i 05 o5
02 -o.
02 o
04
04

Node Triple point Cusp Tacnode

ii) Do the same as in i) for the following regular functions f: €* — C.

a)f(x’y’z):xyz_zz’ b)f(X,y,Z):xz‘i'yz—Zz, C)f(x,y,Z)ZXy+X3+y3.

—

Double point Double line Pinch point

1V.7.19 Exercise (Singular and non-singular points II). Let k be an algebraically closed
field and R := k[x, y, z]/{ xyz, 2°).

i) Is the ring R reduced?

ii) Sketch the “variety” associated with R.

1ii) Determine dim(R).

iv) For which maximal ideals m C R is R,, a regular local ring?
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IV.8 Regularity and Normality

IV.8.1 Lemma. Let R be a noetherian ring, | € N a natural number, py C --- C p; a chain
of prime ideals, q D p; a prime ideal, and x € q. There exists a chain

PG CPCq
of prime ideals with x € p;.

Proof. 1 = 1. Here, we simply take p; := q.
l-1— L. If x € p_;, we may apply the induction hypothesis with p,_; instead of g
to get
P S C P, CPr S P =P Ca
If x ¢ p._y, then we look at {(x) + p,» ¢ p,_;. Let ¢ C R/({x) + p;_») be the image of q in
this ring. The ring (R/({x) + p;—2)); contains a minimal prime ideal s (Exercise 1.4.14 or
Theorem I1.4.28). The ideal s corresponds to a prime ideal r C R with

P2 G +pCrcCa.
We apply the induction hypothesis once more,'* and find a chain
PppE - EPp,Cr

with x € p;. It suffices to show that v C q.

For thi§, we look at the integral domain R := R/p._». As usual, for an ideal I C R, we
denote by [/ its image in R. If v = q, then the chain

O)Cp &t

of prime ideal in R shows
ht(r) > 2.

By contruction, T is a minimal prime ideal containing [x], the class of x in R. Krull’s
principal ideal theorem requires ht(r) < 1. This contradiction shows that, indeed, r C
q. m]

The following lemma provides an important tool for carrying out inductions on the
Krull dimension of a ring.

IV.8.2 Lemma. Let R be a noetherian local ring with maximal ideal m and x € m not a
zero divisor. Then,
dim(R/{x)) = dim(R) — 1.

Proof. We may apply Lemma IV.8.1 to a maximal chain py € --- € p, = m, n = dim(R),
of prime ideals in R, and q = m. It shows

dim(R/(x)) > dim(R) — 1.

14namely tothe chainuy € --- C ey withu; = p;, i = 1,...,1— 1, ;-1 := 1, and the prime ideal ¢
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On the other hand, in any maximal chain py € --- € p, = m, Py is a minimal prime
ideal. By assumption, x is not a zero divisor. Theorem I1.4.28, iii), states that x is not
contained in any minimal prime ideal of R. For this reason

dim(R/{x)) < dim(R) — 1,
and we infer dim(R/{x)) = dim(R) — 1 as asserted. O

IV.8.3 Proposition. Let R be a regular noetherian local ring. Then, R is an integral
domain.

We will need a slight generalization of prime avoidance (Proposition 11.4.17, 1):
IV.8.4 Lemma. Let R be a ring, I,J C R ideals, and p;, ..., p, C R prime ideals, such that
Jel, Jgp, i=1,..,r

Then,
JgEeIUp U---Up,.

Proof. We abbreviate
P:=p,U---Up,.

If I c P, then Proposition I1.4.17, 1), applies directly. So, we may exclude this case. Note
also that, by Proposition [1.4.17,1), J ¢ P. Let x € J\I. If x ¢ P, we are done. Otherwise,
we pickye J\ Pand z € I \ P. Then, it is readily verified that x + y-z€ J\ ({UP). O

Proof of Proposition 1V.8.3. Denote the maximal ideal of R by m. We proceed by induc-
tion on n := dim(R).

n = 0. In this case, the regularity of R implies m = (0) (compare Proposition IV.6.2).

n — n+ 1. By Theorem 11.4.28, i1), a noetherian ring has only finitely many minimal
prime ideals, call them py, ..., p,. We assume dim(R) = n+ 1 > 1, so m is not a mimimal
prime ideal. The Nakayama lemma III.1.31 shows that m # m?. By Lemma IV.8.4, we
may pick

xem\(m*Up U---Up,).

