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Abstract
We study the relationship between two stratifications on parameter spaces for coherent sheaves and

for quiver representations: a stratification by Harder–Narasimhan types and a stratification arising from
the geometric invariant theory construction of the associated moduli spaces of semistable objects. For
quiver representations, both stratifications coincide, but this is not quite true for sheaves. We explain
why the stratifications on various Quot schemes do not coincide and that the correct parameter space
to compare such stratifications is the stack of coherent sheaves, where we construct an asymptotic GIT
stratification and prove that this coincides with the Harder–Narasimhan stratification. Then we relate
these stratifications for sheaves and quiver representations using a generalisation of a construction of
Álvarez-Cónsul and King.

1. Introduction

Many moduli spaces can be described as a quotient of a reductive group G acting on a scheme
Y using the methods of geometric invariant theory (GIT) developed by Mumford [21]. This
depends on a choice of linearisation of the G-action which determines an open subscheme Y ss

of Y of semistable points such that the GIT quotient Y//G is a good quotient of Y ss. In this
article, we are interested in two moduli problems with such a GIT construction:

(1) moduli of representations of a quiver Q with relations R;
(2) moduli of coherent sheaves on a polarised projective scheme (X,OX(1)).

In the first case, King [17] uses a stability parameter θ to construct moduli spaces of θ-semistable
quiver representations of dimension vector d as a GIT quotient of an affine scheme by a reductive
group action linearised by a character ρθ. In the second case, Simpson [27] constructs a moduli
space of semistable sheaves with Hilbert polynomial P as a GIT quotient of a closed subscheme
of a Quot scheme by a reductive group action linearised by an ample line bundle.

For both moduli problems, we compare a Hesselink stratification arising from the GIT con-
struction and a stratification by Harder–Narasimhan (HN) types. An overview of these strati-
fications is given in §1.2 and §1.3 and we give an outline of our main results in §1.4 and §1.5.

1.1. Moduli and Stratifications. One of the most famous uses of stratifications in moduli
problems is the Yang-Mills stratification on an infinite dimensional affine space A of unitary
connections on a C∞-vector bundle over a smooth complex projective curve due to Atiyah and
Bott [2]. The space A arises in a gauge theoretic construction of a moduli space of unitary
connections, which is diffeomorphic to a moduli space of semistable (algebraic) vector bundles
over C. This moduli space of connections is constructed as a symplectic reduction using a
moment map for the action of a gauge group and the Yang-Mills stratification is defined by
considering the gradient flow of the norm square of this moment map. Remarkably, the Yang-
Mills stratification coincides with a stratification by Harder–Narasimhan types of vector bundles,
which arises from the notion of stability for vector bundles. Furthermore, these stratifications
are used to give formulae for the Betti numbers of the vector bundle moduli space [2, 5].

Bifet, Ghione and Letizia [4] provide an algebraic approach to calculating these Betti numbers:
they use elementary modifications of vector bundles over a curve to characterise vector bundles
by matrix divisors, and construct a HN stratification on an ind-variety of matrix divisors.
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However, this approach does not generalise to sheaves on higher dimensional bases, as one
cannot use elementary transformations.

A finite dimensional version of the work of Atiyah and Bott was proved by Kirwan [18] and
Ness [22]: for a linear action of a reductive group on a projective variety, the finite stratification
associated to the norm square of a moment map agrees with a finite instability stratification
arising from GIT (the Hesselink stratification introduced below).

1.2. Harder–Narasimhan stratifications. In both of the above moduli problems, there is
a notion of semistability for objects that involves verifying an inequality for all sub-objects;
typically, this arises from the GIT notion of semistability appearing in the construction of these
moduli spaces. The idea of a Harder–Narasimhan (HN) filtration is to construct a unique
maximally destabilising filtration for each object in a moduli problem [11]. The HN type of an
object is a tuple of invariants for the subquotients appearing in its HN filtration.

Every coherent sheaf has a unique HN filtration: for pure sheaves, this result is well-known
(see [15] Theorem 1.3.4) and the extension to coherent sheaves is due to Rudakov [25]. The HN
type of a sheaf is the tuple of Hilbert polynomials of the subquotients in its HN filtration. For
quiver representations, there is no canonical notion of HN filtration with respect to the stability
parameter θ. Rather, the notion of HN filtration depends on a collection of positive integers
αv indexed by the vertices v of the quiver (see Definition 3.4); although often only the choice
αv = 1, for all vertices v, is considered. The HN type of a quiver representation is the tuple of
dimension vectors of the subquotients in its HN filtration.

For both quiver representations and sheaves, we can stratify the associated moduli stacks
(and parameter spaces used in the GIT construction of these moduli spaces) by HN types.

1.3. Hesselink stratifications. Let G be a reductive group acting on a scheme Y , where

(1) Y is affine, G acts linearly and the action is linearised using a character of G, or
(2) Y is projective with an ample G-linearisation.

Then, by the Hilbert–Mumford criterion [21], it suffices to check GIT semistability on 1-
parameter subgroups (1-PSs) of G. In §2, we explain that associated to this linearised action
and a choice of norm on the set of conjugacy classes of 1-PSs, there is a Hesselink stratification
[12]

Y =
⊔
β∈B

Sβ

into finitely many disjoint G-invariant locally closed subschemes indexed by conjugacy classes
of rational 1-PS of G, whose lowest stratum is Y ss. In order to construct this stratification, the
idea is to associate to each unstable point a conjugacy class of adapted 1-PSs of G, in the sense
of Kempf [16], that are most responsible for the instability of this point (this class depends on
the choice of norm). This stratification also depends on the choice of linearisation.

These stratifications have a combinatorial nature: the weights of the action of a maximal
torus of G determine the index set B and the strata Sβ can be constructed from simpler limit
sets Zβ, which are semistable sets for smaller reductive group actions (cf. §2).

Hesselink stratifications have a diverse range of applications. For a smooth projective variety
Y , the cohomology of Y//G can be studied via these stratifications [18]. In variation of GIT,
these stratifications are used to describe the birational transformations between quotients [7, 28]
and to provide orthogonal decompositions in the derived categories of GIT quotients [3, 10].
More recently, Halpern-Leistner abstracted the properties of these instability stratifications in
GIT to define instability stratifications on certain classes of ‘weakly reductive’ stacks [9].

1.4. Comparison results. As both the HN stratification and the Hesselink stratification are
concerned with (in)stability, it is natural to ask whether these stratifications agree. Furthermore,
the work of [2] suggests we might expect these stratifications to agree.

For quiver representations, the choice of parameter α used to define HN filtrations corresponds
to a choice of norm || − ||α used to define the Hesselink stratification. The corresponding HN
and Hesselink stratifications on the space of quiver representations agree: for a quiver without
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relations, this result is [13] Theorem 5.5 and we deduce the corresponding result for a quiver
with relations in Theorem 3.8.

Simpson constructs the moduli space of (Gieseker) semistable sheaves on (X,OX(1)) with
Hilbert polynomial P as a GIT quotient of a closed subscheme Rn of the Quot scheme

Quotn := Quot(kP (n) ⊗OX(−n), P )

by the natural SLP (n)-action for n sufficiently large. The action is linearised by embedding the
Quot scheme in a Grassmannian (which depends on choosing m >> n). However, the resulting
moduli space does not depend on the choice of m >> n >> 0.

One can consider the Hesselink stratification of Quotn and Rn associated to this action, and
the stratifications by HN types of the quotient sheaves. These stratifications were first compared
set-theoretically by the author in joint work with Kirwan [14, §6], where we showed, for a pure
HN type τ (that is, a HN type of a pure sheaf) and for m >> n >> 0 (depending on τ), there
is a corresponding Hesselink stratum of Rn indexed by βn,m(τ) such that the HN stratum of
Rn indexed by τ is contained in this Hesselink stratum. In general, this containment is strict.
This result raises the following questions.

i) Why do we only have a containment of a HN stratum in a Hesselink stratum, rather
than an agreement of these stratifications?

ii) As this is an asymptotic result for m >> n >> 0 depending on τ , is there an asymptotic
version of the Hesselink stratifications which agrees with the HN stratification?

The primary aim of this paper is to answer these questions. In this paper, we work with
coherent sheaves rather than pure sheaves and study the Hesselink stratifications on Quotn.
First, we enhance and generalise the result of [14] stated above. The proof in loc. cit. is set
theoretic, whereas we now give a scheme theoretic proof, and we extend the argument to include
non-pure HN types. In Theorem 4.19, we show for any HN type τ and m >> n >> 0, that the
τ -HN stratum of Quotn is a closed subscheme of a Hesselink stratum indexed by βn,m(τ).

The first question is answered by Lemma 4.22: distinct HN types τ and τ ′ can give the same
Hesselink index β for finitely many values of n and m (although, this only happens when X
has dimension greater than one). Since there are infinitely many HN types, it is not possible
to pick finite n and m such that the assignment τ 7→ βn,m(τ) is injective. To resolve this issue,
we consider a refined version of the Hesselink stratification, where the refined strata Sβ,ν are
further indexed by a tuples of polynomials ν and are (unions of) connected components of the
unrefined strata Sβ. However, this refined Hesselink stratification still does not agree with the
HN stratification (as not all quotient sheaves parametrised by Quotn are n-regular).

The second question is natural, as the Hesselink stratification is a finite stratification, whereas
in general there are infinitely many HN types for sheaves on X with Hilbert polynomial P .
This suggests that to compare these stratifications properly, one should construct an infinite
asymptotic Hesselink stratification. Since every coherent sheaf is n-regular for n sufficiently
large (depending on the sheaf), one would like to compare the Hesselink stratifications on
Quotn for different n. This is not as straight forward as in the case of curves studied in [4], as
there are no natural maps between these quot schemes for different values of n. However, if we
consider the open subscheme Qn−reg ⊂ Quotn parametrising n-regular quotient sheaves, then

there are natural equivariant morphisms Qn−reg → Qn
′−reg for n′ > n, as every n-regular sheaf

is n′-regular. In fact, the quotient stack of the natural action of GLP (n) on Qn−reg is isomorphic

to the stack Cohn−reg
P (X) of n-regular coherent sheaves on X with Hilbert polynomial P and

the above equivariant morphism of schemes gives an open immersion

Cohn−reg
P (X) ↪→ Cohn

′−reg
P (X).

The direct limit of these open immersions is the stack CohP (X) of coherent sheaves on X with
Hilbert polynomial P ; thus Qn−reg (and their associated quotient stacks) are only finite dimen-
sional approximations of CohP (X). The natural space on which to construct an asymptotic
Hesselink stratification is the stack CohP (X).
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Let us outline our construction of an asymptotic Hesselink stratification on CohP (X). We
restrict the refined Hesselink stratification of Quotn to Qn−reg and take the stack quotient of
each stratum by GLP (n) to give a (finite) Hesselink stratification

Cohn−reg
P (X) =

⊔
(β,ν)∈Bn

Snβ,ν .

For a tuple of Hilbert polynomials ν, we define an associated Hesselink index βn(ν) for each n
and write Snν := Snβn(ν),ν , and, for n′ > n, we construct fibre products

Sn,n
′

ν := Snν ×Cohn′−reg
P (X)

Sn
′
ν ,

which we prove stabilise to an asymptotic stratum denoted Sν . Let us state the main result.

Theorem 1.1 (cf. Theorem 4.27). The strata Sν determine an asymptotic Hesselink stratifica-
tion of CohP (X) which coincides with the HN stratification as stacks.

In fact, the asymptotic Hesselink strata Sν and the HN strata CohτP (X) can both be realised
as global quotient stacks for the same group and this agreement as stacks comes from a scheme
theoretic agreement of the atlases.

The reason why the Hesselink stratification and HN stratifications on the quot schemes do
not agree is that we are only seeing a finite dimensional approximation of the full picture. One
may hope to be able to use this result to study the cohomology ring of the moduli space of
semistable sheaves (analogously to [2, 4]), but there is a major obstruction to such a programme:
the subschemes Qn−reg of the quot schemes used for curves are all smooth, whereas for higher
dimensional X, these quot schemes can have arbitrarily bad singularities, in which case the
results of Kirwan [18] do not apply. Hence different techniques (such as using derived algebraic
geometry) are required. Another application of this work is in the construction of moduli spaces
of sheaves of a fixed HN type, as initiated in [14].

The relationship between filtrations arising from adapted 1-PSs and the Harder–Narasimhan
filtration is also studied for torsion–free sheaves on a smooth complex projective variety in
[8] and for quiver representations in [29]; in both cases, an algebraic approach is taken which
involves studying convexity properties of a (normalised) Hilbert–Mumford weight.

In this paper and in [13, 14], we utilise the additional geometric perspective provided by
the stratifications and exploit the structure of these stratifications to reduce the proofs to
comparisons between simpler limit sets associated to the strata. The use of stratifications
enables a direct comparison between the notions of instability coming from GIT and from the
Harder–Narasimhan filtration, from which we see that these notions do not always coincide
(as is the case for the Quot scheme). A key motivation for this work was to explain why this
happens. Furthermore, stratifications can be used to study GIT situations where 1-PSs do not
give rise to filtrations by sub-objects (for example, in the study of moduli of curves, there is no
natural notion of sub-object).

1.5. The functorial construction of Álvarez-Cónsul and King. In §5, we relate these
stratifications for sheaves and quivers using a generalisation of [1]. In loc. cit. a functor

Φn,m := Hom(OX(−n)⊕OX(−m), − ) : Coh(X)→ Rep(Kn,m)

from the category of coherent sheaves on X to the category of representations of a Kronecker
quiver Kn,m with two vertices n,m and dimH0(OX(m−n)) arrows from n to m is used (when
m >> n >> 0) to embed the subcategory of semistable sheaves with Hilbert polynomial P
into a subcategory of θn,m(P )-semistable quiver representations of dimension dn,m(P ) and to
construct the moduli space of semistable sheaves on X with Hilbert polynomial P using [17].

