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1 Second quantization and applications

Idea:

e Find convenient formulation of the formalism of many-body QM beyond symmetrized wavefunctions.

¢ Despite the name, there is no additional “quantization” step beyond the one of elementary QM: x,p — Z,p
with [2, p] = ih.

e Application to elementary problems.

1.1 First quantization
Single-particle systems

« Single particle (say electron with charge —e) moving in external fields [potentials U(r,t) and A(r,t)]:
1
H = o (=ihVy + eA(r,1)* + U(r,t) (1)

Examples and eigenstates (from elementary QM):

1. No potentials [U = 0, A = 0]: Plane-wave eigenstates |k), labeled by momentum, wavefunction
b(r) = {r]k) = €% /VT), energy By = BK/(2m).
2. Harmonic oscillator in d=1 [A = 0, U(z) = mw?x?/2]: Hermite polynomials with Gaussian envelope
In), n €N, p(x) = (zn) < Hy(z/)e ="/ with | = \/h/(mw), energy E, = hw(n + 1/2).
3. Electrons in d=2 with B-field in z-direction [Landau gauge A = zBe,, U = 0]: Landau level
eigenstates |n, ky) with (r|n, ky) oc Hy(2/l — kyl)e_(x/l_kyl)Q\%eikyy, energy By, = hw(n +1/2).
Y

e Setup:

— Assume {|v)}, is the known and complete set of eigenstates of single-particle Hamiltonian H, v is
the set of quantum numbers v = (k;, ky, k,) or (n) or (n, ky).

— Recall: Completeness relation Y, |v) (v| = 1 in single particle Hilbert space H, wavefunction ¢, (r) =
(r|v), probability density to find the particle in state v at position r is |4, (r)[%.

Systems with N identical particles

« Many body wavefunction v (ry,...,ry): Probability density |¢(ry,...,rx)|? to find N particles around
points r1 o N in configuration space.

o Symmetrization requirement: Exchanging identical particles (say 1 <> 2) yields sign 9 (rq,r2,...,ry) =
+1(ro,ry,...,ry) with 4+ for bosons and - for fermions.

o For N = 1. Expand wavefunction in eigenstates (or any basis): ¥(r) = >, Ayt (r). Similar: Any
N-particle state can be written as superposition of product states where particle j is placed in single
particle state |v;):

¢(I‘1,...,I‘N): Z AV17~~~,VN¢V1(I‘1)“'wl/N(rN> (2)

Vl,...,VN

product state

o Note: Product states from Eq. (2) form a basis, but they do not respect symmetrization requirement
(needs to be encoded in A,, . ,\)-



o Physical basis: For efficiency, change to symmetrized product states as basis (Sy is the permutation
group with N! elements p)

N N ‘
S+ H Uy, (rj) =N Z { j=1%v; () : bosons 3

N .
j=1 pESN Sgn(ﬂ)nj:lwl/j(rj)(‘/» : fermions

For fermions:

— sign of a permutation, sgn(p) = +1 is the parity of the number of transpositions of two elements
that is required to build p from identity, e.g. sgn(321) = —sgn(123) = —1.

— the state is known as “Slater determinant”, it is the determinant of the matrix a with entries
Apm = Yy, (Tm)-

— For N = 2 fermions S+, (r1)¢y,(r2) < 1y, (r1)hy, (r2) — 1y, (r2)thy, (r1). If 11 = v, we find zero.

We cannot put two (or more) fermions in the same single-particle state — Pauli-principle.

o Use Eq. (3) as basis: Expansion coefficient By, ,, . ., (fully symmetric in indices, only specify which v
are involved):

P(ry,ra, .. TN) = Z By va,.vn [Sttby, (1), (r2) - - “Puy (rn)] (4)

V1,V2,.., VN

One- and two-particle operators 7' and V

o Use position basis, say, to express local one-particle operator T' = T(r,V,) eg. T = U(r) or T =
—h2V2/(2m).

Action of T in single-particle basis |v):

T =3 ) Topw, (vl (5)

a,b

with the matrix element T,,,, = [, ¥5, (r)T(r, Vi), (r).

N > 1. All particle coordinates must appear symmetrically, thus 7'(r,Vy) — T(r;,Vy,) = T; and
_ N
ﬂot - Zj:l j}

Action of Ti, on product state (ket at j-th position gives state of j-th particle):

Thot i) 1) o ) = 2 (T, 1000 1) o ) + T, 1) ) W) oot T lom) g o))
b
(6)

Two-particle operator V, e.g. Coulomb interaction Vj; = V (r; — ry) = €*/(4meg|r; — ry|). In general:

Vi = Z ]/(<;’,/'>> ’yék)> Vz/cud,uaVb<“,(,'”‘ <yék)’ (7)

Va,Vp,Ve,Vd

where V., 1.1, 1S the matrix element and Vi = Zj> k Vik (the j > k avoids double-counting!).

Typical N-particle Hamiltonian: Hip = Tyor + Vier = Zévzl T + 3> i~k Vik, e.g. helium atom with two
electrons:

He 22 2¢ e?
Htot = Z —h Vr]/(Qm) + (8)

s ~ Ameg|ry| 4reg|ry — 1o

Note: Even if |v) are single-particle eigenstates, Eq. (3) is not an eigenstate of a general interacting
many-body Hamiltonian (with Vi, # 0).
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Figure 1: Action of creation and annihilation operators in Fock space, for bosons and fermions. For simplicity only one
single-particle basis state is assumed.
1.2 Second quantization
Occupation number basis
 Consider sym. product state in Eq. (3), St |vj,) |V),) - - - [Vjy) With N single-particle states occupied.

e Sym. product states are inconvenient:

— computations are cumbersome, e.g. overlap of two states requires calculation of (N!)? terms.

— N is fixed, but grand-canonical formulation of statistical mechanics requires fluctuating NV

o All information needed for this state is the number of appearances n; (“occupation”) of single-particle
state |v;). Recall: n; = 0,1 for fermions, and 0, 1,2, ... bosons.

e Definition of occupation number representation of N-particle basis state:
S:E‘Vj1>‘yj2>"'|yj1v> = ‘nlvn?v'"> (9)
with N = nj+ns+... and occupation number operator n; with 10, [n1,ng, ..., 7, ...) = 1 |n1,n9, ..., 1, ...).

o Important for fermionic case: For Eq. (9) we must fix an ordering of single-particle basis {|v1), |v2),...}
and request j; < jo < ... < jn.

« Fock space: Consider FV = span {|n1,n2, )}y tngt..—n and combine via direct product for N =
0,1,2,...:
F=ForloFre.. (10)

Remarks:

— Due to direct sum (@) states with unequal N are orthogonal.

— FY is spanned by vacuum state |0,0, ...) = |0) (proper normalized quantum state without particles
#0).

— General many-body state [¢)) € F may consist of contributions with different particle number N
(— theory of superconductivity).

e Next: Define operators acting on Fock space that can be used to do calculations in a simplified manner.

Bosonic creation and annihilation operators

e Define creation operator b;r- : F — F by its action to increase occupation number in single-particle state

|vj) by one (Fig. 1):
b} N1,y gy o) =3/ + Lna, ey +1,00) (11)



o What is hermitian adjoint b;? Use

* 4
A+ 1= <n1, wonj+1, ...\b}]nl, ey My > = <n1, ey Ty o] (b;f,)' Ny .y + 1, > (12)

T s
so that (b;r) = b; acts as an annihilation operator:
bjlni,...,nj,...) = /1) [ny, e,y — 1,000 (13)
For the case nj = 0, we have b; |nq,...,1n; = 0,...) = 0 by the prefactor.

e From the definition follows: b}bj = fi; is the occupation number operator.

o Further properties of b;, b]
— Since b} [n1, .4, .oy, ) = bIb] [, ..m,...,nj,...) by definition and this holds for all states
|ny,ng,...), we have [b;,b;r] = 0. By hermitian conjugation also [bj,b;] = 0. Similar for i < j:
T
[bi, b1] = 0.