Note that this implies that x is not a zero divisor. Let xi,...,x, € m be such that the
classes [xi], ..., [x,], [x] in m/m? form a basis for that (R/m)-vector space. Recall from

Proposition IV.6.2 that
m={X1, ..., Xp, X ).

Now, we pass to the ring R := R/{x). It is clear that
edim(R) = n.

By Lemma IV.8.2, _
dim(R) = n.

Thus, R is also a regular ring. By induction hypothesis, it is an integral domain. This
means that (x) is a prime ideal.

Let g C R,y be a minimal prime ideal (Exercise 1.4.14 or Theorem 11.4.28). Then, by
Corollary I1.3.7, 1),

0)ycp:=q"C(n)
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is a minimal prime ideal of R. We will show that it has to be zero, using the Nakayama
lemma III.1.31. In fact, let z € p. Then, there exists an element y € R with z = y - x. Since
x ¢ p and p is a prime ideal, it follows that y € p. We have shown

pCcm-pcChp.
As announced, the Nakayama lemma III.1.31 finishes the argument. m]
IV.8.5 Exercise. Let R be a noetherian local ring. Show that
dim(R) < edim(R).
IV.8.6 Theorem. Let R be a regular noetherian local ring. Then, R is a normal ring.

Proof. We set up an induction on the dimension n of R as in the proof of Proposition
IV.8.3. In the induction step n — n + 1, we find an element x € m \ {0}, such that R/{x)
is a regular noetherian local ring of dimension n. By induction hypothesis, it is normal. It
remains to prove'>

Claim. Let R be a noetherian local integral domain with maximal ideal m and x € m\{0}.
If the ring R/{x) is normal, then so is the ring R.

l:= ﬂ(xl).

leN

We form the ideal

This ideal clearly has the property x - I = [ and, thus, m - I = I. The Nakayama lemma
II1.1.31 gives I = (0). We conclude that, for every r € R \ {0}, the number

I(r) :=max{le N|re(x)}

exists and that

r=u-x"

for some element u € R\ (x). Since the ring R/(x) is normal, it is an integral domain, by
Proposition I'V.8.3. This means that (x) is a prime ideal. Using this, we infer

Yr,s € R\{0}: I(r-s)=1I(r)+Is). (Iv.14)

Let K := Q(R) be the quotient field of R, @ € R, and 8 € R\ {0}, such that s := @/B € K
is integral over R. We have to show that R = S := R[s] C K. By the lying-over theorem
IV.2.4, there is a prime ideal g € S with ¢ N R = (x). This implies

(x)=RN (S - x). (IVv.15)

We observe that I(a) > I(B). To see this, let y,6 € R\ {(x) be elements with & = y - x'®
and 8 = ¢ - x'®. We have
y =P 5

So, I(B) > l(a) implies y € RN (S - x) = (x) and contradicts the fact y € R \ (x). We write

s=< with o = x@71® .,

SThe proof of this claim was kindly supplied by Professor Markus Brodmann.
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We see that
R5 = S(s.

Thus, the extension (x)° of the prime ideal (x) via the localization R — R; = Ssis a
prime ideal of S5, and
r:=(x)*NSs

is a prime ideal of § with r N R = (x). (We need this more specific prime ideal lying over
(x) for later purposes, namely (IV.16).)
We get the induced finite ring extension

R:=R/(x) — S :=S/r.

It induces a field extension _ _

Q(R) — Q(S).
The foregoing discussion shows

S CRiz € OR),
so that _ .

OR) = Q(S),

and the induction hypothesis gives R = S..