In this set up, distinct HN strata for sheaves may be sent via Φn,m to the same HN stratum
for quiver representations. We resolve this problem by generalising the above construction to
allow additional vertices as follows (cf. Remark 5.16). For a tuple of strictly increasing positive
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integers n = (n0, . . . , nd), we consider a functor

Φn := Hom(
d⊕
i=0

OX(−ni), − ) : Coh(X)→ Rep(Kn),

where Kn is a quiver with d + 1 vertices and dimH0(OX(ni+1 − ni)) arrows from vertex i to
vertex i+ 1 and relations as described in §5.4. We provide stability parameters (θn(P ), αn(P )),
such that a HN stratum for sheaves is mapped via Φn to a HN stratum for quiver representations,
provided the tuple of natural numbers n are sufficiently large (see Theorem 5.15).

Notation and conventions. We work over an algebraically closed field k of characteristic
zero and by scheme, we mean scheme of finite type over k. By sheaf, we always mean coherent
algebraic sheaf. For schemes X and S, by a family of sheaves on X parametrised by S, we mean
a sheaf F over X × S that is flat over S and we write Fs := F|X×{s}.

We use the term stratification in a weaker sense than usual to mean a decomposition into
disjoint locally closed subschemes with a partial order on the strata such that the closure of
a given stratum is contained in the union of all higher strata (usually for a stratification, one
requires the closure of a given stratum to be the union of all higher strata).

For m,n ∈ N, we write ‘for m >> n’ to mean there exists N ≥ n such that for all m ≥ N .
Similarly, ‘for nr >> · · · >> n0’ means ∃N0 ≥ n0 ∀n1 ≥ N0 . . . ∃Nr−1 ≥ nr−1 ∀nr ≥ Nr−1.

Acknowledgements. I am very grateful to the referee for many helpful comments and inter-
esting questions, which greatly improved the paper.

2. Background on GIT and Hesselink stratifications

Let G be a reductive group acting on a scheme Y with respect to a linearisation L over Y .
Throughout this section, we assume that we are in one of the two following settings:

(1) Y ⊂ An is affine, G acts linearly on Y and the linearisation L is given by using a
character ρ : G→ Gm to twist the trivial linearisation on the structure sheaf of Y ,

(2) Y is projective and L is ample.

There are two reasons for working in such settings: i) in both these settings, there is a Hilbert–
Mumford criterion, as explained below, and ii) these two settings are used to give the GIT
constructions of the two moduli spaces considered in this paper.

2.1. GIT and the construction of Hesselink stratifications.

Definition 2.1. A point y ∈ Y is L-semistable if there exists σ ∈ H0(Y, L)G for some n > 0
such that σ(y) 6= 0. We let Y ss(L) denote the subset of L-semistable points in Y .

By [21] Theorem 1.10, the GIT quotient of G acting on Y with respect to L

Y ss(L)→ Y//LG := Proj(⊕n≥0H
0(Y, L⊗n)G)

is a good quotient. In Setting (2), this quotient is projective and in Setting (1), this quotient is
projective over the affine GIT quotient Y//G := Spec k[Y ]G.

Definition 2.2. Let y ∈ Y be a closed point and λ : Gm → G be a 1-parameter subgroup
(1-PS) of G; then the Hilbert–Mumford weight µL(y, λ) ∈ Z is defined to be the weight of the
Gm-action induced by λ on the fibre of L over the fixed point limt→0 λ(t) · y, if this limit exists.

The limit is unique, as in both settings Y is separated and, in setting (2), the limit always
exists as Y is proper. In Setting (1), by using the pairing (−,−) : X∗(G)×X∗(G)→ Z between
characters and cocharacters, King [17] shows that µL(y, λ) = (ρ, λ).

Theorem 2.3 (The Hilbert–Mumford criterion [17, 21]). A closed point y ∈ Y is L-semistable
if and only we have µL(y, λ) ≥ 0, for every 1-PS λ : Gm → G such that limt→0 λ(t) · y exists.
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The unstable locus Y us(L) := Y − Y ss(L) can be stratified by instability types by assigning
to each unstable point a conjugacy class of (rational) 1-PSs that is ‘most responsible’ for the
instability of this point [16, 12]. Here, the term ‘most responsible’ is measured using a norm
|| − || on the set X∗(G) of conjugacy classes of 1-PSs of G. More precisely, we fix a maximal
torus T of G and a Weyl invariant norm || − ||T on X∗(T )R; then, for λ ∈ X∗(G), we let
||λ|| := ||gλg−1||T for g ∈ G such that gλg−1 ∈ X∗(T ). Equivalently, the norm is given by a
Weyl invariant inner product on the Lie algebra of T .

Example 2.4. (a) Let T be the diagonal maximal torus in G = GLn; then the norm associated
to the dot product on Rn ∼= X∗(T )R is invariant under the Weyl group W = Sn.

(b) For a product of general linear groups G = GLn1 × · · · × GLnr , we can use positive
numbers α ∈ Nr to weight the norms || − || for each factor constructed by part (a); that is,

||(λ1, . . . , λr)||2α :=
r∑
i=1

αi||λi||2.

We fix a norm || − || on X∗(G) such that || − ||2 is Z-valued. For a closed point y ∈ Y , we let

ML(y) := inf

{
µL(y, λ)

||λ||
: 1-PSs λ of G such that lim

t→0
λ(t) · y exists

}
.

By the Hilbert–Mumford criterion, y is L-semistable if and only if ML(y) ≥ 0.

Definition 2.5. (Kempf) A 1-PS λ is adapted to y ∈ Y us(L)(k) if limt→0 λ(t) · y exists and

ML(y) =
µL(y, λ)

||λ||
.

Let ∧L(y) denote the set of primitive 1-PSs which are adapted to y; this is a full conjugacy
class of 1-PSs for a parabolic subgroup of G [16]. Kempf proves that ∧L(g · y) = g ∧L (y)g−1

for g ∈ G; thus, in order to have G-invariant strata, we need to stratify the unstable locus by
conjugacy classes of primitive 1-PSs (and an additional index d which keeps track of the value
of ML). We first define the k-points of the strata; the scheme structure is given in Remark 2.9.

Definition 2.6 (Hesselink [12]; Kirwan [18] and Ness [22]). For a conjugacy class [λ] of 1-PSs
of G, a choice of representative λ ∈ [λ] and d ∈ Q>0, we define the following subsets of Y (k).

i) S[λ],d := {y ∈ Y (k) : ML(y) = −d and ∧L (y) ∩ [λ] 6= ∅} ‘the strata,’

ii) Sλd = {y ∈ Y (k) : ML(y) = −d and λ ∈ ∧L(y)}) ‘the blades,’
iii) Zλd = {y ∈ Y λ(k) : ML(y) = −d and λ ∈ ∧L(y)} ‘the limit sets,’

where Y λ denotes the λ-fixed locus in Y .

Remark 2.7. The additional index d is redundant in the affine setting (1), as d can be deter-
mined from the character ρ and 1-PS λ (more precisely, we have d = −(ρ, λ)/||λ||).

Let Y λ
+ ⊂ Y denoted the closed subscheme of points y ∈ Y such that limt→0 λ(t) · y exists;

then there is a natural retraction pλ : Y λ
+ → Y λ. Let Y λ

d ⊂ Y λ be the union of connected

components on which µL(−, λ) = −d||λ||. Let Gλ be the commutator of λ in G and let P (λ) :=
{g ∈ G : limt→0 λ(t)gλ(t)−1 exists}.

Theorem 2.8 ([12, 18, 22]). Let G be a reductive group acting on a scheme Y with respect to
a linearisation L, as in either setting (1) or (2) above, and let || − || be a norm on conjugacy
classes of 1-PSs of G. Then there is a stratification

Y − Y ss(L) =
⊔

([λ],d)

S[λ],d

into finitely many disjoint G-invariant locally closed subschemes S[λ],d of Y . Moreover:

(1) S[λ],d = G · Sλd ;

(2) Sλd = p−1
λ (Zλd ) and Sλd is P (λ)-invariant;
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(3) Zλd is Gλ-invariant and is the GIT-semistable locus for Gλ acting on Y λ
d with respect to

a modified linearisation;
(4) ∂S[λ],d ∩ S[λ′],d′ 6= ∅ only if d > d′.

Remark 2.9. This theorem was proved in [12, 18, 22] for a projective variety Y , where the
strata are shown to be locally closed subvarieties of Y . However, as observed in [14] §4, this can
be extended to the case where Y is a scheme by using the ample linearisation L on Y to give a
projective embedding Y ↪→ PN ; then we obtain the strata in Y by taking the fibre product of
the strata in PN with Y (and similarly for the blades and limit sets). This gives each stratum
the structure of a locally closed subscheme of Y .

This theorem was proved in [13] for an affine space Y ; however, the result for an affine
subscheme Y ⊂ An with a linear G-action can be deduced from this, by using the fact that
taking invariants for a reductive group G is exact; thus Y ss(L) = Y ×An (An)ss(L) and similarly
the Hesselink strata in Y are obtained as fibre products of the Hesselink strata in An.

By setting S0 := Y ss(L), we obtain the Hesselink stratification of Y

(1) Y =
⊔
β

Sβ.

where the lowest stratum is S0 and the higher strata are indexed by pairs β = ([λ], d) as above
or equivalently by a conjugacy class of a rational 1-PS [λβ] by the following remark.

Remark 2.10. An unstable Hesselink index β = ([λ], d) determines a rational 1-PS

λβ :=
d

||λ||
λ

(where d/||λ|| is rational, as ||λ||2 and d||λ|| are both integral). In fact, we can recover ([λ], d)
from λβ, as d = −||λβ|| and λ is the unique primitive 1-PS lying on the ray spanned by λβ.

Hesselink stratifications have the following additional properties.

(1) For a closed G-invariant subscheme Y ′ of Y , the Hesselink strata in Y ′ are the fibre
products of the Hesselink strata in Y with Y ′.

(2) The Hesselink strata may not be connected; however, if Zλd,i denote the connected com-

ponents of Zλd , then S[λ],d,i := Gp−1
λ (Zλd,i) are the connected components of S[λ],d.

(3) If (Zλd )′ is a closed subscheme of Zλd ; then there is a naturally associated closed G-

invariant subscheme S′[λ],d of S[λ],d such that S′[λ],d = G · p−1
λ ((Zλd )′).

2.2. Computing Hesselink stratifications. The task of computing these stratifications is
greatly simplified by Theorem 2.8, as we can construct the strata from the limit sets Zdλ.
Furthermore, we will see that the index set B for the stratification can be determined from the
weights of a maximal torus T of G.

In the projective Setting (2), this description is due to Kirwan [18]: for G acting on Pn
linearly via a representation ϕ : G → GLn+1, the indices can be determined from the weights
of T as follows. For each subset of the T -weights, let β denote the closest point to the origin in
the convex hull of these weights. Then, for β 6= 0, there is a unique primitive 1-PS λ lying on
the ray through β and we let d := ||β||; then β = ([λ], d) is an unstable index.

In the affine Setting (1), we obtain a similar description as follows. First, we recall that in
the affine setting, the index d is redundant and, as the indices for Y ⊂ V := An are obtained
from the indices for V , it suffices to consider the case of an affine space V = An with a linear
action G→ GLn. For each subset W of T -weights, we consider an associated cone

CW :=
⋂
χ∈W

Hχ ⊂ X∗(T )R, where Hχ := {λ ∈ X∗(T )R : (λ, χ) ≥ 0}.

Let ρT ∈ X∗(T ) denote the restriction of ρ to T ; then a subset W of the T -weights is called
ρT -semistable if CW ⊆ HρT and otherwise we say W is ρT -unstable. If W is ρT -unstable, we let

λW be the unique primitive 1-PS in CW ∩X∗(T ) for which (λ,ρ)
||λ|| is minimal (for the existence
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and uniqueness of this 1-PS, see [13] Lemma 2.13). We will shortly prove that this gives an
unstable index. For v ∈ V , we let Wv denote the set of T -weights of v.

Proposition 2.11. Let T = (Gm)n act linearly on an affine space V with respect to a character
ρ : T → Gm and let || − || be the norm associated to the dot product on Zn; then the Hesselink
stratification for the torus T is given by

V − V ρ−ss =
⊔

{W :W is ρ-unstable}

SλW , where SλW = {v ∈ V : W = Wv}.

Therefore, the stratification is determined by the T -weights and, moreover, v ∈ V is ρ-semistable
if and only if its T -weight set Wv is ρ-semistable (that is, CWv ⊆ Hρ).

Proof. By construction, CWv is the cone of (real) 1-PSs λ such that limt→0 λ(t) · v exists. By
the Hilbert–Mumford criterion, v is ρ-semistable if and only if (λ, ρ) ≥ 0 for all λ ∈ CWv ; that
is, if and only if CWv ⊆ Hρ. Therefore, v is ρ-semistable if and only if Wv is ρ-semistable.

As the conjugation action is trivial, [λW ] = λW and every ρ-unstable point has a unique
ρ-adapted primitive 1-PS. If v is ρ-unstable, then, by definition, λWv is ρ-adapted to v. �

For a reductive group G, we fix a maximal torus T of G and positive Weyl chamber. Let B
denote the set of 1-PSs λW corresponding to elements in this positive Weyl chamber where W
is a ρT -unstable set of weights.

Corollary 2.12. Let G be a reductive group acting linearly on an affine variety V with respect
to a character ρ : G→ Gm. Then the Hesselink stratification is given by

V − V ρ−ss =
⊔

λW∈B
S[λW ].