— Careful with b;, bg: We see this from application to vacuum state bib;-T |0) = |0) but bj-bi |0) = 0. This
is consistent with [bi, bﬂ = 1. Ex. 1.1 shows that this holds as operator identity in general.

» Represent the sym. product state by running over all single-particle states v; and insert n; bosons:

(o] 1 o
SH%H%%~MW=M«WW)=EIWWI%% =17 — ()"

Fermionic creation and annihilation operators

e Analogous to bosonic case, define c;r- F = F

—1)% vyl tns =0
c;- M1y iy 10y o) = {( V7 A 1) iy (15)
‘ 0 TN =

where s; = Zz;ll n; depends on the occupation of the single-particle states “below” j.
e Example ¢} [1,1) =0 and ¢} [0,0) = [0, 1) and ¢} [1,0) = — |1, 1).

e Hermitian adjoint of c;r- is found as above for bosons:

0 :n; =0
¢ N1, 1)y ) = " (16)
' (=1)% |n1,...,0,...) n;=1

e We can generate any basis state of F by repeated application of the c;f- to the vacuum state |0) (note the

order!):
o0
i) Vi) - ) = [nayma, ) = el =II() (17)
e Repeated apphcatlon of c and c , for ¢ = j it is clear that c = 0. For i # j: From the definition in
Eq. (15), we have c c |ni,na,...) = —c c |n1,na,...). Since thls holds for every basis vector |ni, no,...),
we have 0 = CT T + ch T { I, ;} the hermitian adjoint yields {¢;,c;} = 0. In Ex. 1.1 one shows that

{ci, c;r} = 0;j Vz,j. We have the occupation number operator n; = czci.
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Intermediate summary
o The creation and annihilation operators on Fock space fulfill basic (anti-)commutation relations.
Bosons:
[bibj] = 0= [}, b1], [bi,0l] = a5, (18)
Fermions:
{ci,c;} =0= {cz,c}}, {ci,ct} = 0jj. (19)
o Achievement: Complicated “permutation-entanglement” of the symmetrized product state in Eq. (3) is
generated by applying N creation operators to a single reference state |0).

e Notation: a} and a; denote either bosonic or fermionic creation and annihilation operators, with respect

to ordered basis {|v1), |v2),...}. Next: Express all operators using a}, aj.
One- and two-body operators via a, a
+ Task: Represent one-body (=single-particle) operators using the a, a'-operators. First consider bosons.

e Recall T = Zk,k’ 7//\">Tk’k <Vk‘ where Tk’k = <Vk/|T‘Vk> and ﬂot = Zfil ﬂ

o Apply Tior to Sy |vj,) Vo) -+ - [Vjn) = N1, 02, ...) = Nb;lb;Z...b;N |0), it is clear how it acts on the lhs (T}o
commutes with S )

N

N
Tiot In1,m2, ) = DY Tk, S (v ) i) -+ i) -+ (W) :NZZTk’/c(sk,jib;lb;Q---ﬂ’.//'--b;N 0)

i=1 kK’ i=1kk/

poOs. i POS. 1

(20)

e Goal: Re-express rhs with the original string b;[lbjz...bji...b;[N appearing in |nq,ne,...) and read off mod-
ifying operator in front. Denote j; = j and assume b; appears p > 0 times in total (for p = 0 the dy;,
yields zero). Use bjb; = b;r»bj +1=1n;+1, then

A T

Y o = b Y oy — ot 2% 0 10 = Lat b (b1)

bl (b)) 0) =tk (61)" 10y =, p (»1) 0) = blb; (81" 1) (21)
The sum Efvzl yields p identical contributions. We find the operator identity: Tior = > j s bL/Tk/kbk.

o Generalize to fermions and to two-body operators (note the order!):

Tiot = ZGL/Tk/kak (22)
ke k!

Vit = ) alt:’a;f" Viejt iy ajar (23)
k.k'\3,3

with Vi = (V| <Vj’ V) ‘Vj>~

Change of single-particle basis

o Consider a different basis, {|71),|P2),...} with operators CNL;[. and ;. From insertion of completeness

relation, we find ‘173> = v <Vj|ﬁ;>. Further, by definition |v;) = a;[ |0) and ‘ﬂj> = ? |0).

o Then we have &; 0) =2, <Vj]175> a; |0) and this can be extended to N-particle Fock space basis states,
leading to the operator identity:

it =3 (5ly;) al (24)

Upon taking hermitian adjoint, we find a; = > <ﬁ<\uj> a;.



e Simple facts:

~(1)

a also fulfill (anti-)commutation relations

— total particle number operator remains unchanged N = Zj al =>=a 7 ] a;

o Example: Change basis to real-space {|1),|P2),...} = {|r)}r, the corresponding creation (and annihila-

tion) operators
al = i) = > (el al = Z¢;(r)a}, U(r) =D w;(r)a, (25)

are called quantum-field operators. Remarks:

— 9;(r) € Cis 1st quantized wavefunction, ¥(r) is 2nd quantized annihilation operator
— (anti-)commutator for a;, a; = [\If(r), \I/T(r’)} = 5(r—r’) (bos.) or {¥(r), Ui(r')} = §(r —1') (ferm.)
— If initial basis is momentum eigenstates {|k)}: ¥(r) = f Sk eXTay.

Solution of non-interacting many-particle systems

o Consider many-particle system where H is only comprised of one-body operators (="non-interacting”),

H=Tgy=> a Ty = Z aaiel (26)
k!

where we diagonalized the hermitian matrix 7" = U diag(sl,ag, )U I where the ; € R are the real
eigenvalues on the diagonal.

o All symmetrized product states |nj,ng,...) are eigenstates of H,
H\nl,ng, > = <Z /1/‘,”/) |n1,n2,...> = F,H_,,._)___A ]nl,ng, > (27)
l

and the /), ,,  are the eigenenergies of the many-body problem. For an N-particle system, we select
those with n; + no + ... = N.

e Remark: In a similar way, We can solve non-interacting systems in which the total particle number N is
not conserved, H = 3y 1/ al ol rag + (ag, Xjzaz + h.c.) — Bogoliubov transform to H = )7, a;alsl, see
Ex. 1.2.

Specific operators in second quantization

o Kinetic energy T: In first quantization (r|T|r') = —%5(1‘ —1)V2 or (k|TK) = ﬂkz 0k In 2nd
quantization, in these two bases, we have from Eq. (22):
R2k? | R?
_ _ + 2
Tiot = zk: om a4 ax = “om /r‘I’ (r) (vr\l’(r)) (28)

« Spin of electron S: Use basis {|v;,0)}; o=t In 1st quantization, the spin operator is S = (5%,5Y,5%) =

%T, with 7 = (74, 7, 7y) = ( (1) (1) , (z) BZ , (1) _01 )) the vector of Pauli matrices. It acts as
an identity in the non-spin part of the Hilbert—space In second quantization:
h
SE, = Z (vj,o|Sz|vjr, o > o Z (o|mzlo’) e =3 Z (C}ch7¢ + c;7¢cj¢) . (29)
j7J7jI7T, .7’0- U ]
o Particle density p(r): In 1st quantization (r'|p(r)[r”) = é(r — r')d(r — r”), then
1 1 .
Pror(r / / W) )0 U () = )W) = £ 3 Koy = 3 [Z a[(akm] it
k k' a Lk

(30)
Fourier transform pior(q) = [, e "9 pior(r) = 3y aLak+q.
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1.3

1.4

Second quantization and statistical mechanics
Assume all eigenstates of isolated many-body quantum system are known: H [¢) = Ey, 1))

Couple system to thermal bath (allow energy exchange) — system state given by thermal density matrix
(=Gibbs state, canonical ensemble) at temperature g = 1/(kpT):

G_BH 1 —-BE
p= =~ D ) e (Y] (31)
Z Z
¥
The normalization factor Z is the partition function:
Z=Tre PH =3 <¢|6_6H|¢> =Y e PP (32)
P ¥

— link to thermodynamics, free energy F = —3'InZ = U — TS is minimized, here U = (H) and
S =—kpTr[plnp].

Thermal average of quantum mechanical operator A:

1

(A) =Tr[Ap) = = > (W|Alp) e (33)

(4

Do not confuse this with the quantum expectation value of A in pure many-body state [¢), denoted by

(W] Al4).

