Bndgeland S’ralogag Condibons on [P’
@1 Overview of proof

K(PY = N(PY) = Z* = dim Si‘ab P =2

Recall, we have achons :

V. Ho gkins

s

Auw D(P') N Stab P' V™ GL,(3,IR)
)
There is a sesS of gps

1 — Z*Pic l?‘ — Puk DLIP‘\-*Aut P'— 1

'.‘7‘21. PGL(:,(D

Main Theorem ( Okada)
Stabp ' €*
W'l prove this reswt assuming 2 reswks, Waich we pove |aker.

lemma (¥ M is connected.

Theorem (*#3) There is o fundamental domain K € Stab IP' Gr the achon
o} PicP'xC ok s conformolly equivalent to €’

Prut of the main theorem :
The forahon Z — M:= Stab /¢
)
Wz 2K=2C (bé Thm (xx) )

gives o, Long exadk Sequence in hommpg

1:-T.(Z) — T, (M) = W (MW Z2) L (Z) — T, (m-aT(Mlz)

1}
MlCH=Z Z 1 1

=) L Z—> Z swijechwe.

As every homo Z—Z s given by mukhplicakion by n, we hoae
K is an rsomorphism. Hence, Ti(M)=0 e M is the universok
Covenna of € = M= C

Ra 0S N (l':bumlh.ah C is mwal, we have

Stako P — M=Stab®/C 2C€ = ShbL ' C". B
d*-wnd\e




82 The Konecker heart of DCPY)

Bta Edking, the standord heart K = Coh P!, we obrain the Kronetker
heart @ = Rep(+=").

PI'D@S"'\O" The PO
T= O, n>%0; Or,xe ¥ 7
F =<6, n <0 gave a tovsion ’dma on H= GhiP- D D
Lt bited t-shuchuwe
DX DP) : H(X)=0Viro ¥ H(eT Jc b

£D7 - qxeDP) : HlX)=0 Vict BH (e F] S 0”7
ond heart B:'H=<6 &(---\\II\?Q‘t

Prog: To prove (T, F) ore a torsion bheow, we naed o check::
() Hom (V,F) =0, vhich is dear os eveny homo B —0x &

Oln) = O(m) for n>m 1s zem.
(i) hr Ee ChlP, h.} Grothendieck's Thm we hawc.

€ = ®o°'“"®@ O D@ Ok

<0

nN2,0 n<O
M, N
TeWV Fe?

and O—)T—'.IE_"”F‘_DO IS a s.e.S.

Pickure aj the Stondard t-shuchwre & hilted t-Stuchwre:

D ‘__J:_&blp_l_——-l Ds o
oes O/ OL OUOGY - [+ 6-1)//@ B - ||... 0NN Gl] 6]
Ol 1] xeff O xe P ' //0.07 xel
£D7,° ‘.__————-—'——’_‘ t Dso
G s 507;0 nt D‘O E

Proposihon DP(®) = D® () = D(P)

Poof 1 : (T, F) are hlhng : ie VEed 3 Fe T st FE
Indeed for n >0, HAEWMI®OEN) —E is sugechve
ﬁ
Fivof 2. (ﬂrguwnl- of Bonda.l)
lx T= OO0 and A=EdT = (E(

(03‘; ¢)




Then we daim the following funchors arc quasi-inverse : "
F= RHom(T, <) : D(®) & D"(A-mod) =D(RepQ@): G =~ B, T,

We have . .
() Fo 6= 1d (os Hom' (T:T)-TO D RHom (T, EQAT)= E)

() GeF =2 1Id as F(EY#0 ¥ E#0 é_(resatvcama cx by ine bundlles &)
thercfore § Lot Qﬂo[g £ H torsion sheawes  +use Sere duahiby

E(E _'E_, E FOG\iF(E\ mp—c F(E)
B K) 1 = ~ /
"o . F(Conene) =) (onene =0
_ L
Where e is the Countt of e adgunchon ,-;mgu,

Remark:  F(@)= (©=-) =S: 73 Smple 1epS ef Q@
FOOALD)= (5 = ¢ )= S

ext
e B = €0, 0000) % <So, S, Y = RepQ = A-mod
15 cohed Yy Kronedewr heart.