Proof. It is clear that the left hand side is contained in the right hand side. Conversely, suppose
that v ∈ V − V ρ−ss and λ is an primitive 1-PS of G that is ρ-adapted to v. Then there exists
g ∈ G such that λ′ := gλg−1 ∈ X∗(T ) and, moreover, λ′ is ρ-adapted to v′ := g · v for the G-
action on V . As every 1-PSs of T is a 1-PSs of G, it follows that Mρ

G(v′) ≤MρT
T (v′). Therefore,

λ′ is ρT -adapted to v′ for the T -action on V and λ′ = λW ∈ B, where W = Wv′ . In particular,
we have that v ∈ S[λ] = S[λW ]. �

This gives an algorithm to compute the Hesselink stratification: the index set B is determined
from the T -weights and, for each [λ] ∈ B, we construct S[λ] from Zλ using Theorem 2.8.

Remark 2.13. In general, the Hesselink stratification for G and its maximal torus T are not
easily comparable. The ρ-semistable locus for the G-action is contained in the ρ-semistable
locus for the T -action, but the G-stratification does not refine the T -stratification. Often there
are more T -strata, since 1-PSs of T may be conjugate in G but not in T .

Example 2.14. Let G := GLr act on V := Matr×n ∼= Arn by left multiplication; then

Matr×n//detGLr = Gr(r, n)

is the Grassmannian of r-planes in An and the GIT semistable locus is given by matrices of
rank r. We claim that the Hesselink stratification is the stratification given by rank.

We fix the maximal torus T ∼= Gr
m of diagonal matrices in G and use the dot product on

Zr ∼= X∗(T ) to define our norm || − ||. The weights of the T -action on V are χ1, . . . , χr where
χi denotes the ith standard basis vector in Zr and the Weyl group Sr acts transitively on the
T -weights. The restriction of the determinant to T is given by detT = (1, . . . , 1) ∈ Zr ∼= X∗(T ).
As the Weyl group is the full permutation group on the set of T -weights, it follows that, for
detT -unstable weight subsets W,W ′, the corresponding 1-PSs λW and λW ′ are conjugate under
Sr whenever |W | = |W ′|. Thus, it suffices to consider the weight sets

Wk := {χ1, . . . , χk} for k = 0, . . . , r.

The subset Wk is ρT -unstable if and only if k < r with corresponding ρT -adapted 1-PS

λk:= (0, . . . , 0,︸ ︷︷ ︸ −1, . . . ,−1︸ ︷︷ ︸).
k r−k
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By Corollary 2.12, the index set for the stratification is B = {λk : 0 ≤ k ≤ r − 1}. We
use Theorem 2.8 to calculate the unstable strata. If we consider Matk×n as the subvariety of

Matr×n consisting of matrices whose last r − k rows are zero, then V λk
+ = V λk = Matk×n and

thus Sλk = Zλk . By definition, Zλk is the GIT semistable set for Gλk
∼= GLk × GLr−k acting

on V λk with respect to the character

detλk := ||λk||2ρ− (λk, ρ)λk = (r − k) det−(k − r)λk = (r − k, . . . , r − k,︸ ︷︷ ︸ 0, . . . , 0︸ ︷︷ ︸).
k r − k

As semistability is unchanged by a positive rescaling of the character, we can without loss of
generality assume that ρλk is the product of the determinant character on GLk and the trivial

character on GLr−k. Then Zλk is the GIT semistable set for GLk acting on Matk×n ∼= V λk with
respect to det : GLk → Gm; that is, Zλk is the set of matrices in Matk×n whose final r− k rows
are zero and whose top k row vectors are linearly independent. Then, S[λk] = G · Sλk is the
locally closed subvariety of rank k matrices and the Hesselink stratification is given by rank.

3. Stratifications for moduli of quiver representations

Let Q = (V,A, h, t) be a quiver with vertex set V , arrow set A and head and tail maps
h, t : A→ V giving the direction of the arrows. A k-representation of a quiver Q = (V,A, h, t)
is a tuple W = (Wv, φa) consisting of a k-vector space Wv for each vertex v and a linear map
φa : Wt(a) →Wh(a) for each arrow a. The dimension vector of W is dimW = (dimWv) ∈ NV .

3.1. Semistable quiver representations. For quiver representations of a fixed dimension
vector d = (dv) ∈ NV , King introduced a notion of semistability depending on a stability
parameter θ = (θv) ∈ ZV such that

∑
v∈V θvdv = 0.

Definition 3.1 (King [17]). A representation W of Q of dimension d is θ-semistable if for all
subrepresentations W ′ ⊂W we have θ(W ′) :=

∑
v θv dimW ′v ≥ 0.

We recall King’s construction of moduli of θ-semistable quiver representations [17]. Let

Repd(Q) :=
⊕
a∈A

Hom(kdt(a) , kdh(a)) and Gd(Q) :=
∏
v∈V

GLdv .

Then Gd(Q) acts on Repd(Q) by conjugation. Since the diagonal subgroup Gm
∼= ∆ ⊂ Gd(Q),

given by t ∈ Gm 7→ (tIdv)v∈V ∈ Gd(Q), acts trivially on Repd(Q), we often consider the quotient
group Gd(Q) := Gd(Q)/∆. We note that every representation of Q of dimension d is isomorphic
to an element of Repd(Q) and, moreover, two representations in Repd(Q) are isomorphic if and
only if they lie in the same Gd(Q) orbit. Hence, the moduli stack Repd(Q) of representations
of Q of dimension d is isomorphic to the quotient stack of Gd(Q) acting on Repd(Q). The
Gd(Q)-action on Repd(Q) is linearised by ρθ : Gd(Q)→ Gm where ρθ(gv) := Πv det(gv)

θv .

Theorem 3.2 (King [17]). The moduli space of θ-semistable quiver representations is given by

M θ−ss
d (Q) := Repd(Q)//ρθGd(Q).

In particular, King shows that the notion of θ-semistability for quiver representations agrees
with the notion of GIT semistability for Gd(Q) acting on Repd(Q) with respect to ρθ.

Remark 3.3. We can also consider moduli spaces of θ-semistable quiver representations for
quivers with relations. A non-trivial path in a quiver is a sequence of arrows in the quiver
(a1, . . . , an) such that h(ai) = t(ai+1) and a relation is a linear combination of paths all of
which start at some common vertex vt and end at a common vertex vh. Let R be a set of
relations on Q and let Repd(Q,R) be the closed subscheme of Repd(Q) consisting of quiver
representations that satisfy the relations R. The moduli space of ρ-semistable representations
of (Q,R) is a closed subscheme of the moduli space of ρ-semistable representations of Q:

M θ−ss
d (Q,R) := Repd(Q,R)//ρθGd(Q) ⊂M θ−ss

d (Q).
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3.2. HN filtrations for quivers representations. We fix a quiver Q, a dimension vec-
tor d ∈ NV and a stability parameter θ = (θv) ∈ ZV such that

∑
v θvdv = 0. To define a

Harder–Narasimhan filtration, we need a notion of semistability for quiver representations of
all dimension vectors and for this we use a parameter α = (αv) ∈ NV .

Definition 3.4. A representation W of Q is (θ, α)-semistable if for all 0 6= W ′ ⊂W , we have

θ(W ′)

α(W ′)
≥ θ(W )

α(W )

where α(W ) :=
∑

v∈V αv dimWv. A Harder–Narasimhan (HN) filtration of W (with respect to

θ and α) is a filtration 0 = W (0) ⊂ W (1) ⊂ · · · ⊂ W (s) = W by subrepresentations, such that

the quotient representations Wi := W (i)/W (i−1) are (θ, α)-semistable and

θ(W1)

α(W1)
<
θ(W2)

α(W2)
< · · · < θ(Ws)

α(Ws)
.

The Harder–Narasimhan type of W (with respect to θ and α) is γ(W ) := (dimW1, . . . ,dimWs).

If W is a representation of dimension d, then θ(W ) = 0 and so W is (θ, α)-semistable if and
only if it is θ-semistable. Using the existence and uniqueness of the HN-filtration with respect
to (θ, α), Reineke [24] proves there is a HN stratification (with respect to θ and α)

Repd(Q) =
⊔
γ

Rγ

where Rγ is the locally closed subvariety consisting of representations with HN type γ. As
isomorphic quiver representations have the same HN type, each HN stratum Rγ is invariant

under the action of Gd(Q), and so we obtain a HN stratification of the moduli stack

Repd(Q) =
⊔
γ

Repγd(Q), where Repγd(Q) ∼= [Rγ/Gd(Q)].

We emphasise that this stratification depends on both θ and α.

Remark 3.5. For a quiver with relations (Q,R), there is also a HN stratification of the repre-
sentation space Repd(Q,R). If W is a representation of Q that satisfies the relationsR, then any
subrepresentation of W also satisfies these relations. Therefore, the HN strata of Repd(Q,R)
are the intersection of the HN strata in Repd(Q) with Repd(Q,R).

3.3. The HN stratification is the Hesselink stratification. Let T be the maximal torus
of Gd(Q) given by the product of the maximal tori Tv ⊂ GLdv of diagonal matrices.

Definition 3.6. For a HN type γ = (d1, . . . , ds) of a quiver representation of dimension d, let
λγ be the unique primitive 1-PS on the ray through the rational 1-PS λ′γ = (λ′γ,v) given by

λ′γ,v(t) = diag(tr1 , . . . , tr1 , tr2 , . . . , tr2 , . . . . . . , trs , . . . , trs)

where the rational weight ri := −θ(di)/α(di) appears (di)v times.

Remark 3.7. For γ 6= γ′, we note that the conjugacy classes of λγ and λγ′ are distinct.

Let || − ||α be the norm on 1-PSs of Gd(Q) associated to α ∈ NV (cf. Example 2.4). For a
quiver without relations, the following result is [13] Theorem 5.5. We can deduce the case with
relations from this result using Theorem 2.8 and Remark 3.5.

Theorem 3.8. Let (Q,R) be a quiver with relations with dimension vector d ∈ NV and let
θ ∈ ZV and α ∈ NV be stability parameters such that

∑
v∈V dvθv = 0. Then the HN stratification

with respect to with respect to (θ, α) and the Hesselink stratification with respect to ρθ and ||−||α
coincide: if

Repd(Q,R) =
⊔
γ

Rγ and Repd(Q,R) =
⊔
[λ]

S[λ]

denote these stratifications respectively, then Rγ = S[λγ ].

In fact, in [13], we show this Hesselink stratification also coincides with a Morse type strati-
fication associated to the norm square of a moment map.



STRATIFICATIONS FOR MODULI OF SHEAVES AND MODULI OF QUIVER REPRESENTATIONS 11

3.4. Stratifications on the stack of quiver representations. The affine scheme Repd(Q,R)
parametrises a tautological family W of representations of (Q,R) of dimension vector d with
the local universal property; thus, the collection of quiver representations of fixed dimension d is
bounded. This is in sharp contrast with the situation for coherent sheaves on a fixed projective
scheme with fixed numerical invariants: this collection of sheaves is not bounded and so cannot
be parametrised by a scheme (cf. §4). Moreover, the moduli stackRepd(Q,R) of representations
of (Q,R) of dimension d is isomorphic to the global quotient stack

Repd(Q,R) ∼= [Repd(Q,R)/Gd(Q)].

As the Hesselink strata are Gd(Q)-invariant, we can take their stack quotients by Gd(Q) to
obtain a ‘stacky Hesselink’ stratification of Repd(Q,R) by locally closed substacks. Following
Theorem 3.8, this stratification coincides with the stratification of the stack by HN types:

Corollary 3.9. On Repd(Q,R), the stacky Hesselink strata and the HN strata agree as stacks.

There are only finitely many HN types for representations of Q of fixed dimension vector
and both stratifications are finite. In §4, we prove an analogous statement for coherent sheaves
over a projective scheme; however, in this case, the stratifications are infinite and the stacky
Hesselink stratification is obtained as a limit of (finite) Hesselink stratifications.

4. Stratifications for moduli of sheaves

Let (X,OX(1)) be a projective scheme of finite type over k with a very ample line bundle.

4.1. Preliminaries. For a sheaf E over X, we let E(n) := E ⊗ OX(n) and we let P (E) denote
the Hilbert polynomial of E with respect to OX(1), whose value at n ∈ N is given by

P (E , n) = χ(E(n)) =
n∑
i=0

(−1)i dimH i(E(n)).

The degree of P (E) is equal to the dimension of E (i.e., the dimension of the support of E) and
E is pure if all its non-zero subsheaves have the same dimension as E . For a non-zero sheaf E ,
the leading coefficient r(E) of P (E) is positive and we define the reduced Hilbert polynomial of
E to be P red(E) := P (E)/r(E).

Definition 4.1 (Castelnuovo-Mumford [20]). A sheaf E over X is n-regular if

H i(E(n− i)) = 0 for all i > 0.

This is an open condition and, by Serre’s Vanishing Theorem, any sheaf is n-regular for
n >> 0. Furthermore, any bounded family of sheaves is n-regular for n >> 0.

Lemma 4.2 (cf. [20]). For a n-regular sheaf E over X, we have the following results.

i) E is m-regular for all m ≥ n.
ii) E(n) is globally generated with vanishing higher cohomology, i.e., the evaluation map

H0(E(n))⊗OX(−n)→ E is surjective and H i(E(n)) = 0 for i > 0.
iii) The natural multiplication maps H0(E(n))⊗H0(OX(m−n))→ H0(E(m)) are surjective

for all m ≥ n.
iv) If 0→ F ′ → F → F ′′ → 0 is an exact sequence of sheaves over X such that F ′ and F ′′

are both n-regular, then F is also n-regular.