Bath with particle exchange — grand canonical ensemble, replace H — H — ,uN with u chemical potential
and N particle number operator in system.

Example: Distribution function = thermal average of occupation number operator 7, in single-particle
eigenstate |v) at energy €, in non-interacting system H =3, el,a,T,aZ, — ulN

— Fermions:
<cTC >  Sogme PO gpete nr(&) (34)
A S e S T S
where &, = €, — p is the energy measured relative to chemical potential.
— Bosons: A similar calculation (— Ex. 1.3) yields
1

— At small occupation numbers (when 8¢, > 1) the £1 can be neglected against e, Then for both
fermions and bosons n(£,) ~ e8¢ (classical Maxwell-Boltzmann result).

Application: Non-interacting quantum particles

Consider identical particles of mass m in d = 3 dimensions at temperature 7. Classical viewpoint:
Thermal momentum per particle from Ty, = ﬁﬁ = 3kpT where p = /(p?) is the classical root-mean-
square momentum.

At which T can we expect quantum effects (see differences between bosons/fermions)? Thermal de-Broglie
wavelength

)\T = h/p = h/\/ 3kaT (36)

— Quantum effects to matter when particle-particle distance r = ,0*1/ 3 < Ar where p is the particle
density.

Next: Full quantum treatment, approximate particles as non-interacting.



Fermions: Fermi surface Bosons: Condensate
o=11 2L 4k, Ky

nk

krp o |K| k|

Figure 2: Non-interacting ground state of non-interacting (spinful) fermions and bosons confined in a box of linear size
L with periodic boundary conditions. A cut through momentum space in the &, = 0 plane is shown.

Non-interacting fermions (Fermi surface)

« Examples: Conduction electron gas in metals, *He, neutron star

o Hamiltonian H = 3y ,(ex — ,u)c;rmckg with isotropic e} = h?k?/(2m) in free space where |k, o) is plane-
wave eigenstate in box of linear size L, kyy . = 27y, ./ L.

o Alternative: Lattice potentials, lattice constant a. Then ey is a band structure, could still be approx-
imately parabolic m — m* or more strongly deformed, e.g. from tight-binding model on cubic lattice

ex = —2t ), coskya, then we have Brillouin zone k, € [-7, 7).
 Occupation of single-particle eigenstate |k, o) from Eq. (34): ng, = m e (L—ek). AT =0

this is a step-function, all states with energies below u (also called Fermi-energy ep) are occupied. The
largest occupied wavevector k = |k| is the Fermi wavevector kp with ep = h%k%/(2m) (kp generalizes to
Fermi surface for anisotropic case).

o Ground state = Fermi sea (F'S): All single-particle levels with k < kr occupied, [F'S) = [[j<p, .o c;r( - 10)
, see Fig. 2.

o Excitations with spin ¢ and momentum k: Adding electrons above Fermi surface or create hole below
Fermi surface by removing electron of opposite spin and momentum

T .

Cxo k> kp

fw =1 5 (37)
c_xs k<kp

For k < kp, use c;fwcka =1- fik(_ff_k&, then

H=Ylex — pulfi, fiw + Ers (38)

ko >0 (exc.)

where Epg = 2V fk<kp (ex — p) = —%Nap is the ground-state energy (factor 2 for spin) and the Fermi
sea |F'S) is the vacuum of f-excitations (fx, |F'S) = 0).

e Ground-state density:

. 2 2 [k=kr 2 4 1 (2mep\3/?
=(N)/V == =— dk = ~mky = — | —5— 39
p=(N)/ ngF (27r)3/0 (2m)3 < 3™ T 32 ( 12 ) (39)

Example: Gas of conduction electrons in Cu: p ~ 10%m™3 | ep ~ 7eV ~ kg x 80000K. — Electrons in
metals are strongly “quantum” even at room temperature and their behavior is dominated by fermionic
statistics.
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e Finite T: Free energy

F=—kpTlnZ = kT In [1 T e*/f(Ek*M)} - —QkBTV/

In {1 + 67’8(61‘7;0} (40)
P Kk

where % Yk — fk = ﬁ [ dk and the factor 2 is for spin. From this, obtain pressure and particle
number

P=—-0F/0V = -F|V = [ = szT/ In [1 + e*ﬁ@w)]
k
N =—-0F/0u = Q/np(ak — 1)
k

which means that for given N the value of u is to be adapted (— Sommerfeld expansion).
e Combine to get equation of state PV = ...:

— at high T: np(ex — p) ~ e Blex—1) ~ I [1 + efﬁ(gk*”)} and we find the ideal gas law: PV = NkgT

—atlow T: P~ 2kgT f|k‘<kF [—B(ex — )] = 2Nep/(5V) which means PV = 2Nep /5 is independent
of T.

Non-interacting bosons (Bose-Einstein condensation [BEC])

« Assume spinless bosons (e.g. “He or potassium atoms), otherwise same Hamiltonian as for fermionic gas
in a box above. Note: p < min{ey} for convergent density integral,

- 1 1
P:<N>/V:V¥HB(€k—M):/keﬁ(skml (41)

Define x = Bey = Bh%k%/(2m) and Ar = /27h2/(mkgT) the thermal de-Broglie wavelength [the bar is
for changed prefactor as compared with Eq. (36)]. Then

L[ gy 2V (42)

:E ; dxer—ﬁu_l

p

which implicitly determines puf as p = N/V is fixed. As T is decreased, p increases towards zero.

At pu = 0, the integral is ¢(3/2) = 2.61 and we obtain with a = p~/3 the particle spacing (Ar/a)? = 2.61
which corresponds to temperature kpTy = 3.3177%.

What happens at T' < Tp? In Eq. (41), need to split off the k¥ = 0 singe-particle level before taking
thermodynamic limit V' — oo:

2V /7 (43)

1 o
NZNO"‘Z”B(Ek—M)—>P:N/V:po(T)+—3/ dz =Y
)‘T 0 er —1

k£0

As the temperature lowers, the second term decreases as ~ T3/2 but N /V must stay fixed.

This is compensated by an increase of the particle density in the condensate which is pg = p {1 —(T/Tp)%/ 2}
— Ny ~ N, a macroscopic number of particles sit in a single lowest energy levell This can be seen as a
condensation (droplet formation) in momentum space.

Experiment: BEC of cold bosonic atoms (Rb) in magnetic trap, first seen in 1995 by Eric Cornell, Carl
Wiemann and Wolfgang Ketterle groups. — Nobel prize 2001.
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Exercises

Exercise 1.1. Creation and annihilation operators
(a) Using equations (11) and (13) for the bosonic Fock space operators show that [bz, b]] = 0;j holds for all 7, j
as an operator identity.

(b) For fermions, from the equations (15) and (16) show analogously {cz, J} = 0;j.

(¢) The harmonic oscillator in d=1, see Eq. (1) case 2, was treated algebraically in your elementary quantum
mechanics course. Recall that this Hamiltonian can be written as H = hw(a'a + 1/2). Discuss similarities and
differences between the operators a,a’ and the operators a, a discussed in this lecture.

Exercise 1.2. Transverse field Ising model (TFIM) in 1D

Here we are interested in finding the exact eigenenergies of the 1D TFIM, H = — %, 0707, 1 — I'>_; 07 where
of, 07 are Pauli matrices acting in the spin-1/2 Hilbert space at site i = 1,2,.., L and we assume periodic
boundary conditions, i.e. 07 ; = of. We will find the excitation spectrum, in particular the gap A between
the ground- and lowest excited state. This is done as a function of the transverse field I' and we determine
the critical value I'. at which a quantum phase transition between a paramagnetic ground state (for large I'
approximated by a product state of spins pointing in x-direction, |—, —, —, ...)) and the two degenerate ground
states (for I' = 0 exactly given by [1,1,...) and |}, ], ...)) occurs.