WEU soon See there are move stability condihons With heart B Hhan V= b

Propesiion A Lk 6= (2,P) € Stab® Lith PL0)1)= A=Con(P. Then Z s
derermined by Z(0.)e R<o and Z(O)€ H=22eC :Imz>0§.
Futhumore - ald line bundles & torsion sheawes are 0-semistable

3 Ae€ st 6/'=6-A has heart ¥'(0,1])=B.
Povk: As Z:K(RY—> C s o AP homomorpusm , the s.e.S
0= Oln-1) > (n) =00 gives 20 = 2(0)+nZ(0y). (¥)
By assumphon P0)J=h = Z2(A) € H=HU R = /7L
By (), we musk have 200,) € IRco VxelP' and 2(0)EH.
P :

1t LB X o Since BGx has no Swooljecks S, & is o-st
—(—Z Moreover Oln) 15 6-Stakte, 05 ks subobyecks § (Xk)ﬁm

nm H have smaller phases

Finalh}, Wk A= iTTE (O, ther the achon 4 A on s 21 P2

Vhdn takes O(-1) oo Hae +ve feak ayis.



/
Pichure : Q) Z (00
‘ Z'0h) 2(®)
Z(0(0) —Z(00)

Ne have @i (0N =0 = Pg (0NG])=1
and Pg/(0) € (o)1),
Sine the achon of 2€ L does not alter semistabilhy , but reorders Hhe

prases, e have B =<6, oCN0IY®* € P/ (o) '), ddh must be an
equalily. os boH, ® and P01 ore hearts of t-shuchues on l)(li"')..g

A% i.e. thee ab least as many S\'abw.ta condiihons Wi V=B as Uhere
are (A Qrﬁ

$3 thbmg el EE

Proposiion1 (G K R?)
o) In D(P') there are Une [oUoloing families of

a,: O m-ni" "‘—-?/G(n\ D, : O™ B(n) Ly D = /@,,
v nY R4 ™ y F. b4 . Red .
pa@ R ) Frnck ‘P TS e

(b) \§f E=Qcor O and ue have a dish'namshcd A E'— €
wi,  Hom So(E'JF‘) then D= 0 &f“Wie'ﬂﬂ:ﬂ- F
() |f E=0x or OW) is o-unshable for some 6 € Shab P, then its
Harder - Norasimhan ‘?thnbmﬁ iS given ha one of Gn Di's oboove.
(4) 1f O(k) ond O+ are 6-Semistable and  Ps ( Olhr)) > s (OMX])
Yhen Ox (for X € IF') ond O(n) (for ng‘{k,lul}) are o-unsifable.

P @) The distingwshed A5 oppear 0s rotahons of s.e.s in (o IP

D fw nykil, we have a s.e.s

-+!) (n-k)
0- 0(\0@(“ u'——) @(IH—So . . n)— O

11X

Hom( Oli+1), Bm))® (et )

D, :fornack, Wehae se.s

0 = ) — ak)@(h-m-ﬂ

A
HW(O(’\)IMK]\ - Hﬂ(O(h-rﬂ) > ¢k’h ¥l

Ay 00— Olk) — Ol — By O \'f:x.ell"', ke Z.
(8) Mosty homelogical olgebra - s¢x [GKR]) Lemma 6.3 .

— (O(k+ )Q —0



(© W E=0n) or Or is 6-unshable,lt O: E'— T be bt finad A inibs
N

HN fltrahon (¢ F s &-sS N 'i';
E')> ¢s(E) 7 =y Han S0/ 1 £ =
¢f( ) ¢6‘( ¢5(F) = Hom o(E,F)—O
33 (b), D=0 for some (€<1,2,3) and F - 0{,&)92[—1'] for J€40,13
Tt remains ko shows E'is O-sS, E' = 0k)®™ (1] :f,f N
Eqwua\mﬂg, we need b shed  O(k+!) s 6-Semistable. ’
IF hot,w &': E"— Olkrl) be Ne fnad A in s HN flbvahon
R )
/ Y Agan Ps(E")7¢s (F') = Han °(E") F')-0
5-ss — F' _
- o by b), A'=Di vt 1 e41,2)
DF'= Q) () for § €013
\f O =01, then kil > ks Mj’=| vhich 1S a
Then Hom (O(k"),0(k) 20 = Hom (F'[j4),F) #0 ( contradichon

f O =0, then kil<k'and j'=0 as @ (F'G-)) 79s(F)
ps 07 Ext'(OUR"), O0)) = Hom ( O j-1), CQIEg)