4.2. Construction of the moduli space of semistable sheaves. In this section, we outline
Simpson’s construction [27] of the moduli space of semistable sheaves on (X,OX(1)) with Hilbert
polynomial P . We define an ordering ≤ on rational polynomials in one variable by P ≤ Q if
P (x) ≤ Q(x) for all sufficiently large x. For polynomials of a fixed degree with positive leading
coefficient, this is equivalent to the lexicographic ordering on the coefficients.

Definition 4.3. A pure sheaf F over X is semistable (in the sense of Gieseker) if for all non-zero
subsheaves E ⊂ F , we have P red(E) ≤ P red(F).
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By the Simpson–Le Potier bounds (cf. [27] Theorem 1.1), the set of semistable sheaves over
X with Hilbert polynomial P is bounded; therefore, for n >> 0, all semistable sheaves with
Hilbert polynomial P are n-regular.

Let Vn := kP (n) be the trivial P (n)-dimensional vector space and let Quot(Vn ⊗OX(−n), P )
denote the Quot scheme parametrising quotients sheaves of Vn ⊗ OX(−n) with Hilbert poly-
nomial P . Let Qn denote the open subscheme of this Quot scheme consisting of quotients
q : Vn ⊗OX(−n)� E such that H0(q(n)) is an isomorphism. Every n-regular sheaf on X with
Hilbert polynomial P can be represented as a quotient sheaf in Qn by choosing an isomorphism
H0(E(n)) ∼= Vn (this is possible, as dimH0(E(n)) = P (n)) and using the surjective evaluation
map H0(E(n)) ⊗ OX(−n) � E . The group Gn := GL(Vn) acts on Vn and Qn such that the
Gn-orbits in Qn are in bijection with isomorphism classes of sheaves in Qn. As the diagonal
Gm acts trivially, we can consider the action of SL(Vn).

Let Qpure
n ⊂ Qn denote the open subscheme consisting of quotient sheaves that are pure and

let Rn denote the closure of Qpure
n in the Quot scheme. The SL(Vn)-action on Rn is linearised

using Grothendieck’s embedding of the Quot scheme into a Grassmannian by choosing m >> n:
the corresponding line bundle is given by

Ln,m := det(π∗(Un ⊗ π∗XOX(m))),

where Un denotes the universal quotient sheaf on the Quot scheme and πX and π denote the
projection maps from Rn ×X to X and Rn respectively.

Theorem 4.4 (Simpson [27], Theorem 1.21). Fix (X,OX(1)) and a Hilbert polynomial P .
Then, for m >> n >> 0, the moduli space of semistable sheaves on X with Hilbert polynomial
P is a GIT quotient:

M ss(X,P ) = Rn//Ln,mSL(Vn).

In his proof, Simpson shows, for m >> n >> 0 (depending on X and P ), that an element
q : Vn ⊗OX(−n) � E in Rn is GIT semistable if and only if q belongs to the open subscheme
Qssn of Qn consisting of quotient sheaves q : Vn ⊗ OX(−n) � E such that E is a semistable
sheaf. In particular, the GIT semistable locus and the GIT quotient do not depend on m and
n provided these are taken sufficiently large.

4.3. The Hesselink stratification of the Quot scheme. For the action of SL(Vn) on
Quot(Vn ⊗OX(−n), P ) with respect to Ln,m and the norm || − || coming from the dot product
for the diagonal torus T ⊂ SL(Vn) (cf. Example 2.4), there is a Hesselink stratification

Quotn := Quot(Vn ⊗OX(−n), P ) =
⊔

β∈B(Ln,m)

Sβ.

In this section, for fixed n, we describe this stratification of Quotn, we extend the results of [14]
to non-pure sheaves and enhance the proof to a scheme theoretic statement.

By Remark 2.10, the unstable indices β can equivalently be viewed as conjugacy classes of
rational 1-PSs [λβ] of SL(Vn). We choose a representative λβ ∈ X∗(T ) and, by using the Weyl
group action, we may assume that the weights are decreasing; that is,

(2) λβ(t) = diag(tr1 , . . . , tr1 , tr2 , . . . , tr2 , . . . , trs , . . . , trs)

where r1, . . . , rs are strictly decreasing rational numbers such that ri occurs with multiplicity
li. Thus β is equivalent to the decreasing sequence of rational weights r(β) := (r1, . . . , rs) with
multiplicities l(β) := (l1, . . . , ls). Since λβ is a rational 1-PSs of SL(Vn), we note that

s∑
i=1

li = dimVn = P (n) and

s∑
i=1

rili = 0.

We can describe the λβ-fixed points as follows. The 1-PS λβ determines a filtration of V := Vn

0 = V (0) ⊂ V (1) ⊂ · · · ⊂ V (s) = V, where V (i) := kl1+···+li
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with V i := V (i)/V (i−1) of dimension li. For a quotient q : V ⊗ OX(−n) � E in Quot, we let

E(i) := q(V (i) ⊗OX(−n)); then we have exact sequences of quotient sheaves

0 // V (i−1) ⊗OX(−n)

q(i−1)

����

// V (i) ⊗OX(−n)

q(i)����

// V i ⊗OX(−n)

qi����

// 0

0 // E(i−1) // E(i) // E i := E(i)/E(i−1) // 0.

We fix an isomorphism V ∼= ⊕si=1V
i; then via this isomorphism we have limt→0 λβ(t)·q = ⊕si=1qi

by [15] Lemma 4.4.3.

Lemma 4.5. For β = ([λ], d) with r(β) = (r1, . . . , rs) and l(β) = (l1, . . . , ls) defined following
(2), we have

Quotλ =
⊔

(P1,...,Ps) :
∑s
i=1 Pi=P

s∏
i=1

Quot(V i ⊗OX(−n), Pi).

Furthermore, let Quotλd be the union of connected components of the fixed point locus on which
µLn,m(−, λβ) = −||λβ||2; then

Quotλd
∼=

⊔
(P1,...,Ps) :

∑s
i=1 Pi=P,∑s

i=1 riPi(m)+r2i li=0

s∏
i=1

Quot(V i ⊗OX(−n), Pi).

Proof. The description of the λ-fixed locus follows from the discussion above. For a λ-fixed
quotient sheaf q : V ⊗ OX(−n) � ⊕si=1E i, we have that µ(q, λβ) =

∑s
i=1 riP (E i,m) by [15]

Lemma 4.4.4. The second statement then follows as ||λβ||2 =
∑s

i=1 r
2
i li. �

By Theorem 2.8, for β = ([λ], d) as above, the associated unstable stratum Sβ can be con-

structed from the limit set Zλd which is the GIT semistable set for the subgroup

Gλ ∼=

{
(g1, . . . , gs) ∈

s∏
i=1

GL(V i) :
s∏
i=1

det gi = 1

}
acting on Quotλd with respect to the linearisation Lβ obtained by twisting Ln,m by the (rational)
character χβ : Gλ → Gm where

χβ(g1, . . . , gs) =

s∏
i=1

(det gi)
ri .

Proposition 4.6. Let β = ([λ], d) with r(β) = (r1, . . . , rs) and l(β) = (l1, . . . , ls) as above; then

Zλd
∼=

⊔
(P1,...,Ps)

s∏
i=1

Quot(V i ⊗OX(−n), Pi)
SL(V i)−ss(Ln,m)

where this is a union over tuples (P1, . . . , Ps) such that
∑s

i=1 Pi = P and

(3) ri =
P (m)

P (n)
− Pi(m)

li
for i = 1, . . . , s.

Proof. The centre Z(Gλ) ∼= {(t1, . . . , ts) ∈ (Gm)s : Πs
i=1t

li
i = 1} acts trivially on Quotλ and acts

on the fibre of L over q ∈ Quotλ, lying in a component indexed by (P1, . . . , Ps), by a character

χq : Z(Gλ)→ Gm given by χq(t1, . . . , ts) =
s∏
i=1

t
Pi(m)
i .

Therefore, Z(Gλ) acts on the fibre of Lβ over q by χqχβ(t1, . . . , ts) =
∏s
i=1 t

Pi(m)+rili
i . By the

Hilbert–Mumford criterion, q is unstable for the action of Gλ with respect to Lβ unless χqχβ is
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trivial; i.e., there is a constant C such that Cli = Pi(m) + rili, for i = 1, . . . , s. In this case

CP (n) =

s∑
i=1

Cli =

s∑
i=1

Pi(m) + rili = P (m)

and we see that the conditions given at (3) are necessary for q to belong to Zλd .
We suppose that (P1, . . . , Ps) is a tuple satisfying

∑s
i=1 Pi = P and the conditions given at

(3). Since Gλ is, modulo a finite group, Πs
i=1SL(V i)× Z(Gλ) and Z(Gλ) acts on both

s∏
i=1

Quot(V i ⊗OX(−n), Pi)

and Lβ trivially, the semistable locus for Gλ is equal to the semistable locus for Πs
i=1SL(V i).

As Πs
i=1SL(V i)-linearisations, we have that Lβ = L. It then follows that(
s∏
i=1

Quot(V i ⊗OX(−n), Pi)

)Πsi=1SL(V i)−ss

(L) =
s∏
i=1

Quot(V i ⊗OX(−n), Pi)
SL(V i)−ss(L)

(for example, see [14] Lemma 6.6) which completes the proof of the proposition. �

The following corollary is an immediate consequence of Proposition 4.6 and Theorem 2.8.

Corollary 4.7. For β as at (2), the scheme Sβ parametrises quotients q : V ⊗ OX(−n) � E
with a filtration 0 = W (0) ⊂W (1) ⊂ · · · ⊂W (s) = V such that, for i = 1, . . . , s, we have

(1) dimW i = li, where W i := W (i)/W (i−1),
(2) P (n)P (E i,m) = li(P (m)− riP (n)), and
(3) the quotient sheaf qi : W i ⊗OX(−n)� E i is SL(W i)-semistable with respect to Ln,m,

where E(i) := q(W (i) ⊗ OX(−n)) and E i := E(i)/E(i−1). Furthermore, Sβ = SL(V ) · Y λ
d where

Y d
λ parametrises quotients q with a filtration W • as above such that W • = V •.

Remark 4.8. As already noted, the Hesselink strata may not be connected and so it is natural
to further decompose the limit sets Zλd using tuples of Hilbert polynomials ν = (P1, . . . , Ps);
that is, we can write

Zλd =
⊔
ν∈Cβ

Zλd,ν where Zλd,ν
∼=

s∏
i=1

Quot(V i ⊗OX(−n), Pi)
SL(V i)−ss(Ln,m)

for ν = (P1, . . . , Ps), is a union of connected components of Zλd . Here the index set Cβ is the set

of tuples ν = (P1, . . . , Ps) such that
∑s

i=1 Pi = P , the conditions (3) hold and Zλd,ν is non-empty.

Then Sβ is a disjoint union of the refined strata Sβ,ν := SL(V ) · p−1
λ (Zλd,ν) indexed by β ∈ Cβ.

This gives a refinement of the Hesselink stratification

Quot(V ⊗OX(−n), P ) =
⊔
β∈B
ν∈Cβ

Sβ,ν .

We note that we may have strata Sβ,ν and Sβ′,ν with different Hesselink indices β and β′ but
the same tuple of Hilbert polynomials ν. However, we will later see in Definition 4.18 that for
a tuple ν, there is a natural associated Hesselink index βn,m(ν) depending on m >> n >> 0.

4.4. HN filtrations for coherent sheaves. In this section, we describe a canonical destabil-
ising filtration for each coherent sheaf, known as its Harder–Narasimhan (HN) filtration [11].

Definition 4.9. A pure HN filtration of a sheaf F is a filtration by subsheaves

0 = F (0) ⊂ F (1) ⊂ · · · ⊂ F (s) = F

such that Fi := F (i)/F (i−1) are semistable and P red(F1) > P red(F2) > · · · > P red(Fs).
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By [15] Theorem 1.3.4, every pure sheaf has a unique pure HN filtration. To define HN
filtrations for non-pure sheaves, we need an alternative definition of semistability that does not
involve reduced Hilbert polynomials, as every non-pure sheaf E has a non-zero subsheaf whose
Hilbert polynomial has degree strictly less than that of E . For this, we use an extended notion
of semistability due to Rudakov [25]. We define a partial ordering 4 on Q[x] by

P 4 Q ⇐⇒ P (n)

P (m)
≤ Q(n)

Q(m)
for m >> n >> 0

and similarly define a strict partial order ≺ by replacing ≤ with <. This ordering allows
us to compare polynomials with positive leading coefficient of different degrees in a way that
polynomials of lower degree are larger with respect to this ordering.

Remark 4.10. Rudakov formulated this preordering using the coefficients of the polynomials:
for rational polynomials P (x) = pdx

d + · · ·+ p0 and Q(x) = qex
e + · · ·+ q0, let

Λ(P,Q) := (λf,f−1, . . . , λf,0, λf−1,f−2, . . . , λf−1,0, . . . , λ1,0) where λi,j := piqj − qipj
and f := max(d, e). We say Λ(P,Q) > 0 if the first non-zero λi,j appearing in Λ(P,Q) is
positive. Then P 4 Q is equivalent to Λ(P,Q) ≥ 0.

Definition 4.11. A sheaf F is semistable if P (E) 4 P (F) for all non-zero subsheaves E ⊂ F .

This definition of semistability implies purity, as polynomials of smaller degree are larger
with respect to 4. Moreover, for Hilbert polynomials P (E) and P (F) of the same degree, we
have P (E) 4 P (F) if and only if P red(E) ≤ P red(F). Thus, a sheaf is semistable in the sense of
Definition 4.11 if and only if it is semistable in the sense of Definition 4.3.

Definition 4.12. A HN filtration of a sheaf E is a filtration by subsheaves

0 = E(0) ⊂ E(1) ⊂ · · · ⊂ E(s) = E

such that Ei := E(i)/E(i−1) are semistable and P (E1) � P (E2) � · · · � P (Es) .