1. Consider the Jordan-Wigner transformation in 1D that maps spin-1/2 to fermionic operators ¢;, cj:

of = (1 - 261@)
o; = — H (1 — 20}0]-) (ci + cj)
1<t

Confirm that of and o7 indeed fulfills the spin algebra by computing o0 = 1, 0f0f = ool for i # i

L ~2 Z ~T T ~2 __ Z +T N -/
and a € {z,2} and o70; = —o70} as well as 070}, = 05,07 and for i # 7.

2. Insert the Jordan-Wigner transformation in the 1D TFIM Hamiltonian and use a Fourier-transformation
ﬁ > cje*ik'j to obtain

H = Z < — cos k] ckck +isink |c kcL +c_ kck} F) (44)

3. Solve this c-particle number non-conserving Hamiltonian using a Bogoliubov transformation, ¢p = upyi +
wwik where fy,(:) again fulfill fermionic anti-commutation relations if ug, vy are real numbers satisfying
ui + vl% =1, u_p = ux and v_; = —vg. They can be parameterized by an angle, up = cos(0;/2) and

vg = sin (0 /2). Find (k-dependent!) 6 such that

H = Zsk’y};’m + const. (45)
k

and show that the single-particle energy is €, = 2v/1 — 2T cos k + I'2. What is the critical value of " at
which ey, becomes gapless (at which k,I" do we find e, =0 7).

Exercise 1.3. Non-interacting bosons in equilibrium

Consider non-interacting bosons with Hamiltonian H = 3", ¢,blb, — uN in equilibrium at temperature T’ and
chemical potential pu.

1. Derive the equilibrium bosonic occupation number formula (35). Use the explicit formula for the thermal
expectation value, Eq. (33), and evaluate the geometrical sum. What condition must be fulfilled for p?

12



2. We are now interested in the total particle number, N = ng(&1) + np(&2) + .... As an alternative to just
summing Eq. (35) found in 1., consider the following:
For a general many-body Hamiltonian H = Hy — ,u]\7 with possibly fermionic or interacting Hy but known
partition function Z (Eq. 32) show that the total particle number can be calculated as N = <N > =

—OF/Ou where F = —3~11In Z is the free energy. Specialize to the non-interacting bosonic case, find a
closed expression for F' and, by taking a p-derivative, confirm N = ng(&1) + np(&2) +

Exercise 1.4. Effective low energy Hamiltonians: From Anderson’s impurity model to the Kondo model

It is often useful to simplify Hamiltonians to effective models which are only valid below a certain energy
scale. Here we explore such a procedure for the example of the Anderson impurity model which describes a
localized electronic level of an impurity atom (at energy e4, operators dg), o € {1,]}) embedded in a host
metal described by a Fermi gas of non-interacting conduction (cy,) with an extended Fermi surface.

H = Ho—i—Ze’fdde +Und¢nd¢+ZdeTCko + h.c., Hy = Zé‘kciacko. (46)
k,o k,o

Here, ng, = d! d, and the spin-preserving hopping of electrons on (or off) the impurity level is described by the
matrix element Vi (V)Y). The chemical potential has been set to zero. The difficulty in this Hamiltonian sits
in the interaction term ~ U > 0 that models the effective Coulomb repulsion felt by two electrons (of opposite
spin) simultaneously occupying the impurity site.

1. Consider the atomic limit Vjc — 0 for which the impurity atom decouples from the metal. What are the
eigenstates of the latter? What are the conditions on 4 and U so that in the ground state the impurity
level is occupied by a single electron? Assume that these conditions hold in the following. What is the
energetic distance (“gap”) AFE to the lowest excited impurity state?

2. Denote the ground state energy of Hy by Ey (Fermi sea energy). We now want to switch back on a small
Vi (with |Vi| smaller than all other energy scales) and derive a low energy effective Hamiltonian valid
for excitations at energies E close to the ground state energy of the decoupled system, E ~ Ey + &4.
Start with the (many-body) Schrédinger equation H |¢0) = E |¢), multiply with projection operators
P, (= P,]: = P2) which project to the Hilbert space with impurity occupation number ng = 0,1, 2:

Po=(1=ngr)1—nqgy), Pr=1-nar)nay+ (1—ngp)nasr, P=nagina,, (47)

and define |¢), = P, |¢) and H,,y = P,HP,y = H:l,n. Show that the Schrodinger equation can then be

decomposed in block form as

Ho Hor O V)0 190
Hy Hi1 Hypo ) | =E| [v) (48)
0 Ho1 Hoy )y 194

What are Hyg, Hy1, Hoo, H19, Ho1 in the language of 2nd quantization? Show that upon elimination of
1), and [1), one has:

Ey), = [Hn + Hyy (E — Hy) ™' Hoy + Hyo (E — Hyo) ™ Hm} V), . (49)

3. If the term [...] on the rhs of Eq. (19) would not depend on E, we could interpret it as the effective
Hamiltonian Heg for the physics of the low-FE subspace in which the impurity level is singly occupied.
Show that

Hip(E—Hy) "Hy = >3 Viehsgmas do (B — Ho — 2eq — U) ™! Viedl nasco

k,o k' ,o’
~ VeV i
= S Y niseancl i
d — ¢k’
k,o k’,o
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and approximate Vi = V as k-independent for momenta k close to the Fermi surface, for which U +
£q — ew ~ U + e4. Use d-electron spin operators S* = d}d\L, ST = didT and S% = % (d¥d¢ - dIdi)
(c.f. Eq. (29) with & = 1) to show that

VI®

Hyy (E — Hop) ' Hyy =~ Ure,

Z (SJrcL’ickT + SchTckw + 57 [CL,TCkT — CL,J’Ck¢}> + pot.scat. (50)
kk

where the rightmost term describes (spin-independent) potential scattering >-y s, Kk7k/cf< +Ck’,o- The
Ky i does not need to be determined as it could be removed by a redefinition of ¢y ;.

4. Argue that the term Hyo (E — Hoo)_l Hy in (49) yields a similar contribution as in 3. where only the pref-
actor is changed to |V|?/(—¢&4), no detailed calculation is necessary. Show that the effective Hamiltonian
takes the form (up to pot. scattering)

J _
Hyg ~ Ho+€d+z v (S+CL/7¢Ck¢ + 5 CLTCk/hL + 57 [CLTCkT — CL,J(Ck‘L}) = Hp+e4+2JS-S.(r =0) (51)
kK

with J = V|V|2(UTI§(_%) > 0 known as the Kondo model and V the volume. Discuss in words the

physical content of this model.

Exercise 1.5. Coulomb interactions in first-order perturbation theory

Consider electrons in a metal at 7' = 0 in their Fermi sea ground-state |F'S) = [[<x, » cL - 10). The Coulomb
interaction can be written as

1 ! Ame?
/ _ Z Z 0 T T
el—el — 2V q2 ck1+q,o'1Ckgfq,agckmoﬁcklﬂ'l (52)
ki,2,991,2

and the prime at the sum excludes the ¢ = 0 term which cancels the positive background charge of the
ions. We have seen that the non-interacting (F'S) ground state energy per electron depends on density p as
Ey/N ~ ep ~ p%/3. What about the typical potential energy? It depends inversely on the mean electron-
electron distance a = p~1/3, thus Epot/N ~ ed/a ~ p'/3. Tt follows that Epot/Eo ~ p~1/3 and we read off the
(possibly counter-intuitive) fact that interactions are negligible at high densities where the kinetic energy in
Ey due to Pauli exclusion dominates. Thus at high densities, perturbation theory should be a good starting
point to treat interactions. We introduce the Bohr radius ag = h?/(me2) = 0.053nm as our unit of length and
the Rydberg 1Ry = e3/(2a¢) = 13.6eV as the unit of energy. (In this problem, do not include the chemical
potential in FEj.)

1. Define the dimensionless quantity rs as the radius (in units of ag) of a sphere containing exactly one

electron and express r, in terms of ag and kr. Confirm that for the ground-state energy per particle, we
have Ey/N ~ %Ry.
S

2. Find the first-order perturbative correction to the ground-state energy, E(()l) /N = <F S|V _|FS > /N.
Confirm Eél)/N o~ —%SIGRy.
3. Plot the final result for the total energy per particle (Eo + Eé”) /N as a function of rs. According to

1st order perturbation theory, is the electron gas stable under Coulomb interactions? If yes, what 7}
minimizes the energy E*/N7?