=) Hom(F'(j-13,F) #0, which also gues o contradichon.
() A, = O is s~unsble & b5 (OlH)) 7 Ps(C2) > Pel BG))

Ay =D Oln) 5 5-unstuble for nvlkexl
D, = Q) 1§ 6 unstable for n<k. o

Theorem 2 (O]
let 6 € Stab [P tren up o Yhe Pic P'-achon, O and OC1) are 6-5S,

Morcover, We haae

® ¢ (e0d) <) & l:hconhé Semistalle sheavts are
AN and @6:'

O, tf)(@('l)fl'])?f?(G) & Or for xelP' and OWhn) forne Z
are aM Semistable.

In both cases | () gOLN)| ()

ond 3 reR,pe 2o 5.t O, 0CNE) € Plryon],

E@j: 33. Pnrp 1 ©), J ke 7] s.t OW) and O(k+) are 6-SS.

B\a tcnson‘nca Wy Ol-k-1) EPCIP'C A O(PY), WC con assume

ok O and O() arc 6 -Semistable,

CD 4=7“‘: O for T € ﬂ" and O(n) ﬁvr ne 'Z"-{O,"ls are 0-unstuble
by Preposihion 1 (d).



‘" 1§ © and O-) are s-semistbie, but Gy & O(n) fir n¥0,~

has ' A T
ren Ou hos UN filhabon - Z 0™ by Boposihon 1

O] =) ¢( ©)> ¢(O-N)
P§ o (1) n cane O 4(0)> Y&NTI) = flo-N)+ 1 > G(OD)
bt r=@(®)-1; thun 3 pY0 56 r < P(BENE) SrHl.

@ = foellows from O =.
=37 lak us  first show (1)
1§ $(®) € G(OCD), then as TN 6 15 a ron-2
morphiSm of 6-ss sheawes,
e mutt have @(0) =@ (O(-1)) = O, and Ox arc ald 5-55
4 Pkase. fﬁ ¢C@).
=) Goh IP'[s] € ?(ojl])and as bt are Vs, Baus 5 an eiuail}y.
bak then Z(GhIP'[s)) E H (s twe formula () Proposihon A)
W contradicks Yne definhon oF 5.
Thecfore $(6)7 ¢ (0N e (1) hotds.

Tn Yus case, O & ﬁ((?(-ﬂﬁ‘.\)- b ( o)<l = O 0-N0)€ Ple, e
for some
Tl 0(-2‘-—-)/0 = $(OEN)< P(O) < $(Ox)
Ou
Usma Siml'lar bnm\fl.s l'hdud'\'ud;( , ON Florod
HOCM)< - - - <P(OEN) <H(O) < HON) < -+ <P(A)C .. . . < P(Ok)

“Then one dedamces Ocand O(n) are ald 6-55 usfng Proposihen 1. (e).

- &l
Poposihon 3 : for omy (>B-1) and my, ms € R>o , 3! € Stab P
such thok 2(0)= M e’ 4 0,004) are G-semstable.
Z(0eT) =mg e T F
Furthermore .
DI o=p, then POID=BLj] for some je Z
2) If £>B, ben P(41]= <ONGHY, ORI  for proe Z st
d_P_I < P-1 < o{-p 'd

3) If oo <P bhen
) If $(00z=k€eZ, tnen PO1]= H(k]

b) dee, To,1)=< OO}l OCIij'J)m’ for some joke 2.



Povt: Since the centrad charge 2 is uniquely determined by
Z(0) and Z(OEM), & remains o show there is o ! compatible slicing.

We need a Slicing P such that  P(ol+k) 2 LB H™
% ({M— h.) 2 <O(—1)D+E])uk ﬁ' =
We nshug ¥ caz by case:

D If «a=f, Plark)?2 <0(-DD3,G>UE[I] = @B V ke Z

x P($)=0 V ¢ g Z+cx. Then P is a Sh'a'nCJ:
Hom ( Pletrien), Plet+k)) =0 a5 Hom ( O(AYOO0) , 0(-00)O0) =

A heZ st O0<Cork €V, Then Po)) = Plats )= BCk] (0
ond oM non-tero objeds are semistable.
Jnce 0 stabdly condihen ¢ Stabuiby funchon on heart Ly HUN property ,
Ne Set that the conshuchon of P 15 uniqus, as (x) shouS we need
Pi$Y=0 V ¢¢g 2+