We deduce
S=R+rCR+ (x)° (IV.16)

s as R-module. Since s € S and @ = 5 - 0, we see

(IV.15)&(6)R

@ =s5-6 € RN )+ (x)) (8) + (x).

This means that we may pick a, b € R with

b-x
@ =a-6+b-x, sothat s:a+T.

We infer that S is generated as an R-algebra by s; := b - x/6. Pick N € N, such that § is
generated as R-module by 1,..., sllv . Then, inside Q(R), we have

1
RcS c 6_N -R.
Let us abbreviate
N o oN b X"
t,:=0" -5 :TGR, neN.

Next, we introduce
S b
Sy = — = —.
2 X 0

We set S| := R[s;] = R[s] =S and S, := R[s,]. We claim that

1
R[Sz] - 5_N -R.
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IV. Dimension Theory

For n € N, we find
Vs = n.
X
By definition,
8" a, =" -b") - x" (X", neN.

Since 6 € R\ (x), we have [(6) = 0. By (IV.14), it follows that l(a,) > n, n € N. So, there
is an element u,, € R with a,, = u,, - x", n € N. We conclude

6N-s§:uneR, neN,

as asserted.

Obviously, the R-module (1/6") - R is finitely generated. According to Proposition
I1.2.4, “iv)=1)”, s, is integral over R. We may replace s by s,. If we apply the procedure
which led from s to s, to s,, we find an element s;. We next set s3 := s%/xand §3 := R[s3].
This process can clearly be iterated and leads to a chain

1
R:ISOCS1C52C"'CS1CSI+1C"'Cd—N'R

of R-modules. Since R is a noetherian ring, this chain must become stationary. Let m € N
be the first index for which §S,, = S ,,.; holds true. Then,

Sm
Sm+l = . €S mi1 =S

This shows
SmE€Xx-S,Ccm-S,. (Iv.17)

Let t € §,,. Then, there exist a natural number M and elements ry, ..., ¥y € R, such that
t:r0-1+r1-sm+---+rM-snA;I.
By (IV.17),t € R+ m - S,,. This proves
Su,=R+m-§,,.

By the Nakayama lemma III.1.31, applied to M = §,,/R, we have §,, = R. We see that
s € Sy C §S,, CR. This finishes the argument. O

1V.8.7 Remark. In fact, a stronger'® statement holds true, called the Auslander'’—Buchs-
baum'® theorem: A regular noetherian local ring R is factorial.

The proof requires some tools from homological algebra which we haven’t developed,
so far. References are the original paper [2], [5], Satz 10.10, or [20], Theorem 20.3.

IV.8.8 Proposition. Let R be a noetherian local ring with dim(R) = 1. Then, R is regular
if and only if it is normal.

165ee Lemma I11.5.1
""Maurice Auslander (1926 - 1994), American mathematician.
18David Alvin Buchsbaum, born 1929, American mathematician.
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IV.8. Regularity and Normality

Proof. We have to prove that R is regular, if R is normal. According to Proposition IV.6.2,
we have to verify that the maximal ideal m of R is a principal ideal. Fix x € m\ m2,!” and
assume

(x) € m.

Since R is an integral domain (Proposition II1.5.2) and dim(R) = 1, m is the only prime
ideal of R. Thus, by Corollary 1.8.18,

-

The ideal m is finitely generated, so that there is some natural number s with
m* C (x),
and we set
so:=min{s € N|m’ c (x)}.

Note that sy > 1. Pick
yemoh\ (x).

This gives
y-mc{x),

and we assert
y-mcCx-n.

Otherwise, there would be an element r € R \ m, i.e., a unit of R, with r - x € y - m. This
would give
x=r"! -(r-x)ey-mcmz.