14



2 Mean-field theory

Idea:

o Approximate interacting problems as “non-interacting problem + self-consistency condition” (non-perturbative
method!)

o Concept of spontaneous symmetry breaking (for more extensive discussion — course on stat. mech.)

From now on, we will work in units such that A =1 and kg = 1.

2.1 Basic concepts

Setup

o Consider many-body problem with one- and two-body interactions, c.f. Eq. (22) and (23) (agT) are bosonic

or fermionic Fock-space operators):

1
H = Z &ajai + Z Z Vij,i/j/a;ra;aj/ai/ (53)
%

1,4',5,5"
Remarks:

— The factor 1/4 is a convention. For fermions, it ensures that the interaction term V12,34a1a£a4a3 only
appears one time after the sum is written out. Alternatively, we could replace % Doiit gt T i<l j<jl

— To treat bosons and fermions alike, introduce ¢ = +1 for bosons/fermions. Then aja; = Qa;r-aj and
ai(lj = C(Ijai. It follows that ‘/vij7i/j/ = C‘/,vj/‘,i/j/ = CV;]}I‘/// = ‘/,//:,////'

e Goal: Approximate unknown thermal state p of the system as a thermal state of a non-interacting “trial”
Hamiltonian p = po = e P07,
This state is characterized by Hy, which has the non-interacting part of H and a part that should capture
the effect of interactions.

Hy = Z é}'@j@i + Z ajhgg,)ai/ (54)

e Physical picture:

— hl(.?,) is a potential generated by the effect of all other particles and their interactions in H — “mean-
field theory (MFT)”, see Fig. 3(a)

— the Hamiltonian Hj is called the mean-field Hamiltonian

+ Note:

— We can in principle always solve Hy, see Sec. 1.2, the eigenstates will be number states |ng,, ng,, ...)
which are properly symmetrized product states (Slater determinants / permanents).

— The used orbitals |7;) will in general differ from the orbitals |v;) that azﬁ) refer to.

— Rephrase goal of mean-field theory (for "= 0): Find a set of orbitals |7;) such that a product state
using these orbitals best represents the true ground state of H.

e Question: What is h@('?)? — Via variational principle using minimization of free energy.
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(a) (b)
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Figure 3: (a) Mean-field idea: Instead of treating the full correlations between individual particles, a single particle
(centered) is considered in the averaged field (grey background) exerted by all other particles. (b) MFT free energy
landscape for a system undergoing spontaneous symmetry breaking below T.. (c) Spin density inbalance in the ground
state of the Stoner model according to MFT as a function of the paramter v, see Eq. (70).

Gibbs-Bogoliubov-Feynman inequality

o Consider two general Hamiltonians, we call them H and Hj (although Hj could also be interacting). It

holds:

F<Fy+(H - H0>0 (55)
where Fig) = =T'In 7)) = =T'ln Tre M) are the free energies of the systems associated to H, Hy (both
in contact with thermal bath) and (4), = Z%)Tr {Ae‘ﬁHO] the thermal average with respect to state
po = e PHo /7.

e Proof: TODO

Variational approach to hg?,)

o Associate the Hy in the Eq. (55) with the trial Hamiltonian in Eq. (54).
(0)

Determine h,;/ such that the rhs of Eq. (55) is minimized.

o Search for extrema of the rhs of Eq. (55). For all k,! demand:

0
0= —g (Fo+ (H = Ho)) (56)
e Prepare:

OFo ! o BH i

— =T —Tr |—Ba,aie” "7 =(a.a;) ,

om0~z [—Balae™*] = (alar),
oz _ oz 1 _ Alda),
only  onl) %8 Zy

and for any operator A we use the product rule and the above to obtain

9(A), 0 (1 _pH ) i < 0A > i
——= = ——= | =Tr|Ae ol ) =B(agar) (A)g+{(—= ) —B(AaLa (57)
8hl(c(l)) 8h}(€0l) 20 [ } < k l>0 0 ah]({;(l)) 0 < k l>0

o We insert these preparations in Eq. (56), use A= H — Ho =3, » a;-r (ijj, Vij’i/j/a}aj/ — hl(.?/)) a;r:

0 <(:Z_u/>“ + 4 <a};al>0 (H — Hp) — <(1):,(1/>[) + <—B (H — Hy) azal>0
0 = <(H — Ho) a,];al>0 — <H - H0>0 <a};al>0 (58)
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o Wick’s theorem (simplified form): For any non-interacting Hamiltonian Hy with thermal state
po = e PHo /7, the following holds for a normal ordered (= a' left of a) string of n creation and n
annihilation operators (with respect to a fixed basis):

To0 — P(p) [ 1 i
<a1a2...aj@an/...a2/a1/>0 - EZS P <a1a/)(1/)>0 <a2a/)(2,)>0 . <a:fla,,(n/)>0 (59)
pPEon
with P(p) = [1 —sgn(p)]/2 which is zero for an even permutation p [sgn(p) = +1] and unity for and odd
one [sgn(p) = —1] so that (") is unity except for an odd permutation of fermions where it is —1. As an
example
7T _ T, Tao, Too T,
<a1a2a2/a1/>0 = <a1a1 >0 <a2a2 >0 +¢ <a1a2 >0 <a2a1 >0 (60)

We will prove a more general version later, but in Ex. 2.1 you will show that Eq. (60) holds.
o Continue in Eq. (58), insert H — Hp and normal order the term <(H — Hy) a2a1>0 by using the (anti-)
commutation relations (apa;, = 0ppy +¢ aL,ap). Then apply Wick’s theorem.

o After straightforward algebra (— Ex. 2.2) and remembering that Eq. (58) should hold for all &, 1, we find
the condition:

hglol) = Z Vij,i’j’ <a}aj/>0 vi,i’- (61)
JiJ’

This is a self-consistency condition.

o Eq. (61) is only a necessary condition, if there are multiple solutions for hg],) pick the one that yields the
smallest bound on F', i.e. minimizes the rhs of Eq. (55).

Heuristic approach to MFT

o We can argue for the self-consistency Eq. (61) in a simpler but somewhat sloppy way, see discussion
below.

« Consider full interacting H and assume state py ~ e ?H0 with non-interacting Hy — can apply Wick’s

theorem 1 ‘ ,
(H)o =326 (alos), + 3 32 Vawy ((alor )y (afay )y +Clalay) (afer) ) ()

Z7il7j7‘7/
e Pick Hy such that (H), = (Hy),, this yields
Hy = Zé@'a;‘raio
7

1 to ot f f t t ,
+ Z ' Z/ Vz‘j,i’j’ (aiai/ <ajaj/>0 + <aiai/>0 a;ajr — <aia7;/>0 <aljaj/>0> ( Hartree — term )
172 7]7]
¢ tao ol t i i i "Fock — term”
+ 1 Z, Vijitjr ((I/-(lvl/ <(1_/-(l,/>() + <(Il-(lv/'/>“ a;a; — <(//(1’,/>U <(Iv/v(l,/>(]) ("Fock — term”)
7’72 7]7]
We can drop the (constant) last terms in line two and three and compare to the ansatz for Hy in Eq. (54).

If we re-label summed-over indices 7,7, j, 7/ and use symmetries of V' we reproduce the self-consistency
condition (61).

o Remark: If the 7,4 and j, j’ refer to different types of particles (e.g. electrons with spin 1 and ) the mean-
field approximation is also called Hartree-Fock approximation with the purple terms the “Hartree-
terms” involving densities of equal particles and the brown mixing “Fock-terms”.