2) 1§ «>B, then by Tam 2:1f 5 € ShbF and $<(0)>Ps(OCNT), tren

the onlg 5- Stable Sheaves are O and O(-). “ B

Thocfore, e bk Pwsk) = <O fwke'ﬂ ord Y(9)=0 for
P(p+) = < ORI 6o 3 2+ 2]

Ysa Sh'a'ng os Hom(G,0C1]) = Km(@“),e)*'-‘o > Hm(?(pt),?(m) =0
The tiangles Di give He HN fuvatons of Ow) for n70,) and Ox .
3 P.q € Z st 0<¢(Of1]) = o1 q €\

0 < $(OCI+p)) =p+p< |
‘n\u\ ?(Ol 1) = <0[¢\], @('I)Cl*(ﬂ)“t ond «-P -1 <?—¢],< A-P+\,

3) 1f «£<B,thenby Twn2: o O and Oy ore 6-semistable for

6¢ Stab®' i «x=¢(0)< P (O(NT)=P.
Sinc, Prl<a <P D B=<0,000TN7 ¢ P(pY p)

As Ox0,0() ae &-SS - -
D; and <P A o=PO)I< Y= ¢(6;) <p- ¢(o(-ncl3)

Lt @o= 1+ o-W €C01) as o<W ard @5 (-P+a> 0.

Morcover B-W=gpo-p-o-l € (o) as B-W<Po and O<P-Y<P-ol<,

L ) =
o 20-Z2-¢ k- hwo 20(0\ My € L.nd.em(% d)-Moch?be A,

Zo (Ox)= m;(@:-)em\r g mt(a"\ € R<o,

& (0)¢ mPe. P ) Pg‘“? W e .



Consequ.ml‘la? Zo (GhIP')E H=HH UIR¢o = Zo is a stalury. funchon
on N = Gk P

Moreover € € Gh P s Zo-Semstable (=5 ¢ 5 lowion or Slope semistable.

Sie o has e HN p:owh} & 1§ equivalemt fo a.sfubwrg Gondihon

5, c Stab®. Then 6=(2,P) € Sub® Les 1n Bhe same C'-orbik.
Morec PI'Q.OI'S 6= 6 .C'I“('¢n"en _ | '
d‘} im.r-;.\

(2,2) = (20 ™™ 20p)=Pulp -G + o))
2 Y= ?.(.(-cp,,wd-cpo'}

G\ \f '\,? - ?(03‘) = k c Z ) w\m ?CO| l-k ~— COL\\?‘ (h]-
b) othease wWe have

¢(0('m:'-n‘) 4 '7¢(®x\> SEXN ¢( () CP(E\? R,
: . :
so 3 R,jeZ se HOM) 707, (ockNGD)

= P,V 2 < O>R(), O(h-\\tjﬂ'.\)“b Liwda agrer G Lot~
art | eourts. 2]

QL A fundamerar domam for tw  Pic®' x € -achon on StublP

et G = PiclP'x@ N Swab®' and

‘ G) O and O(1) are 6-ss
X := {G'GSMU? : b)) F(0O(~)C) =ml( o-V(Y) =\
c) $(6)>0

Lemma Ly

i) G- X= Stab P

i) Thee 1S a biggchon §: X = 5 +> Log(n(0)) +i T $(0).

Povt D Lt e Sub P ; then up to e Pic®'- achon, e an Suppose
O ot O(-\) are & -semiSravle b\} Theovom 2. Movtowr 3 l‘GR,PeZ‘?o

s.6. 0, 6(NG) € P,
We can use the C-achon to assume m( OGN =2 ond G(OCNC)) =1.

Then |$¢(@(-\)C|f.\\=?€(l‘;r+\'.\ = Y0 = ¢(0)>r 0.

Henee ) up o e G-0chan, G € X.

i) Lt a+tibet ond =9/11, P=1, Ma=€ 70 ond mp=).
Then ba Poposiion 3, ! 6 st 0,000 are 5-semistoble and

Z2(0= mue'™ | 2O =mgeP S F(o)=atib. =@



hemma (0 M= Stap \?‘/ C 'S conneckd.