Using this definition of HN filtration, every coherent sheaf has a unique HN filtration (cf.
[25], Corollary 28). We can construct the HN filtration of a sheaf from its torsion filtration and
the pure HN filtrations of the subquotients in the torsion filtration as follows.

Proposition 4.13. Let 0 ⊂ T (0)(E) ⊂ · · · ⊂ T (d)(E) = E be the torsion filtration of E and let

(4) 0 = F (0)
i ⊂ F (1)

i ⊂ · · · ⊂ F (si)
i = Ti(E) := T (i)(E)/T (i−1)(E)

be the pure HN filtrations of the subquotients in the torsion filtration. Then E has HN filtration

0 = E(0)
0 ⊂ E(1)

0 ⊂ E(1)
1 ⊂ · · · ⊂ E(s1)

1 ⊂ · · · ⊂ E(1)
d ⊂ · · · ⊂ E(sd)

d = E

where E(j)
i is the preimage of F (j)

i under the quotient map T (i)(E)→ Ti(E).

Proof. As the HN filtration is unique, it suffices to check that the subquotients are semistable

with decreasing Hilbert polynomials for ≺. First, we note that E(0)
i = T (i−1)(E) = E(si−1)

i−1 and

Eji := E(j)
i /E(j−1)

i
∼= F (j)

i /F (j−1)
i =: F ji .

Since (4) is the pure HN filtration of Ti(E), we have inequalities P red(F1
i ) > · · · > P red(Fsii )

and the subquotients F ji are semistable. It follows that

P (E1
0 ) � P (E1

1 ) � · · · � P (Es11 ) � · · · � P (E1
d ) � · · · � P (Esdd ),

as degP (F ji ) = i and polynomials of lower degree are larger with respect to this ordering. �

Definition 4.14. Let E be a sheaf with HN filtration 0 = E(0) ⊂ E(1) ⊂ · · · ⊂ E(s) = E ;
then the HN type of E is the tuple τ(E) := (P (E1), . . . , P (Es)) where Ei := E(i)/E(i−1). We say
τ = (P1, . . . , Ps) is a pure HN type if all polynomials Pi have the same degree.
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4.5. The HN stratification of the stack of coherent sheaves. Let CohP (X) denote the
stack of sheaves on X with Hilbert polynomial P ; this is an Artin stack such that

(5) CohP (X) ∼=
⋃
n

[Qon/Gn]

where Gn = GL(Vn) and Qon is the open subscheme of Quot(Vn ⊗ OX(−n), P ) consisting of
quotient sheaves q : Vn⊗OX(−n)� E such that H0(q(n)) is an isomorphism and H i(E(n)) = 0
for i > 0 (cf. [19] Theorem 4.6.2.1).

Let HNT(X,P ) denote the set of HN types of sheaves over X with Hilbert polynomial P .
Thus, if τ = (P1, . . . , Ps) ∈ HNT(X,P ), then

∑s
i=1 Pi = P and P1 � P2 � · · · � Ps and, more-

over, there exists a sheaf with this HN type. For such a HN type τ , we define the (n,m)th Shatz

polygon Γ(τ, n,m) to be the union of the line segments joining xk := (
∑k

j=1 Pj(m),
∑k

j=1 Pj(n))

to xk+1 for k = 0, . . . , s− 1. We define a partial order ≤ on HNT(X,P ) by τ ≤ τ ′ if Γ(τ, n,m)
lies above Γ(τ ′, n,m) for m >> n >> 0.

Theorem 4.15 (Shatz [26] and Nitsure [23] Theorem 5). Let F be a family of sheaves on X with
Hilbert polynomial P parametrised by a scheme S; then the HN type function S → HNT(X,P )
given by s 7→ τ(Fs) is upper semi-continuous. Furthermore,

i) S>τ = {s ∈ S : τ(Fs) > τ} is closed in S;
ii) Sτ = {s ∈ S : τ(Fs) = τ} is locally closed in S;
iii) Sτ has a unique scheme structure with the following property: a morphism T → S

factors via Sτ if and only if the pullback FT of F to X × T has a filtration by coherent
sheaves whose successive quotients are flat over T and for each t ∈ T this filtration gives
the HN filtration of (FT )t, which is of type τ ;

iv) there is a finite HN (or Shatz) stratification of S into disjoint subschemes Sτ such that

Sτ ⊂
⊔
τ ′≥τ

Sτ ′ .

The universal quotient sheaf Un over X × Qon is a family of sheaves on X with Hilbert
polynomial P parametrised by Qon; therefore, we have an associated HN stratification

(6) Qon =
⊔
τ

Qn,τ .

As the HN strata Qn,τ are Gn-invariant, this stratification descends to the stack quotient

[Qon/Gn] =
⊔
τ

[Qn,τ/Gn].

From the description (5) of CohP (X), we have the following corollary.

Corollary 4.16. There is a HN stratification on the stack of coherent sheaves

CohP (X) =
⊔

τ∈HNT(X,P )

CohτP (X)

into disjoint locally closed substacks CohτP (X) such that CohτP (X) ⊂
⊔
τ ′≥τ Cohτ

′
P (X).

Remark 4.17. If τ = (P ) is the trivial HN type, then CohτX,P = CohssX,P and, for n >> 0,

CohssX,P ∼= [Qssn /Gn]

where Qssn = Qn,(P ) is an open subscheme of Quot(Vn ⊗ OX(−n), P ). In fact, an analogous
statement holds for all HN types (cf. Proposition 4.21).
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4.6. The Hesselink and HN stratifications. In this section, we prove, for each HN type τ ,
that the HN stratum Qn,τ is contained in a Hesselink stratum of Quot(Vn ⊗ OX(−n), P ) for
m >> n >> 0; this generalises an analogous result for pure HN types given in [14].

Definition 4.18. For a tuple of Hilbert polynomials ν = (P1, . . . , Ps) which sum to P and
natural numbers (n,m), we let βn,m(ν) denote the conjugacy class of the rational 1-PS

λβn,m(ν)(t) = diag (tr1 , . . . , tr1 ,︸ ︷︷ ︸ . . . trs , . . . , trs︸ ︷︷ ︸) where ri := P (m)
P (n) −

Pi(m)
Pi(n) .

P1(n) Ps(n)

If ν = τ is a HN type, we have P1 � P2 � · · · · · · � Ps and thus, for m >> n >> 0,

(7)
P1(n)

P1(m)
>

P2(n)

P2(m)
> · · · · · · > Ps(n)

Ps(m)

i.e., the weights ri in this rational 1-PS are decreasing.
The following result simultaneously enhances and generalises a joint result with Kirwan in

[14]. More precisely, Proposition 6.8 of loc. cit. states that for a pure HN type τ (i.e., a HN
type of a pure sheaf) and for m >> n >> 0, the HN stratum of a closed subscheme Rn ⊂ Quotn
is contained in the Hesselink stratum in Rn indexed by βn,m(τ). The proof of loc. cit. was set
theoretic, whereas the proof below is scheme theoretic and applies to all HN types.

Theorem 4.19. For τ = (P1, . . . , Ps) ∈ HNT(X,P ) and m >> n >> 0, the HN stratum Qn,τ is
a closed subscheme of the stratum Sβn,m(τ) for the Hesselink stratification of Quotn with respect
to Ln,m. Moreover, Qn,τ is a closed subscheme of the refined stratum Sβn,m(τ),τ .

Proof. We take n >> 0 so all semistable sheaves with Hilbert polynomial Pi are n-regular for
i = 1, . . . , s. Then every sheaf with HN type τ is n-regular, as it admits a filtration whose
successive quotients are n-regular, and so can be parametrised by the HN stratum Qn,τ .

Let V i
n := kPi(n) and let Qin ⊂ Quot(V i

n ⊗OX(−n), Pi) be the open subscheme consisting of
quotients q : V i

n ⊗ OX(−n) � E i such that H0(q(n)) is an isomorphism. Let (Qin)pure be the
open subscheme of Qin parametrising pure sheaves and let Rin be the closure of this subscheme
in the Quot scheme. By [27] Theorem 1.19, we can take m >> n so that the GIT semistable
set for SL(V i

n) acting on Rin with respect to the linearisation Ln,m is the lowest HN stratum in
Qin parametrising semistable sheaves; that is,

(Rin)SL(V in)−ss(Ln,m) = (Qin)ss := (Qin)(Pi)

for i = 1, . . . , s. Furthermore, we assume m >> n >> 0, so that the inequalities (7) hold.

As described above, the index β = βn,m(τ) = ([λ], d) determines a filtration 0 = V
(0)
n ⊂ · · · ⊂

V
(s)
n = Vn where V i

n := V
(i)
n /V

(i−1)
n = kPi(n). By construction, the conditions (3) hold for r(β)

and l(β); hence

Zn,m(τ) :=

s∏
i=1

(Qin)ss ⊂
s∏
i=1

Quot(V i
n ⊗OX(−n), Pi)

SL(V in)−ss(Ln,m) ∼= Zλd,τ ⊂ Zλd .

Both inclusions are closed inclusions: the first, as Rin is closed in Quot(V i
n⊗OX(−n), Pi) and the

second as Zλd,τ is closed in Zλd . Therefore, associated to this closed subscheme (Zλd )′ := Zn,m(τ)

of the limit set Zλd , there is a closed subscheme S′β = SL(Vn) · p−1
λ ((Zλd )′) of the Hesselink strata

Sβ. In fact, S′β is a closed subscheme of the refined Hesselink stratum Sβ,τ , as (Zλd )′ is a closed

subscheme of Zλd,τ .

To complete the proof, we need to show that the schemes Qn,τ and S′β coincide. We first
show these agree set theoretically and then use the universal property of the scheme structure
on Qn,τ given by Theorem 4.15 iii) to prove the scheme structures agree. By construction, a

quotient sheaf q : Vn ⊗OX(−n)� F belongs to p−1
λ (Zn,m(τ)) if, for the filtration

0 ⊂ F (1) ⊂ · · · ⊂ F (s) = F where F (i) := q(V (i)
n ⊗OX(−n)),
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the successive quotients F (i)/F (i−1) are semistable with Hilbert polynomial Pi. Therefore these
quotient sheaves have HN type τ . Since the SL(Vn)-action does not change the HN type, we
have a set theoretic inclusion S′β := SL(Vn) · p−1

λ (Zn,m(τ)) ⊂ Qn,τ . Conversely, for a point

q : Vn ⊗OX(−n)� F in Qn,τ with HN filtration given by

0 = F (0) ⊂ F (1) ⊂ · · · ⊂ F (s) = F ,

we can choose g ∈ SL(Vn) that sends the filtration V
(i)
n to W

(i)
n := H0(q(n))−1(H0(F (i)(n)));

then g · q ∈ p−1
λ (Zn,m(τ)). Hence, as sets, Qn,τ and S′β agree.

By Theorem 4.15 iii), to show that the scheme structures coincide we need to show that a
morphism T → Qon factors through S′β if and only if the pullback UT of the universal quotient

sheaf U := Un over Qon ×X to T ×X has a relative HN filtration of type τ (that is, a filtration
whose successive quotients are flat families of sheaves over T which are semistable and have
Hilbert polynomials given by the Pi). First of all, we note that there is a filtration of the
restriction of Un to X × S′β induced by the filtration of U over X × p−1

λ (Zn,m(τ)) given by

U (i) := q(V (i)
n ⊗ π∗XOX(−n)),

where q denotes the restriction of the universal quotient homomorphism to X × p−1
λ (Zn,m(τ)).

Moreover, this is a filtration of HN type τ . In particular, if a morphism T → Qon factors through

S′β, then the pullback UT of the universal family to X×T admits a filtration U (i)
T of HN type τ .

Conversely, suppose we have a morphism f : T → Qon such that UT has a relative HN filtration

(8) 0 = U (0)
T ⊂ U (1)

T ⊂ · · · ⊂ U (s)
T = UT

of type τ . Then to complete the proof we need to show that the morphism f factors via
the locally closed immersion S′β ↪→ Qon. In particular, we note that any such factorisation is
unique. The morphism f from T to the quot scheme is equivalent to a family of quotient sheaves
parametrised by T ; that is a surjective homomorphism of sheaves over X × T

qT : Vn ⊗ π∗XOX(−n)→ UT ,
where πX : X ×T → X denote the projection. Since f has image in Qon, we have for each t ∈ T

i) Hj(X,UT,t(n)) = 0 for j > 0,
ii) H0(qT,t(n)) : Vn → H0(UT,t(n)) is an isomorphism.

Let πT : X × T → T be the projection morphism. Then i) implies πT∗(UT (n)) is a locally free
sheaf of rank P (n) by [6, III Corollaire 7.9.9], and ii) implies the homomorphism of locally free
sheaves over T

(9) Vn ⊗OT ∼= Vn ⊗ πT∗π∗XOX → (πT )∗(UT (n))

is an isomorphism. Our choice of n implies any semistable sheaf over X with Hilbert polynomial
Pi is n-regular and, as the extension of two n-regular sheaves is also n-regular (see Lemma 4.2),
it follows that the successive subsheaves appearing in the HN filtration of sheaf with HN type

τ are n-regular. Consequently, for 1 ≤ i ≤ s, we have Hj(U (i)
T,t(n)) = 0 for j > 0 and so

πT∗(U (i)
T (n)) is a locally free sheaf of rank P (i)(n) :=

∑
j≤i Pj(n). We twist the relative HN

filtration (8) by n and then push-forward under πT to obtain a filtration of πT∗(UT (n)) by

locally free sheaves πT∗(U (i)
T (n)) of rank P (i)(n). Under the isomorphism (9), this induces a

filtration of the trivial rank P (n) locally free sheaf Vn ⊗ OT over T by vector subbundles of

ranks P (1)(n) < P (2)(n) < · · · < P (s)(n) = P (n), which corresponds to a unique morphism
h : T → SL(Vn)/P (V •n ) to the partial flag variety SL(Vn)/P (V •n ) where P (V •n ) ⊂ SL(Vn) is the

parabolic subgroup associated to the filtration V •n , given by V
(i)
n = kP

(i)(n). By construction of
the Hesselink index β = ([λ], d) associated to the HN type τ , we have that P (λ) = P (V •n ).