¢ Discussion:

— this shortcut yields the correct self-consistency conditions, but is not based on variational principle

)

— in the case of multiple solutions for hg), we would not be able to decide which hz(?,) to pick

— see Ex. 2.3 for a simple example case where this is crucial
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Example: Electron gas (Hartree-Fock approximation)
o Consider the electron gas (( = —1) with Coulomb interactions as in Ex. 1.5 (but keep ¢ = 0 term).

o Perform mean-field decoupling. Crucial: We guess/assume spin-rotational symmetry and translation

. . t _ )
invariance <ck1+q’ack17o/ 0= 00,0/ 0q,0Mk; :

H = ZEkaackU+ ZZV Ck1+q01ck2 a,02 Ck2,02Ck1,01
k,o k12,q012
_>
_ T
Ho = > ckli,Cho+ oy SN
k,o k120'12

+V(O> (nk1 o1 <ﬁk2702 >0 + <nk1,01>0 Nko,o0 — <ﬁk1701>0 <ﬁk2,02>0)

T T T T T
(|k2_k1’)(<ck2 alck2,02>ock1,ogck1701+Ck2,olck2702 Ck1,04 Ck1,01 0o Cky,01 Ck2,02 0 Ck1,05Ck1,01 0 }

o This can be written as Ho = >y , akHFcL +Ck,o — const. with
1
hl(?/) ~ EII;[F = €&+ 9 ZZ (V(O) — 5U’U/V(’k — k/’)) Nk’

= Ek—i—V(On——ZV[k K| (63)
o

The second term is the interaction with average electron density n = %Zk, nyr. It is canceled against
interaction with opposite ion charge. Need to solve self-consistently:

k= 1/ 1), (64)

2.2 Spontaneous symmetry breaking and MFT
e General MFT for N single-particle orbitals:

— Self-consistency equation (61) needs to be solved for N x N matrix hz(.?,) — difficult for large N
(0) (

— Idea: Use symmetries to restrict h;;/ (c.f. Hartree-Fock for electron gas: Ansatz respects translation
invariance and spin-rotation symmetry)

e Spontaneous symmetry breaking:
The free energy bound Fy + (H — Hy), from rhs of Eq. (55) attains a global minimum for Ho(h(?)) that
breaks a symmetry.

+ Note:

— The statement that the symmetry-broken trial state po(h(o)) approximates the true state implies
ergodicity breaking and psse P because py(S h(o)) with symmetry-transformed A(®) — Sh(® should
lead to degenerate minimum.

— Ergodicity breaking only applies for infinite systems when the free energy barrier between state
po(h(©) and po(Sh(®)) is impossible to overcome.

o Example from classical physics: FM Ising model H = —J 37, 5y sisj, s; = 1 on lattice, see Fig. 3(b).

— H invariant under discrete spin flip symmetry s; — —s;Vi and lattice translation symmetry

— Ansatz for mean-field Hy: Maintain translation, break spin flip symmetry (for fixed m):

Hy = —szZsj (65)
J

with m = (s;), from self-consistency equation and z the number of nearest neighbors per site
(coordination number).
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— At T =T, = zJ: Free energy bound as function of m changes from single-well to double-well form.

— Global minima move from m = 0 to finite m = +mg corresponding to finite magnetization.

e Warning: MFT can be completely wrong! It generally tends to overestimate spontaneous symmetry
breaking tendencies (e.g. FM Ising model in 1d with known solution which is always disordered at T' > 0.)

o Thermal average (O) of operator O as order parameter: (O) # 0 is signature of symmetry-broken
state. Examples:

’ broken symmetry ‘ order parameter ‘ sym. broken state

translation (discrete or continuous) | >y <altak+Q> = p(Q) for Q # 0 | density-wave or crystal

spin-rotation (S;) (anti-)ferromagnet
U(1) (particle number conservation) (cxrc_ky) superconductor

Example: Stoner ferromagnetism from point-like interactions

o Metallic magnetism (e.g. in Fe or Ni) happens if conduction bands are formed by narrower d or f orbitals.
This leads to larger and more localized interactions.

» Consider electron gas with point-like interactions U(r) ~ 6(r):

H = ngcir( oCko ﬁ Z Z ki +q, alclTQ q,02 %k2,02Ck1,01 (66)

k,o k1 2,401,2

e Search for magnetic mean-field solution which breaks spin-rotation symmetry <CL +aq, Uck70/> = 05,6/0q,0Mk 0 -

o Similar steps as above yield the mean-field Hamiltonian:

Ho:Z(ﬁkJrU[nTer—no])Ckacko Us Z”Ul””?JrU Zn (67)
ko T 01,2

where n4 +n  comes from theﬁHartrﬁee and —n, from the Fock terms and n, = V! >k Nk,o is the density
of electrons with spin ¢ and 1 =|, | =1.

o Interpretation: Repulsive interactions are only between opposite spin densities, U favors fully polarized
state which costs more kinetic energy.

o Self-consistency condition:
1
o = V_l n o/ — V_l 68
e =V el =V o B+ Una) 1 o

k k

e We use & = k?/(2m) — er and work at T = 0. The kr, depends on the effective epy, = ep — Uns
(c.f. Sec. 1.4) which might differ for the two spins:

1 4n 1
Ng = W?kf’% = o3 (2mler - Uns))®/? (69)

We introduce n = ny +ny , ¢ = (ny —ny)/n and v = 2mUn'/3/(372)2/3. We obtain
(1+Q)*° = (1= )** =¢. (70)
o Eq. (70) has three types of solution depending on interaction and density via vy ~ U n/3 > 0, see Fig. 3(c):

- 0<v<4/3: (=0 — ny =ny (no spontaneous magnetization)
— 4/3 <y <23 ~158 (€ (0,1) = ny >ny >0 (partial polarization, weak ferromagnet)
— 2B <y (=1 ny =1, n = 0 (full polarization, strong ferromagnet)
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Exercises

Exercise 2.1. Proof of simplified Wick theorem

Show by explicit calculation that Eq. (60), <aia;a1/a2/>o = <aJ{a2/>O <a£a1/>0+g <aJ{a1/>O <a£a2/>0 holds. Hint:

Careful, this should hold for thermal averages of any non-interacting state py ~ e~ #H0 where Hy = 2 i aghijaj
with h;; not necessarily diagonal. Although this result holds for fermions and bosons, you may limit your
efforts to the fermionic case.

Exercise 2.2. Mean-field self-consistency condition

Show the self-consistency equation (61). Start from Eq. (58) and perform the steps outlined in the lecture.

Exercise 2.3. MFT for the AFM Ising model (pitfalls of heuristic approach)

This problem illustrates the necessity to work with the variational formulation of MFT instead of the heuristic
approach if one needs to go beyond the self-consistency equations. For simplicity, the model is the anti-
ferromagnetic (AFM) Ising model on a square lattice with N = L? sites r; = (x;,%;) with 2;,9; = 0,1,..., L
and periodic boundary conditions. The Hamiltonian is

H=1J> sis; (71)
(i:4)

with J > 0 and the sum is over nearest-neighbor bonds (7, j). As the “operators” {s? = +1}; commute, the
model is classical in nature (and amply studied in statistical mechanics). We drop the z-superscript in the
following. As temperature is lowered below the Néel temperature Ty, we expect a phase transition between a
paramagnetic phase (s;) = m; = 0 and an AFM phase m; = m, for i on the a sublattice (x; + y; even) and
m; = myp = —my for i on the b sublattice (z; + y; odd).

1) For the mean-field Hamiltonian, make the ansatz Hy = 4Jmp Y ;c, 8i + 4Jma ey 8i, insert the associated
po in the rhs of the Bogoliubov inequality (55), Fy + (H — Ho)y = ¢(mq, mp) and find the global minimum of
¢(ma, mp) as a function of mqy € [—1,1]. You should obtain the self-consistency conditions, confirm Ty = 4J
and add a 3d plot of ¢(mg, mp) for a complete picture for T'=5J > Ty and T = 3J < Th.