P'_@.ﬂ' Simee. X=WH is Comedred , so ¢ X-C.
Cloim: PciP' proerves S=4seStabP': P(0,7) = Gh 'Y c X-C.
f 6e S, hen Z2(0.)eReo ond Z(0)e M bé

=2 Z2(0W)e M ¥ k. Then Bm-2(02)= Z(0)  — ) PeP (o,
O(n)- 2 () = 2CO0wR)) L
THence G 5€S-

Therefore, PicP' presearts Une Conneded omponents 7 of Stao !

" ' 5 Stals 1P = M=SablP,L 1S commecid.
Conraining X-6 = . b P s coneched Ve .
Our goal i o find o fundamental doman for G N ShablP!

Sine G- X =Smbll, we can take a fundamentad domain X'< X,
Howewer X chd-} s oo la.ny.a.s e see in part 2) oi&(ouow?rwnrk

Remark NI§ SeX and @e(@)>), then 6-60X =0
To pve this, Le roke Yhak by Thm 2: ¢(O)> #(0(-H 1Y) =‘)mon:,.jg;)

My &/= O(dl) - 5 CXH'g) : Ghen 5 - Shaldls Sheaned
P ($00) + 4/ + W)= 6G)- PPLO)k) = OG>
P plon( + % +k) = GG)- HPOWENH) = <OG-Nkt T

ond
5”(9&) =0 V ¢¢1’¢(0)+;n.+2)¢wmm)+ g/“+Zj_ |
If 57¢ X, thhon @) & O ond OF) are 0=Semistible = 4=0
b) =) 1= g1an0) =GN+ & = §=0

= m! (OG) = €*m(O01) = x=0 .

2) bor 6€X i 0<P0)s1, 31 Zs6 st Z-6 X
Pt By Thm2, ®n), for ne 2 and O, for xe P}, are &-semistuble.

Comider fle subgoup Z < G=Pic IP'xC ond Wk 6= O)-6-2;.
y > (04, Zj=X*19;) (we

As On) ot c-semsible ¥ n = O are 5, -semStable Vin = a) hods
for b), Leneed bo slue 1 = (0ANCID) = G(BY-NC) + Pif/m
2 Y; =T(-$eG-101T) |
1= ™) (o)) = % m(G(j-ﬂCl'J\ =) %= L°3 M(OG) -

Q): $5(0NTA) - ¢5(0 = OGN+ I -¢(6) Y <21 (as PO -F(O<D)
a = ¢j(0)70 ie.55e X n by Thm 2




IQ_GU for 60X Wl O<PHB) S\, pich Siv\%h, C; ha mu'ni'MiSl'rg 2(0.)
$; (C0C1D) = $5(0)  (uhidh hagpens if- 2j(018 2000 S, = L)

Then Lk X'=5eX: Z0B)€ Sz_‘j_
o

PMM_'_‘_S X'z K:= ....._....__T 2 3 Va2 S a furdamental
N N 0| ]— domayn fU'
§:X = M —— —) % Gashbn)l

Theorem (xo)
The fundamentad domain K is Conformally <quivalent fo C°

SKekdn c_!i m :

Use the Gyly Gransformaken C:IH— (U

kK X C{K\=m

Bg e Riemann mapping Ureorem 7
and the Schware reflachon panciple U

Kix ) = & o |<_..—*": =>K;@

Noo consider the following composthan :

| c* T I |
K?{} '—"*ﬂ%’l"’*"%“ = C aorc?wrcd. -
85 Wak and chamber struckure

Fo\louinj Poposition 3, the hearls of D(P') on whth there is
o stabiily funchon ot e HN popety ar:

* Apz= ColP'Cn) fr keZ

+ Coy - <OG-(p+k), 0QTR))  for jieed ,p0.

This dekermines a decomposion of Stab P into calls:
S(€) = 3 £=(2,P) ¢ Srab®: P(0I=T]

Whex,
SCA = {52 (2,9 #(og)-1, 0<HOGN<I T ¥ R » W

5 (Cpz0) A 6:Q, P 0 <B(0G-Dlprk]) G(OPIRN1] = W

The all S(€.1 k) decomposts o 10 Chambes StCC,,,i.\.) OiCh
Ore Sepasated by o walk We .k =4 6€ S(€pjn): ¢(oq-|)tpru'.\)=¢w(i‘fm}

S (Cpyn) = < 5€S(Cpijn) (00 Tpvi > $LOHTRD|
S (Cp3) = 5 €S (Cojpk) : 6 (OHprkd) <H(OGHT)§
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