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Exercise 1 (Integral ring extensions |; 4+4+4 points).

a) Let ¢: R — S be an integral ring extension, J C S an ideal, and I := J¢. Show that
¢ induces an integral ring extension ¢: R/l — S/J.

b) Let ¢: R — S be an integral ring extension and 7 C R a multiplicatively closed
subset. Verify that ¢ induces an integral ring extension ¢7: Ry — S7.
c)LetR,S,....S, berings and f;: R — S;,i = 1, ..., n, integral ring extensions. Show
that

fiR — ><Si
i=1
x = (filx), ..., fulx)

is also an integral ring extension.

Exercise 2 (Integral ring extensions Il; 4+4 points).

Let R and S be integral domains and ¢: R — S an integral ring extension.

a) Suppose f € R is such that ¢(f) is a unit in §. Check that f is a unit in R.

b) Let n C S be a maximal ideal and m := n N R. Show that m is a maximal ideal in R.

Exercise 3 (Maximal ideals; 5 points).
Suppose that & is an algebraically closed field and that m C k[xy, ..., x,] is a maximal
ideal. Prove that there exists a point (ay, ..., a,) € k" with

m={x;—ay,..,xX,—d,).

Exercise 4 (Study’s lemma; 5 points).

Deduce the following result from the Nullstellensatz: Let k£ be an algebraically closed
field and f, g € k[xy, ..., x,,] polynomials. Assume that f is irreducible and V(f) C V(g).
Show that f divides g in k[x, ..., X,].

Exercise 5 (Algebraic sets over non-algebraically closed fields; 5+5 points).
Let k be a field which is not algebraically closed and m, n > 1 positive natural numbers.
a) Show that there is a polynomial f € k[xy, ..., x,,], such that

V(f) =1@,...,0)}.

b) Let X C A7 be an algebraic set. Prove that there is a polynomial f € k[x,, ..., x,],
such that
V() =X