The pullback of the principal P (V •n )-bundle

SL(Vn)→ SL(Vn)/P (V •n )

to T via h is étale locally trivial. In fact, it is Zariski locally trivial as P (V •n ) is a special group:
the Levi factor is a product of general linear groups, which is special, and the unipotent factor
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is special as it is a chain of Ga-extensions and the additive group Ga is special. Therefore, we
have a Zariski cover {Ul ↪→ T}l∈L such that the morphisms from Ul to the flag variety can be
lifted as shown in the following diagram

Ul
h̃l //

��

hl

&&

SL(Vn)

��
T

h // SL(Vn)/P (V •n ).

The morphism h̃l : Ul → SL(Vn) determines an isomorphism of sheaves

Vn ⊗OUl → Vn ⊗OUl

and we let gl denote the induced isomorphism of the sheaf Vn ⊗ π∗XOX(n) over X × Ul. Let

ql : Vn ⊗ π∗XOX(n)→ Ul

denote the restriction of the surjection qT to X × Ul; then the surjection ql ◦ q−1
l determines

a morphism sl : Ul → p−1
λ (Zn,m(τ)), as the image of the filtration V •n under ql ◦ q−1

l gives the
relative HN filtration of Ul. Therefore, for each l, we have a morphism

Fl : Ul → SL(Vn)× p−1
λ (Zn,m(τ))→ SL(Vn)×P (λ) p−1

λ (Zn,m(τ))→ S′β,

where the first morphism is given by (h̃l, sl) and the final morphism is given by the group action,
which has image in S′β as this is the smallest G-invariant subscheme of the quot scheme which

contains p−1
λ (Zn,m(τ)). By checking on double intersections, we see that the morphisms Fl glue

to give a morphism F : T → S′β (we note that the morphisms (h̃l, sl) will not in general glue).
This gives the required factorisation of f : T → Qon and completes our proof. �

The proof of the above theorem also proves the following Corollary.

Corollary 4.20. Let τ ∈ HNT(X,P ); then for m >> n >> 0,

Qn,τ = SL(Vn) · p−1
λ (Zn,m(τ))

where Zτ,n,m :=
∏s
i=1(Qin)ss and (Qin)ss ⊂ Quot(V i

n ⊗OX(−n), Pi) are the subschemes defined
in the above proof.

Proposition 4.21. Let τ be a HN type. Then, for n >> 0, we have isomorphisms

CohτP (X) ∼= [Qn,τ/Gn]

where Qn,τ is a locally closed subscheme of Quot(Vn ⊗OX(−n), P ) and Gn = GL(Vn).

Proof. By Corollary 4.20, there exists n >> 0, so all sheaves with HN type τ are n-regular and
so can be parametrised by a quotient sheaf in the HN stratum Qn,τ ⊂ Qon.

The restriction Un,τ of the universal family to Qn,τ ×X has the local universal property for
families of sheaves on X of HN type τ by our assumption on n. Therefore, we obtain a map

Qn,τ → CohτP (X)

that is an atlas for CohτP (X). Two morphisms fi : S → Qn,τ define isomorphic families of
sheaves of HN type τ if and only if they are related by a morphism ϕ : S → GL(Vn); i.e.
f1(s) = ϕ(s) · f2(s) for all s ∈ S. Hence, the above morphism descends to an isomorphism
[Qn,τ/Gn]→ CohτP (X). �
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4.7. Stratifications on the stack. As explained in the introduction, one might naturally
expect an agreement between the Hesselink and HN stratifications, following the work of Atiyah-
Bott [2] and the agreement for quiver representations. However, Theorem 4.19 only gives a
containment result. In this section, we explain why these stratifications do not agree, and how
to compare the stratifications on Quotn for different n to produce an asymptotic stratification
on the stack of coherent sheaves on X, which coincides with the HN stratification.

The following lemma indicates that we should work with the refined Hesselink strata Sβ,ν ,
where ν is a tuple of Hilbert polynomials (see Remark 4.8), rather than Sβ; the proof of this
lemma follows immediately from Definition 4.18.

Lemma 4.22. Let τ = (P1, . . . , Ps) and τ ′ = (P ′1, . . . , P
′
t) be HN types; then βn,m(τ) = βn,m(τ ′)

if and only if s = t and, for i = 1, . . . , s, we have that Pi(n) = P ′i (n) and Pi(m) = P ′i (m).

Remark 4.23. We note that if dimX ≤ 1, then the assignment τ 7→ βn,m(τ) is injective for
any m > n, as the Hilbert polynomial Pi of any sheaf on X has at most degree 1 and so Pi
is uniquely determined by the pair (Pi(n), Pi(m)). For dimX > 1, we cannot make the same
conclusion. Although, for distinct HN types τ 6= τ ′, we note that

βn,m(τ) 6= βn,m(τ ′) for m >> n >> 0.

However, as there are infinitely many HN types, we cannot pick m >> n >> 0 so that the
assignment τ 7→ βn,m(τ) is injective for all HN types.

For each n (and for each m >> n), we have a refined Hesselink stratification of Quotn as-
sociated to the linearisation Ln,m. If we fix n, then there are only finitely many Hesselink
stratifications for the SLP (n)-action on Quotn by standard results on variation of GIT (for ex-
ample, see [7], Theorem 1.3.9). Therefore, for mn sufficiently large, the Hesselink stratifications
on Quotn associated to Ln,m agree. We assume we have taken mn sufficiently large so this is
the case and will refer to the refined Hesselink stratification of Quotn with respect to Ln,mn as
the refined Hesselink on Quotn which we write as follows

(10) Quotn =
⊔

β∈Bn,ν∈Cβ

Snβ,ν

where Bn is a finite set of conjugacy classes of rational 1-PSs of SLP (n) and Cβ is a finite set of
tuples of Hilbert polynomials.

We now would like to allow n to vary and study the limit of these stratifications as n tends
to infinity so that we can study all sheaves with Hilbert polynomials P on X. However, there is
one immediate problem: there are no natural morphisms Quotn → Quotn′ for n′ > n and so we
cannot naturally produce an ind-scheme from these different quot schemes. However, as every
n-regular sheaf is n′-regular for all n′ ≥ n, it makes sense to restrict to an open subscheme
Qn−reg ⊂ Quotn parametrising n-regular quotient sheaves q : Vn ⊗ OX(−n) → E such that
H0(q(n)) is an isomorphism. Then for n′ ≥ n, we have natural equivariant morphisms

Qn−reg → Qn
′−reg.

Furthermore, the stack quotient of the GLP (n)-action on Qn−reg is isomorphic to the stack

Cohn−reg
P (X) of n-regular coherent sheaves on X with Hilbert polynomial P . Hence the above

morphisms, determine a directed system of open immersions

Cohn−reg
P (X) ↪→ Cohn

′−reg
P (X)

whose limit is the stack CohP (X) of coherent sheaves on X with Hilbert polynomial P . This
suggests this stack is the correct space to compare the Hesselink stratifications for different n.

We can intersect the refined Hesselink stratification (10) with the open subscheme Qn−reg

and then take the quotient by Gn := GLP (n) to obtain finite Hesselink stratifications

(11) Cohn−reg
P (X) =

⊔
β∈Bn,ν∈Cβ

Snβ,ν
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where Snβ,ν are quotient stacks. More precisely, let Sn−reg
β,ν denote the fibre product of the

Hesselink stratum Snβ,ν in Quotn with Qn−reg; then Snβ,ν := [Sn−reg
β,ν /GLP (n)].

Definition 4.24. For each tuple ν of Hilbert polynomials, we let βn(ν) := βn,mn(ν) ∈ Bn
denote the associated Hesselink index given by Definition 4.18, and we write Snν := Snβn(ν),ν for

the corresponding refined Hesselink stratum in Cohn−reg
P (X).

Proposition 4.25. Let ν = (P1, . . . , Ps) be a tuple of Hilbert polynomials on X such that∑
i Pi = P .

i) If ν = τ ∈ HNT(X,P ), then for n >> 0 we have a closed immersion of stacks

CohτP (X) ↪→ Snτ .

ii) If ν = τ ∈ HNT(X,P ) and n ∈ N, then for n′ >> n, we have a locally closed immersion

Snτ ↪→
⊔

τ ′∈Bnτ

Cohτ ′P (X),

where Bnτ is a finite set of HN types τ ′ ≥ τ , and moreover, for each τ ′ ∈ Bnτ , we have a

closed immersion Cohτ ′P (X) ↪→ Sn
′
τ ′ .

iii) Let F be a sheaf on X with Hilbert polynomial P . Then F is represented by a point in
Snν for all n >> 0 if and only if F has HN type ν (and so, in particular, ν is a HN type).

Proof. Part i). By Theorem 4.19, for n >> 0, the HN stratum Qn,τ indexed by τ in the open
subscheme Qon ⊂ Quotn is a closed subscheme of the refined Hesselink stratum Snτ := Sβn,mn (τ),τ

in Quotn. The assumptions on n given in Theorem 4.19 imply that all sheaves with HN type τ
are n-regular, so the locally closed immersion Qn,τ ↪→ Qon factors through the open subscheme
Qn−reg ⊂ Qon. By the universal property of the fibre product, the closed immersion Qn,τ ↪→ Snτ
factors through Sn−reg

τ := Snτ ×Quotn Q
n−reg. The factorisation Qn,τ ↪→ Sn−reg

τ is a closed
immersion (cf. [6, I Corollaire 5.3.13]) and, after taking the stack quotient by GLP (n), this
induces a closed immersion CohτP (X) ↪→ Snτ .

Part ii). Since the refined Hesselink stratum Sn−reg
τ is a finite type scheme, it has a finite

stratification by HN types

Sn−reg
τ =

⊔
τ ′∈Bnτ

Sn−reg
τ,τ ′ ,

where Bnτ is a finite set of HN types. Furthermore, every quotient sheaf q : Vn ⊗OX(−n)� E
in Snτ ⊂ Quotn admits a filtration

0 ⊂ E(1) ⊂ E(2) ⊂ · · · ⊂ E(s) = E
such that P (E(i)/E(i−1)) = Pi; therefore, E has HN type at least τ . Hence, for each τ ′ ∈ Bnτ , we
have τ ′ ≥ τ . As the set Bnτ is finite, we can apply part i) to each HN type τ ′ ∈ Bnτ to conclude

that for n(τ ′) >> 0, we have a closed immersion Cohτ ′P (X) ↪→ S
n(τ ′)
τ ′ . Let n′ be the maximum of

the n(τ ′) for τ ′ ∈ Bnτ . Since Sn−reg
τ,τ ′ ⊂ Sn−reg

τ is a locally closed subscheme, after taking the stack

quotient by GLP (n), we obtain a locally closed immersion. As a composition of immersions is
an immersion, the following composition is a locally closed immersion

Snτ,τ ′ ↪→ Snτ ↪→ Coh
n−reg
P (X) ↪→ Cohn′−reg,

which factors via Cohτ ′P (X), as Snτ,τ ′ is the HN stratum for τ ′ (to prove this we use the natural

atlases for these stacks and apply Theorem 4.15). The factorisation Snτ,τ ′ ↪→ Cohτ
′
P (X) is then

also a locally closed immersion. Hence, we have a locally closed immersion

Snτ =
⊔

τ ′∈Bnτ

Snτ,τ ′ ↪→
⊔

τ ′∈Bnτ

Cohτ ′P (X)

and, for each τ ′ ∈ Bnτ , closed immersions Cohτ ′P (X) ↪→ Sn
′
τ ′ .

Part iii). If F has HN type ν, then F represents a point in CohνP (X) and by part i), this is
contained in Snν for all n >> 0. If F is represented by a point Snν for all n >> 0 and has HN
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type τ 6= ν, then F represents a point in CohτP (X), which is contained in Snτ for all n >> 0.
This would contradict the fact that the refined Hesselink strata are disjoint. �

For a tuple ν of Hilbert polynomials, we have a refined Hesselink stratum Snν ⊂ Coh
n−reg
P (X)

for each n. Unfortunately, it is not the case that for n′ >> n, the n′th Hesselink stratification is
a refinement of the nth Hesselink stratification. For example, we may have for fixed n, two n-
regular sheaves E and E ′ with the same HN type τ , but the subquotients appearing in their HN
filtrations are not necessarily n-regular. In this case, it is possible that E and E ′ are represented
by points in two distinct refined Hesselink strata Snν and Snν′ , but for n′ >> n, both sheaves will

represent points in Sn
′
τ by Proposition 4.25. However, for each ν, from the collection of finite

Hesselink strata Snν for different n, our aim is to construct an asymptotic ‘limit’ Sν ⊂ CohP (X),
in the sense that a sheaf F is represented by a point of Sν if and only if F is represented by a
point of Snν for n >> 0.

A natural way to compare Snν and Sn
′

ν for n′ > n is to take their fibre product in Cohn
′−reg
P (X).

Definition 4.26. For a tuple of Hilbert polynomials and n′ > n, we let S
n,n′
ν be the following

fibre product

S
n,n′
ν
� � //
� _

��

Sn
′
ν� _

��

Snν
� � // Cohn

′−reg
P (X).