2) In the heuristic approach start from H and replace s; — (s;) + ds; where ds; = s; — (s;). Neglect interacting
terms of order (§s)2. Then introduce the ansatz for m,; as above. Show that this leads to

HYy = —2NJmamy, +4Jmy 3 si +4Jma > s;. (72)
1€b jeb

Find the “free energy” Iy = —T'InZj with Zj = 37y, e P and produce a 3d plot of E(mq,my) as a function
of mg and my at T = 3J < Ty. For which m, does F{j(m,, mp) assume the global minimum? On the landscape
of F{, what is the nature of the points characterizing the AFM state found in 1) above?
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3 Time dependence in quantum theory
Idea:
e So far we only treated static problems: H, p and observables did not change over time

e Combine time-dependent Schrédinger equation with many-body framework

3.1 Schrodinger picture and evolution operator

e Schrédinger picture: State evolves in time according to Schrédinger equation

.d
i [0(t) = He |[¢(t) (73)

and operators Oy and Hamiltonian H; have only explicit time dependence denoted by subscript (e.g. time-
dependent external fields in solid state experiment or laser-controlled Hamiltonian in cold-atom experi-
ment).

o Write formal solution of Schrédinger eq. as unitary time-evolution operator U (t, ty) that mediates evolu-
tion of state from time ¢y to ¢:

[W(t)) = Ut to) [¥(to)) - (74)
For density matrix p(t) = U(t, tg)p(to)U (to,t) (von-Neumann eq.).

o Determine U(t,1p) from Schrodinger eq.:

d
i£U(t,t0) = H, Ul(t, to) (75)
and U (to,to) = 1. How to solve for U(t,to)?

— For time-independent H, = H have U(t,tg) = exp|[—i(t —tp)H]. Note: The exponential of an
operator is defined by series expansion.

— For general Hy, try:
) t < q t t t
U(/,to) = exp [—2/ dt¢ Ht:| = Z =~ [—2/ dtlH{l] [—2/ dtgHg!| [—i dt”an] (76)
to n=0 n: to to to

If we act with i, use i 4 {—i ft/() dlefl] = H; but we need to apply product rule also to the other

[...]. Problem: Since [H, Hy] # 0 in general, the H; does not commute with [...] and cannot be
moved to the left to satisfy Eq. (75)! — Solution: Apply time-ordering operator.

o Definition: Time-ordering operator for general time-dependent operators A;, By (not necessarily Hamil-
tonians H;, but later also operators in Heisenberg picture). Put later times to the left:

A By t>t
Ty [ABy] = 17" , (77)
<Bt/At >t
where ¢ encodes the statistics, ( = +1 for bosons, ( = —1 for fermions. Remarks:

— H = ¢'e with ¢ fermionic is a bosonic operator.

— T, generalizes to 3,4,5... operators, with a sign (") (see Eq. (59)) and p the permutation needed
to achieve the time ordering

21



Use time-ordering to write time evolution operator:

t © (_an ot t
Ult, to) = T} exp [z/ de;] = ( nz') / dtl.../ di,, 1, (H,...Hy, ) (78)
to : to to

n=0

Due to time-ordering and since t is the largest time, H; always appears on the left and Eq. (75) is satisfied.
Properties of U(t, ty):

— unitarity condition [U(t1, )] = U(ts, 1)

— group properties: U(t,t) =1 and U (ts,t2)U(t2,t1) = U(ts,t1)

The conjugate evolution (backward in time) is given by U(to, t) = [U(t, )]’ = Ty exp [z ftto deg} with T}
anti-time-ordering (puts later times to the right).

3.2 Heisenberg picture
e Time evolution of average of operator Ok:
1 1 cycl. 1
(On) (t) = == Tr [Op(t)] = m—=Tr [OU(t, t0)p(to)U(to, )] =" ——=Tr[Ulto, t)O:U(t, t0) p(to)
Topl) Top) Toplta) |
=0y (t) Heisenberg pic.
(79)
The right-hand side defines the Heisenberg picture, in which operators carry the time-dependence (t) in
addition to their explicit time dependence denoted in superscript.
o Equation of motion for Heisenberg picture operator Oy(t):
d dOy
—O(t) = i [Hy(t), Ot — ) (¢ 80
£0i0) =i H(0. 00)) + () (30)
with Hy(t) = U(to, t)H:U(t, to) the time-evolved Hamiltonian and 0O; /0t capturing explicit time-dependence
of Oy (proof in Ex. 3.1).
« For a time-independent Hamiltonian and operator: O(t) = e (t=t0)Qe=H(t=%0) and H(t) = H.
« Example: For a non-interacting and time-independent Hamiltonian H = Y, €,a}a,, we have for tg = 0
and for Fock space operators of both fermions and bosons (proof in Ex. 3.1)
a,(t) = e_ia“tau, aL(t) = e“g”ta;a (81)
3.3 Interaction picture
o Split the Hamiltonian as H = Hy + V; with Hy time-independent (and usually “simple” in some sense,
e.g. non-interacting)
o Evolve operators as in Heisenberg picture, but with respect to Hy only,
O”(t) — eiHo(t—to)Ot( —iHg(t—to) (82)
and the state evolves with respect to |¢(t)) = Ur(t, o) |1 (to)) where
Up(t,to) = 010U (1, 10) (83)
o The Uj(t, t) satisfies the Schrodinger eq., i0,Us (t, to) = Vr.(t)Us(t, to) where Vi 4(t) = etHot=to)y e=iHo(t=to),
This is solved similar to above as U(t,tg) = 7} exp [—i ftt) dﬂ/},g(f)}.
Exercises

Exercise 3.1. Operators in Heisenberg picture

Derive the general equation of motion for operators in the Heisenberg picture in Eq. (80) and also show Eq. (81).
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4 Green functions (real time)

Idea:

o Description of many-body quantum system: Wavefunction ¢ (ry,ro,...,ry;t)?

« Problem: No analytical solution known, N ~ 10%3 i

(cannot measure all N particle positions)

is very demanding for numerics, too much information

o Alternative: GF are averages of two or more operators taken at different times, e.g. <\Ilr(t)\lll, (t’)> (—
Heisenberg picture)

o GFs are efficient because closely related to measurement (— Sec. 6) and intuition (follow propagation in
full many-body background), c.f. Fig. 4.

o Like the wavefunction (or density matrix), the full set of GFs characterizes many-body system

4.1 Zoo of real-time Green functions

o We define a variety of different GFs and study their mutual relations.
This may first seem annoying, but we will see later that some of them are measurable objects while others
are easier to compute.

e Operators A, B:

— in Heisenberg picture — A(t), B(t')

— do not need to be hermitian, e.g. A(t) = aL(t) or W.(t)

— ( = =£1 for bosonic or fermionic operators, also define [A, Bl = AB — (BA
e Zoo of GFs:

— Greater and lesser GFs (do not care about order of times):

Gagl(t, ’) = —i(A(t)B(t))
Gp(t.t) = —iC (B(t)A(t))

For A=V,, B= \I/I,, we have G 5(t,t') ~ <\I/r(t)\I/I, (t/)> describes propagation of a particle added
at (t',r’) to (t,r) under the full many-body dynamics (correlation)

— Retarded and advanced GFs are averages of commutators [with 6(0) = 1/2]:
Gip(t.t) = —iot—+)([A(1), B#)],)
= +0(t - t/) (GEB(tv t/) - GjB(tv t/))
GAp(t.t) = +io( —1) ([A(1), B#)],)
= +0(t' — 1) (Gip(t.t) — GAp(t,t))

The retarded G%5(t,t) is only non-vanishing for ¢ — ' > 0, the advanced G4 5(t,t') for t — ' < 0.
The GE5(t,t') describes the linear response of a system (measured via A) to perturbation B (Kubo
formula): Thus, retarded (and advanced) Green functions are also called response functions.

— Time ordered GF:
GA g(t,t)=—i(TLAR)B{)) =0t — )Gt ')+ 0(t' — )Gt t)

These GFs are useful for actual calculations and can be related to the other GFs.
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Figure 4: Sketch for two different processes in a quantum many-body systems described by appropriate Green functions.

e Relations:
§ (tv t/) BTAT (t t) GiB(tv t/) = CGEA(t/v t)? (84)
Goiai (1) = GEp(t.t)", Gpa(t.t) = CGHp(t1). (85)

o Temporal Fourier transform for stationary state [G(¢,t') Sy, (t — '), in particular for equilibrium]:

G(w) = / Tt G (t) (86)
Gt) = % /_ " dw et G(w)

Note that w € R is continuous.