So, in the quotient field Q(R), we have

C R, and R[X

X

1
Cc—--R.

YreN: (X) -mcm, x-R[z
X

X X

This shows that y/x is contained in a finitely generated R-submodule of Q(R). According
to Proposition II1.2.4, iii), y/x is integral over R. Since R is normal, we have y/x € R, so
that y € (x), a contradiction. O

In geometric language, the above proposition says that a normal affine algebraic curve
is smooth. More generally, the normalization of a possibly singular irreducible algebraic
curve is non-singular. So, in the realm of curves, normalization provides a canonical way
to attach to a singular irreducible curve a non-singular one.

IV.8.9 Proposition. Let k be an algebraically closed field, n > 1, and Z C A} an algebraic
variety. If Z is normal, then

dim(Sing(2)) < dim(Z) - 2.

In the proof, we will use the following result.

9This set is non-empty by the Nakayama lemma II1.1.31 and the assumption dim(R) = 1.

153



IV. Dimension Theory

IV.8.10 Lemma. Let R be a noetherian local integral domain, m C R its maximal ideal,
and x € m \ {0}. If the ring R/{x) is regular, then R is regular, too.

Proof. By Lemma IV.8.2, dim(R/(x)) = dim(R) — 1 =: d. By assumption, there are

elements r, ..., r4, such that their images 7, ..., 7, generate the image m of m in R/{x).
Then, m = (x,ry,...,ry). Remark IV.6.1 and Proposition IV.6.2 show that R is a regular
local ring. O

Proof of Proposition IV.8.9. Let Reg(Z) := Z \ Sing(Z) be the open subset of nonsingular
points of Z. It suffices to show that

HNReg(Z2) +2
holds true for every irreducible algebraic set H C Z with
dim(H) = dim(Z) - 1.
Let us fix such a subset H € Z. Then,
p:=I(H) :={f€k[Z]|Yae H: f(a)=0}

is a prime ideal in the coordinate algebra k[Z] of Z. We look at the localization k[Z], of
the coordinate algebra at that prime ideal. Then:

* k[Z], is anormal local ring. (This is left as an exercise (compare Exercise I11.2.12).
Note that k[Z], has the same the quotient field as k[Z].)

* dim(k[Z],) = 1 (Corollary IV.4.8).

By Proposition 1V.8.8, the ring k[Z], is regular. So, its maximal ideal p® is a principal
ideal. This means that there is an element r € k[Z], such that

= r-k[Z],.

Next, let rq,...,r; € p be elements with p := {(ry,...,r,), and ay, ...,a, € k|Z], hy, ..., h, €
k[Z] \ p elements with r; = a;/h;,i = 1, ..., s. Then, with

h:=hy - -h,,
we find the equality
p-k[Z], = r-k[Z],. (IV.18)

Note that k[Z], is the coordinate algebra of the principal open subset D(h) C Z (see Page
143f). Since h ¢ p, we have
Dh)yNH + @.

Let Reg(H) := H \ Sing(H) be the open subset of non-singular points of H. Since H is
irreducible, we have
D(h) NReg(H) # @.

We will show that
D(h) N Reg(H) C Reg(Z).
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IV.8. Regularity and Normality

Let a € D(h) N Reg(H) and m, C k[Z] the maximal ideal of a. Then, & ¢ m,. So, (IV.18)
gives
p- k[Z]ma =r- k[Z]ma- (IV19)

Let m, be the image of m, in k[H] = k[Z]/p. One checks

k[H]ﬁa = k[Z]ma/(p - k[Z]ma)-
By (IV.19),
k[H]ﬁa = k[Z]mu/(r . k[Z]ma)
Our choice of a implies that k[H], is a regular local ring. Therefore, Lemma 1V.8.10

shows that k[Z],,, is a regular local ring, too. ]

IV.8.11 Remark. The attentive reader will have noticed that, in the above proof, we used
only the fact that k[Z], is normal for every prime ideal p C k[Z] of height one. In fact, for
any noetherian integral domain R, it is true that R is normal if and only if R, is normal for
every prime ideal p C R of height one and

R= () R.

PCR prime
ht(p)=1

We refer the reader to [4], Satz (13.25).

For more information on normal rings related to the above discussion, we refer the
reader to [4], p. 19911, or [5], Section 11.
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