We note that a sheaf E is represented by a point in S
n,n′
ν if and only if it is n-regular and is

represented by a point in Snν and a point in Sn
′
ν .

The following theorem shows that the fibre products S
n,n′
ν of the Hesselink strata stabilise

for n′ >> n >> 0 and so we can define an asymptotic Hesselink stratum Sν ⊂ CohP (X) to be
this limit. Furthermore, we see that these asymptotic strata Sν give a stratification of CohP (X)
which coincides with the Harder–Narasimhan stratification.

Theorem 4.27. Let ν = (P1, . . . , Ps) be a tuple of Hilbert polynomials on X such that
∑

i Pi =

P . For n′ ≥ n, let Sn,n
′

ν be the fibre product of the Hesselink strata Snν and Sn
′
ν in Cohn

′−reg
P (X).

i) If ν ∈ HNT (X,P ), then for n′ >> n >> 0, we have S
n,n′
ν = CohνP (X).

ii) If ν /∈ HNT (X,P ), then for n′ >> n >> 0, we have S
n,n′
ν = ∅

In either case, the refined Hesselink strata stabilise to an asymptotic stratum Sν ⊂ CohνP (X).
Furthermore, the strata Sν give a stratification of CohP (X) which coincides with the Harder–
Narasimhan stratification.

Proof. Part i). Take n′ >> n >> 0 as required by Proposition 4.25 so that we have immersions

CohνP (X) ↪→ Snν ↪→
⊔

ν′∈Bnν

Cohν′P (X),

for a finite set Bnν of HN types ν ′ ≥ ν, and closed immersions Cohν′P (X) ↪→ Sn
′
ν′ for each ν ′ ∈ Bnν .

By construction of Sn,n
′

ν , we have locally closed immersions S
n,n′
ν ↪→ Snν and S

n,n′
ν ↪→ Sn

′
ν . Hence

the composition

Sn,n
′

ν ↪→ Snν ↪→
⊔

ν′∈Bnν

Cohν′P (X)

is also a locally closed immersion. We claim that S
n,n′
ν ↪→ CohνP (X). Otherwise S

n,n′
ν has non-

empty intersection with Cohν′P (X) for ν ′ 6= ν and this would contradict the disjointness of the

(stack quotients of the refined) Hesselink strata Sn
′
ν and Sn

′
ν′ . Since also CohνP (X) ↪→ Snν and

CohνP (X) ↪→ Sn
′
ν , and these maps are compatible with the maps to CohP (X), we conclude that

S
n,n′
ν = CohνP (X).

Part ii) follows directly from Proposition 4.25 iii) and the construction of Sn,n
′

ν .
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In particular, we see that an asymptotic Hesselink stratum Sν is non-empty if and only if
ν ∈ HNT(X,P ) and these asymptotic Hesselink strata coincide with the HN strata. �

Remark 4.28. A sheaf is represented by a point of Sν if and only if it is represented by a point
of Snν for n >> 0. To prove this claim, we note that a sheaf F has HN type ν if and only if it
represents a point in Sνn for n >> 0 by Proposition 4.25 iii).

5. A functor from sheaves to quiver representations

In [1], Álvarez-Cónsul and King give a functorial construction of moduli spaces of semistable
sheaves on (X,OX(1)) using moduli spaces of representations for a Kronecker quiver. In this
section, we generalise this construction by extending this quiver and compare the HN strata for
sheaves and quivers.

5.1. Overview of the construction of the functor. Let X be a projective scheme of finite
type over k with very ample line bundle OX(1) and let Coh(X) denote the category of coherent
sheaves on X. For natural numbers m > n, we let Kn,m be a Kronecker quiver with vertex set
V := {n,m} and dimH0(OX(m− n)) arrows from n to m, and consider the functor

Φn,m := Hom(OX(−n)⊕OX(−m), − ) : Coh(X)→ Rep(Kn,m)

that sends a sheaf E to the representation WE of Kn,m where

WE,n := H0(E(n)) WE,m := H0(E(m))

and the evaluation map H0(E(n))⊗H0(OX(m− n))→ H0(E(m)) gives the morphisms.

Let Cohn−reg
P (X) be the subcategory of Coh(X) consisting of n-regular sheaves with Hilbert

polynomial P . Then the image of Φn,m restricted to Cohn−reg
P (X) is contained in the subcat-

egory of quiver representations of dimension vector dn,m(P ) = (P (n), P (m)). By [1] Theorem
3.4, if OX(m− n) is regular, then the functor

Φn,m : Cohn−reg
P (X)→ Repdn,m(P )(Kn,m)

is fully faithful. For representations of Kn,m of dimension dn,m(P ), we consider the stability
parameter θn,m(P ) := (−P (m), P (n)).

Theorem 5.1 ([1] Theorem 5.10). For m >> n >> 0, depending on X and P , a sheaf E with
Hilbert polynomial P is semistable if and only if it is pure, n-regular and the quiver representa-
tion Φn,m(E) is θn,m(P )-semistable.

We briefly describe how to pick m >> n >> 0 as required for this theorem to hold; for further
details, we refer to the reader to the conditions (C:1) - (C:5) stated in [1] §5.1. First, we take n
so all semistable sheaves with Hilbert polynomial P are n-regular and the Le Potier–Simpson
estimates hold. Then we choose m so OX(m−n) is regular and, for all n-regular sheaves E and
vector subspaces V ′ ⊂ H0(E(n)), the subsheaf E ′ generated by V ′ under the evaluation map
H0(E(n)) ⊗ O(−n) → E is m-regular. Finally, we take m sufficiently large so a finite list of
polynomial inequalities can be determined by evaluation at m (see (C:5) in [1]).

We can alternatively consider the functor Φn,m as a morphism of stacks. We recall that

Cohn−reg
P (X) ∼= [Qn−reg/Gn],

where Gn = GL(Vn), and

Repdn,m(P )(Kn,m) ∼= [Repdn,m(P )(Kn,m)/Gdn,m(P )(Kn,m)].

Let Un be the universal quotient sheaf over Qn−reg ×X and p : Qn−reg ×X → Qn−reg be the
projection map. By definition of Qn−reg, we have that Rip∗(Un(n)) = 0 for i > 0; therefore,
by the semi-continuity theorem, p∗(Un(n)) is a vector bundle over Qn−reg of rank P (n) and
similarly p∗(Un(m)) is a rank P (m) vector bundle. Hence, by using the evaluation map, we
obtain a family of representations of Kn,m of dimension dn,m(P ) parametrised by Qn−reg that
induces a morphism

Qn−reg → Repdn,m(P )(Kn,m).
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As this morphism is Gn-invariant, it descends to a morphism of stacks

Φn,m : Cohn−reg
P (X)→ Repdn,m(P )(Kn,m).

We study the images of Hesselink (resp. HN) strata under this morphism in Proposition 5.5
(resp. Theorem 5.7) below.

5.2. The images of the Hesselink strata. In this section, we fix n and assume m >> n so
that

(A1) OX(m− n) is regular,
(A2) for any n-regular sheaf E and any vector subspace V ′ ⊂ H0(E(n)), the subsheaf E ′ ⊂ E

generated by V ′ is m-regular.

The second assumption is possible as such sheaves E ′ form a bounded family (see [1] Condition
(C:4) in §5.1).

Let
Quot(Vn ⊗OX(−n), P ) =

⊔
β∈Bn,m

Sβ

be the Hesselink stratification associated to the SL(Vn)-action on this Quot scheme with respect
to Ln,m as we described in §4.3. As in §4.7, we consider the induced stratification on the stack
of n-regular sheaves

(12) Cohn−reg
P (X) =

⊔
β

S
n,m
β

where S
n,m
β = [Sn−reg

β /Gn] and Sn−reg
β is the fibre product of Qn−reg and Sβ in this Quot scheme.

To define a Hesselink stratification on the space (or stack) of representations of Kn,m of
dimension vector dn,m(P ), we need to choose a parameter α ∈ N2 which defines a norm || − ||α
as in Example 2.4 (b). We take α = αn,m(P ) := (P (m), P (n)) due to the following lemma.

Lemma 5.2. Let θ = θn,m(P ) and α = αn,m(P ). Then, for sheaves E and F , we have

θ(WE)

α(WE)
≥ θ(WF )

α(WF )
⇐⇒ h0(E(n))

h0(E(m))
≤ h0(F(n))

h0(F(m))
.

The same statement holds if we replace these inequalities with strict inequalities.

Proof. By definition of these parameters, we have

θ(WE)

α(WE)
:=
−P (m)h0(E(n)) + P (n)h0(E(m))

P (m)h0(E(n)) + P (n)h0(E(m))
= 1− 2P (m)h0(E(n))

P (m)h0(E(n)) + P (n)h0(E(m))
.

From this, it is easy to check the desired equivalences of inequalities. �

By Theorem 3.8, we can equivalently view the Hesselink stratification (with respect to ρθ and
|| − ||α) as a stratification by HN types (with respect to θ and α):

Repdn,m(P )(Kn,m) =
⊔
γ

Repγdn,m(P )(Kn,m).

The unstable Hesselink strata in (12) are indexed by conjugacy classes of rational 1-PSs λβ
of SL(Vn). Equivalently, the index β is given by a collection of strictly decreasing rational
weights r(β) = (r1, . . . , rs) and multiplicities l(β) = (l1, . . . , ls) satisfying

∑s
i=1 li = P (n) and∑s

i=1 rili = 0. More precisely, we recall that the rational 1-PS associated to r(β) and l(β) is

λβ(t) = diag(tr1 , . . . , tr1 , . . . , trs , . . . , trs)

where ri appears li times.

Definition 5.3. For an index β of the Hesselink stratification (12) on the stack of n-regular
sheaves as above, we let γ(β) := (d1(β), . . . , ds(β)) where

di(β) =

(
li, li

P (m)

P (n)
− liri

)
.
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Lemma 5.4. Let β be an index for the Hesselink stratification (12); then γ(β) is a HN type
for a representation of Kn,m of dimension dn,m with respect to θ and α.

Proof. Let r(β) = (r1, . . . , rs) and l(β) = (l1, . . . , ls) be as above. Then

s∑
i=1

di(β) =

(
n∑
i=1

li,

n∑
i=1

li
P (m)

P (n)
− liri

)
= (P (n), P (m)),

as
∑
li = P (n) and

∑
liri = 0. Furthermore, as r1 > · · · > rs, it follows that

θ(d1(β))

α(d1(β))
<
θ(d2(β))

α(d2(β))
< · · · · · · < θ(ds(β))

α(ds(β))
.

To complete the proof, we must verify that

di(β) =

(
li, li

P (m)

P (n)
− liri

)
∈ N2.

The first number li is a multiplicity and so is a natural number, but the second number is a
priori only rational. As β is an index for the Hesselink stratification, it indexes a non-empty
stratum Sβ and, as this stratum is constructed from its associated limit set Zλd , by Theorem 2.8,
it follows that this limit set must also be non-empty. Hence this limit set contains a quotient
sheaf q : Vn ⊗OX(−n)→ ⊕si=1Ei such that, by Proposition 4.6, for i = 1, . . . , s, we have

P (Ei,m) = li
P (m)

P (n)
− liri.

Then, as P (Ei,m) ∈ N, this completes the proof. �

Proposition 5.5. For a Hesselink index β in (12), we have

Φn,m

(
S
n,m
β

)
⊂

⊔
γ≥γ(β)

Repγdn,m(P )(Kn,m).

Proof. Let q : Vn ⊗OX(−n) � E be a quotient sheaf in Sn−reg
β and let r(β) = (r1, . . . , rs) and

l(β) = (l1, . . . , ls) be the associated rational weights and multiplicities; thus, r1 > · · · > rs and

λβ(t) = diag(tr1 , . . . , tr1 , . . . , trs , . . . , trs)

where ri appears li times. If λ denotes the unique integral primitive 1-PS associated to λβ, then

β = ([λ], d) where d = ||λβ||. The 1-PS λ induces a filtration 0 = V
(0)
n ⊂ V (1)

n ⊂ · · · ⊂ V (s)
n = Vn

such that the successive quotients V i
n have dimension li.

By Corollary 4.7, there exists g ∈ SL(Vn) such that we have a filtration

0 = E(0) ⊂ · · · ⊂ E(i) := g · q(V (i)
n ⊗OX(−n)) ⊂ · · · ⊂ E(s) = E

where the Hilbert polynomials of E i := E(i)/E(i−1) satisfy

P (n)P (Ei,m) = li(P (m)− riP (n)) for i = 1, . . . , s.

Let W (i) := Φn,m(E(i)); then we have a filtration

(13) 0 = W (0) ⊂W (1) ⊂ · · · ⊂W (s) = W

with dimW (i) := (dimH0(E(i)(n)),dimH0(E(i)(m))) = (dimV
(i)
n , P (E(i),m)), due to the fact

that H0(q(n)) is an isomorphism (because q ∈ Qn−reg) and E(i) is m-regular (by the assumption

(A2) on m). Let Wi := W (i)/W (i−1); then

dimWi = (dimV i
n, P (Ei,m)) =

(
li, li

P (m)

P (n)
− liri

)
.

As we have a filtration (13) of W whose successive quotients have dimension vectors specified
by γ(β) and γ(β) is a HN type for dn,m-dimensional representation of Kn,m by Lemma 5.4, it
follows that W = Φn,m(E) has HN type greater than or equal to γ(β). �
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In the above proof, we note that the subsheaves E(i) may not be n-regular and so Wi is
only isomorphic to Φn,m(Ei) if H1(E(i−1)(n)) = 0. This is not the case in general; although Wi

is always a subrepresentation of Φn,m(Ei). Hence, it is not possible to use GIT semistability
properties of the quotients qi : V i

n ⊗OX(−n)→ Ei to deduce (θ, α)-semistability of Wi (i.e., to
show that (13) is the HN filtration of W ).

5.3. The image of the HN strata. In this section, we study the image of the HN strata
CohτP (X) under the map

Φn,m : Cohn−reg
P (X)→ Repdn,m(P )(Kn,m)

for n and m sufficiently large (depending on τ). We prove that a HN stratum for sheaves is
mapped to a HN stratum for quiver representations. Let θ = θn,m(P ) := (−P (m), P (n)) and
α = αn,m(P ) := (P (m), P (n)) be as above.

Definition 5.6. For a HN type τ = (P1, . . . , Ps) ∈ HNT(X,P ) and (n,m) ∈ N2, we let

γn,m(τ) := (dn,m(P1), . . . , dn,m(Ps))

where dn,m(Pi) = (Pi(n), Pi(m)).

As τ is a HN type of sheaves, we have that P1 � P2 � · · · · · · � Ps; thus,

(14)
P1(n)

P1(m)
>

P2(n)

P2(m)
> · · · · · · > Ps(n)

Ps(m)
for m >> n >> 0.

Therefore, by Lemma 5.2, for m >> n >> 0, we have

θ(dn,m(P1))

α(dn,m(P1))
<
θ(dn,m(P2))

α(dn,m(P2))
< · · · · · · < θ(dn,m(Ps))

α(dn,m(Ps))
;

i.e., γn,m(τ) is a HN type for representations of Kn,m of dimension dn,m(P ) for m >> n >> 0.

Theorem 5.7. Let τ = (P1, . . . , Ps) ∈ HNT(X,P ) be a HN type. Then, for m >> n >> 0,

Φn,m (CohτP (X)) ⊂ Rep
γn,m(τ)
dn,m(P )(Kn,m).

Proof. We take m >> n >> 0 as needed for Theorem 5.1 for the Hilbert polynomials P1, . . . , Ps.
Furthermore, we assume that m and n are sufficiently large so the inequalities (14) hold.

Let E be a sheaf on X of HN type τ and HN filtration given by

0 = E(0) ⊂ E(1) ⊂ · · · ⊂ E(s) = E .
Let W = Φn,m(E) and W (i) := Φn,m(E(i)); then we claim that the induced filtration

(15) 0 = W (0) ⊂W (1) ⊂ · · · ⊂W (s) = W

is the HN filtration of W with respect to (θ, α) and, moreover, that W has HN type γn,m(τ).
Let Ei and Wi denote the successive subquotients in the above filtrations. Our assumptions on
n imply that each Ei is n-regular and so, by induction, each E(i) is n-regular. Therefore, we
have exact sequences

0→ H0(E(i−1)(n))→ H0(E(i)(n))→ H0(Ei(n))→ 0

that give isomorphisms Φn,m(Ei) ∼= Wi. Since Ei is n-regular and semistable with Hilbert
polynomial Pi, the quiver representation Wi is θi := θn,m(Pi)-semistable by Theorem 5.1. For
a subrepresentation W ′ ⊂Wi, we note that

θi(W
′) ≥ 0 ⇐⇒ Pi(n) dimW ′vm ≥ Pi(m) dimW ′vn ⇐⇒

θ(W ′)

α(W ′)
≥ θ(Wi)

α(Wi)
.

Therefore, θi-semistability of Wi implies (θ, α)-semistability of Wi. To finish the proof of the
claim, i.e. to prove that (15) is the HN filtration of W , it suffices to check that

θ(W1)

α(W1)
<
θ(W2)

α(W2)
< · · · · · · < θ(Ws)

α(Ws)
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or, equivalently, by Lemma 5.2, that

h0(E1(n))

h0(E1(m))
>

h0(E2(n))

h0(E2(m))
> · · · · · · > h0(Es(n))

h0(Es(m))
.

Since Ei is n-regular, we have that h0(Ei(n)) = Pi(n) and h0(Ei(m)) = Pi(m); hence, the above
inequalities are equivalent to (14). Moreover, this shows that W has HN type γn,m(τ). �

Remark 5.8. The assignment τ 7→ γn,m(τ) is not injective for exactly the same reason as in
Lemma 4.22. In fact, more generally, P 7→ dn,m(P ) is not injective, unless dimX ≤ 1.

5.4. Adding more vertices. In this final section, we generalise the construction of Álvarez-
Cónsul and King by adding more vertices so that the map τ 7→ γ(τ) is injective.

For a tuple n = (n0, · · · , nd) of increasing natural numbers, we define a functor

Φn := Hom(
d⊕
i=0

OX(−ni), − ) : Coh(X)→ Rep(Kn)

where Kn denotes the quiver with vertex set V = {n0, . . . , nd} and dimH0(OX(ni+1 − ni))
arrows from ni to ni+1:

Kn =


−→ −→

n0
... n1 nd−1

... nd
• H0(OX(n1 − n0)) • · · · • H0(OX(nd − nd−1)) •

...
−→ −→

 .

More precisely, if E is a coherent sheaf on X, then Φn(E) is the quiver representation denoted

WE = (WE,n0 , . . . ,WE,nd , ev1
E , . . . , evdE) where we let WE,i := H0(E(i)) and the arrows are given

by the evaluation maps eviE : H0(E(ni−1))⊗H0(O(ni − ni−1))→ H0(E(ni)).
We note that Φn maps n0-regular sheaves with Hilbert polynomial P to representations of

Kn of dimension vector dn(P ) := (P (n0), . . . , P (nd)).

Remark 5.9. In general, for d > 1, the image of Φn is contained in a substack consisting of
quiver representations satisfying certain relations Rn. To describe the relations, we consider

the evaluation maps eviO : H0(OX(ni − ni−1)) ⊗H0(OX(ni+1 − ni)) → H0(OX(ni+1 − ni−1)).
If Hi := H0(OX(ni − ni−1)), we have commutative squares

H0(E(ni−1))⊗Hi ⊗Hi+1

eviE⊗Id
//

Id⊗eviO
��

H0(E(ni))⊗Hi+1

evi+1
E

��
H0(E(ni−1))⊗H0(OX(ni+1 − ni−1)) // H0(E(ni+1))

and, therefore, elements in the kernel of evO,i give rise to compositions of paths that are zero.
More precisely, the kernels of the iterated evaluation maps

Hi ⊗Hi+1 ⊗ · · · ⊗Hj → H0(OX(nj − ni−1)),

for i < j, describe the set of relations Rn on Kn.

Remark 5.10. In this remark, we explain how many constructions of [1] can be generalised.
Throughout we assume that OX(ni − ni−1) are 0-regular for i = 1, . . . , d, so that

ev : H0(OX(ni − ni−1))⊗H0(OX(l))→ H0(OX(ni − ni−1 + l))

is surjective for l ≥ 0. Let Bn be the path algebra of Kn. Then the category of representations
of Kn is equivalent to the category of finite dimensional right Bn-modules. As a vector space,

Bn =
⊕d

i=0 k ei ⊕
⊕d

i=1Hi ⊕
⊕d

i=2Hi−1 ⊗Hi ⊕ · · ·⊕ H1 ⊗H2 ⊗ · · · ⊗Hd

path length: 0 1 2 · · · d
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where ei is the trivial path at vertex i and Hi := H0(OX(ni − ni−1)) is the space of arrows
i − 1 7→ i. Let Ln (resp. Hn) denote the space of length 0 (resp. length 1) paths; then Hn is
an Ln-bimodule, with structure characterised by ei−1Hnei = Hi, for i = 1, . . . , d. Moreover, Bn
is the tensor algebra of Hn over Ln. The sheaf Tn := ⊕di=0OX(−ni) is a left Bn-module: its
decomposition gives it the structure of a left Ln-module and the evaluation map ev : Hn ⊗Ln
Tn → Tn describes the Hn-action. Since

EndOX (Tn) =
⊕
i≤j

H0(OX(nj − ni)),

the evaluation maps determine a map Bn → EndOX (Tn) that is surjective if H0(OX) = k. Let
An be the path algebra of (Kn,Rn). Then Tn is also a left An-module and An = EndOX (Tn),
if H0(OX) = k. Moreover, the functor

Φn := Hom(Tn, − ) : Coh(X)→ Rep(Kn,Rn) ∼= Mod−An
has left adjoint Φ∨n = −⊗An Tn.

We want to find a stability parameter θ = θn(P ) ∈ Zd+1 for representations of Kn of dimen-
sion vector dn(P ) such that Φn sends semistable sheaves to θ-semistable quiver representations
for n >> 0 (that is, for nd >> nd−1 >> · · · >> n0 >> 0). Let

θn(P ) := (θ0, . . . , θd) where θi :=
∑
j<i

P (nj)−
∑
j>i

P (nj);

then
∑d

i=0 θiP (ni) = 0. The following lemma demonstrates that this is a suitable choice.

Lemma 5.11. Let θ = θn(P ) as above and E be a sheaf on X. If, for all j < i, we have

h0(E(nj))

h0(E(ni))
≤ P (nj)

P (ni)
,

then θ(WE) ≥ 0.

Proof. By definition θ(WE) :=
∑d

i=0 θih
0(E(ni)) and so it follows that

θ(WE) =
∑
i

(
∑
j<i

P (nj)−
∑
j>i

P (nj))h
0(E(ni)) =

∑
i

∑
j<i

P (nj)h
0(E(ni))− P (ni)h

0(E(nj) ≥ 0.

by using the given inequalities. �

Corollary 5.12. Let P be a Hilbert polynomial; then for n >> 0, we have

Φn(CohssP (X)) ⊂ Rep
θn(P )

dn(P )(Kn).

Finally, we need to pick a suitable stability parameter α ∈ Nd+1. The following lemma, whose
proof is analogous to Lemma 5.11, shows that we should pick

α = αn(P ) := (α0, . . . , αd) where αi :=
∑
j<i

P (nj) +
∑
j>i

P (nj).

Lemma 5.13. Let θ = θn(P ) and α = αn(P ) be as above and E and F be two sheaves on X.
If, for all j < i, we have

h0(E(nj))

h0(E(ni))
≤ h0(F(nj))

h0(F(ni))
,

then
θ(WE)

α(WE)
≥ θ(WF )

α(WF )
.

Definition 5.14. For τ = (P1, . . . , Ps) ∈ HNT(X,P ) and a tuple n = (n0, . . . , nd), we let

γn(τ) := (dn(P1), . . . , dn(Ps)).

Then, for τ as above and for n >> 0 (depending on τ), the tuple γn(τ) of dimension vectors
of representations of Kn is a HN type with respect to (θn(P ), αn(P )).
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Theorem 5.15. For a HN type τ = (P1, . . . , Ps) of sheaves on X with Hilbert polynomial P ,
we have, for n >> 0, that

Φn(CohτP (X)) ⊂ Rep
γn(τ)

dn(P )(Kn)

where the HN stratification of Rep(Kn) is taken with respect to (θn(P ), αn(P )).

Proof. To choose n, we first take n0 sufficiently large so all semistable sheaves with Hilbert
polynomial Pi are n0-regular. We choose n1, . . . , nd successively so, for 0 ≤ j < l ≤ d, we have
(i) for i = 1, . . . , s, Theorem 5.1 holds for Pi and (n,m) = (nj , nl) and (ii) for i = 1, . . . , s− 1,
we have

Pi(nj)

Pi(nk)
>
Pi+1(nj)

Pi+1(nl)
.

The proof is almost identical to that of Theorem 5.7, but uses Lemma 5.13. The only part that
differs, retaining the notation of Theorem 5.7, is the proof that Wi

∼= Φn(Ei) is (θn(P ), αn(P ))-
semistable. For any subrepresentation W ′ ⊂Wi, we must check that

(16) θn(P )(W ′)αn(P )(Wi)− θn(P )(Wi)αn(P )(W ′) ≥ 0.

To establish this inequality, we use the fact that Ei is n0-regular and semistable with Hilbert
polynomial Pi. Given our choice of n, we know, for j < l, that Φnj ,nl(Ei) is θnj ,nl(Pi)-semistable
by Theorem 5.1. Hence, θnj ,nl(Pi)(W

′
j,l) ≥ 0 for any subrepresentation W ′j,l ⊂ Φnj ,nl(Ei). Finally

to verify (16) it suffices to consider the subrepresentations W ′j,l induced by W ′. �

Remark 5.16. To determine a polynomial P (x) of degree at most d, it suffices to know the
value P takes at d + 1 different values of x. Therefore, for d ≥ dimX, the map P 7→ dn(P )
is injective for all tuples n of strictly increasing natural numbers. It follows that the mapping
of HN types τ 7→ γn(τ) is also injective for d ≥ dimX. For d < dimX, the mapping on HN
types is not injective (cf. Remark 5.8 and Lemma 4.22) and so two HN stratum for sheaves
can be sent to the same quiver HN stratum. If we take d ≥ dimX, then this does not happen
and, moreover, the above theorem could be used to investigate whether there exists a sheaf of
a given HN type.
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1. L. Álvarez-Cónsul and A. D. King, A functorial construction of moduli of sheaves, Invent. Math. 168 (2007),
613–666.

2. M. F. Atiyah and R. Bott, The Yang–Mills equations over Riemann surfaces, Phil. Trans. R. Soc. Lond. Ser.
A 308 (1982), no. 1505, 523–615.

3. M. Ballard, D. Favero, and L. Katzarkov, Variation of geometric invariant theory quotients and derived
categories, To appear in J. Reien Angew. Math., 2012.

4. E. Bifet, F. Ghione, and M. Letizia, On the Abel-Jacobi map for divisors of higher rank on a curve, Math.
Ann. 299 (1994), no. 4, 641 –672.

5. G. Daskalopoulos, The topology of the space of stable bundles on a Riemann surface, J. diff. geom. 36 (1992),
699–746.
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