4.2 GFs in thermal equilibrium

Spectral density

o In equilibrium, we can work with single-frequency representation Eq. (86).

e Claim: All GFs can be calculated from the spectral density:

Aap () =i (Gllp(w) — GFr i (w)') (87)

e Remark: For A =¢,, B = CL, the spectral density is real and non-negative and has the meaning of an
energy resolution of the single-particle state |u) in the many-body system, — Ex. 4.2.

o Define “real” and “imaginary” parts of GFs (not the same as for complex numbers unless A = BT, thus
denoted by “Gothic” letters).

Applies for time-ordered, retarded and advanced GFs:

GT/RIA _ sy GTIR/A | j5GT/R/A (88)
where
ARG/ 1, 1) % (G Ry + GHRAW o).
IGH AL = (GT/ B ) - Gt ),

or, for stationary states, after Fourier transform,

A *
RGEMw) = 5 (GHE @)+ G wr).
- A 1 A A, %
3G W) = 5 (GUE W) - G ).
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¢ Relations which follow from definitions:

RGE = RGA = RGT (89)

IGR = 364 = 14 90
2

Relation A < JGT

o Integral relation: Shift t-integration from real axis to the line t — i3 (use definition of (...) and A(t) =
ethAefth)

/ dt et (A(t)B(0)) = P / dt et (B(0)A(t)) (91)

« We derive a relation between lejJ/BA (w) and G g(w):
IGpw) = —IG4pW)

= 5 (Cha(w) - GB ()

1 > w —iw *
= 5/ (“'GRp(t,0) — e “GF 41(t,0))
G45(0t)
= Ql dt ethe(t) (GiB(tv 0) - GjB(t7 0)) - eithe(t) (GEB(Ov t) - GiB(()? t))
1 —0o
eq.:G 5 g (—1,0)—G7 5 (—1,0)
. 1 > W w
(right : t — —t) = % dte™t(t) (GZ5(t,0) — G5g(t,0)) — e“'0(—t) (G55(t,0) — GZ5(,0))
= o | e (@p(0) - Gig(t,0)
L[~ .
= —2/ dt ™! (A(t)B(0) — ¢B(0)A(1)) (92)
1: —Ww
(1) = =5 (1-¢) Gipw) (93)

Similar for time-ordered Green function:

IGhpw) = —5 (1+¢e") Gip W)

L
2

» Combine the last two equations, eliminate G5 (w), we find a relation between the imaginary parts of
time-ordered Green functions and spectral density A:

1—Ce P

Relation A < RGH/A/T (Kramers-Kronig)

o We show that IG5 = —A4p/2 determines the full G¥ 5 (w).

o Use FT of step-function (7 is positive infinitesimal for convergence of the FT):

00 ) B -1 ) w n
= i ZUJt nt p— i = i 1
FTO(t))(w) %13% ; dte™’e %g%iw — Z%ll)%wz g + 7171_%602 g (95)
'p% mo(w)
or + ot
1 o0 e’LUJ
0(t) = — d 96
) = 3 /_Oo g (96)



» Find retarded Green function (use convolution theorem for FT):

Glptw) = [ are 90) (Gap(t.0) - Gip(1.0)]

—0o0
SRS / "t (A1) B(0) ~ CBO)A()
= —— W — e’ —
21 J_ oo w—-—w-—1n J_
1 +o00 jGR !
(92)] = / aw 2GA)
T J_ oo w' —w —in
I A !
27 J_ o w—w—1n
Fluctuation-dissipation theorem
o Similar expressions for G< in terms of A:
iAAB(w)
GipW) =—1—;—us CoP (98)
< _ iAap(w)
e Combine these expressions to find fluctuation-dissipation theorem:
Bw
, e’ 4+ ¢
Gipw) +Gip(w) = —tAap(Ww) 55— c (99)

e Remarks:

— Dissipation: On the rhs, imaginary part of the response functions A ~ JGF determines dissipation
— Fluctuation: Correlation function G< on the lhs [the sum is also called Keldysh GF, GX 5 (w)]
— Recall: This only holds in equilibrium.

Lehmann representation

o Assume we have diagonalized the many-body Hamiltonian H |n) = E, |n). We wish to express the
spectral density Aap(w) (and thus all GFs) in terms of eigenstates.

o We start from the greater GF:

Gap(t) = —*Ze B (n A(t)Bln) = — Z OB ER=E) (n| Aln') (n'| Bln) (100)
and after a FT [using fjoo dx €' = 27 §(a)]
2
Ghp(w / dte™“'G55(t) = —ﬂ Z e PEn§ (B, — Ep 4 w) (n|Aln") (n/|B|n) (101)

o We find with Eq. (98):
Aap(w) = (1 — Ce_“”B) iG3 p(w)
- (1 o) S G (B~ B ) (A (| B)

nn

= — Z §(Ep, — Ep +w) (e_BE” — {e_BEn’) {(n|Aln") (n'|B|n) (102)

nn’

o The Lehmann expression is useful for explicit calculations (if we know |n), e.g. for small systems) or for
general proofs. For example, the relations found in the previous section could have been derived in this
way as well.

26



Exercises
Exercise 4.1. Harmonic oscillator: GFs, spectral density and equation-of-motion (EoM) technique

The Hamiltonian for a 1D quantum mechanical oscillator with mass m and frequency wg reads
H= ip2 + 1m(,u(%acQ (103)
2m 2
where momentum and position operators satisfy [p, z]- = —i.

1. Introduce the bosonic creation operator a = x+/mwy/2 + ip/v/2mwy and express the Hamiltonian as
H = wo(a'a + 1/2). Assume thermal equilibrium at temperature 7' and find the greater and lesser GFs

G i+ the retarded and advanced GFs GR/ 4 and the time ordered GF GZ@T, both in time and frequency
domain. Confirm that the spectral den81ty reads A,,i = 2m6(w — wp).

2. Use your results in 1.) to find the retarded GF for the position operator,

GE (t) = —0(t)—— sin (wot) . (104)

mwo

Find the same result from the EoM technique, which does not require diagonalization of H: Apply two
t-derivatives to the definition of G () and solve the resulting differential equation.

Exercise 4.2. Spectral density A(w) and tunneling spectroscopy

Consider the equilibrium spectral density A4p(w) of Eq. (87) for the case A = ¢, B = ¢! with ¢ a fermionic
operator. Here, we explore the meaning of A_.(w) as the energy resolution of a particle created by ¢! in a
many-body system and discuss how it can be measured in the solid state context.

1. Show that A_.i(w)...
(a) is normalized o= [ dwA u (w) = 1,
(

b) is real and non—negatlve (use Lehmann representation),
(c) determines the occupation when weighted with ng(w), i.e. show (cfc) = 5= fj;o dwA .+ (W)np(w),
)

(d) is a d0-function for a non-interacting system H = eocfc and broadens if scattering with rate 1/7
removes the particle from its state (start from G2, (t) = —if(t)e~e0te=t/27 and discuss).

2. In solid state physics the spectral density can be measured by tunneling spectroscopy. Consider two
pieces of metal, sample A and probe B described by - possibly interacting - Hamiltonians H4 and Hp.
They are weakly coupled by a tunneling barrier Hap =3_,, VCL#CBV + h.c. with T},, a small complex
tunneling matrix element (7' = TT) and Greek letters denote eigenstates of H4 p. The total Hamiltonian
is H= Hjy+ Hp + Hap. The tunnel current through the barrier is given by the rate of change of the
charge in metal A (or B), I = 0;Qa = i[H, Q] where Q4 = —e}_, CL”CAH. Show that

zeZ( MVCAMCBZ, T CTBVCAH> (105)

and calculate the change of I when the tunneling barrier is added via I(t) = [~ oo qrGR ‘1 ap (). This is
an application of the Kubo formula [— Sec. (6)] and the retarded Green funetlon needs to be calculated
with respect to H4 + Hp only (without the perturbatlon Hap!). Assume a voltage bias eV = ug — up
between the two metals (i.e. use Hq4 — Ha — a Z“ CA#CAM and analogous for Hp). Show that

[ —e;ﬂ/dwz TulA,, 5 @A, 4 @+ eV)plo+eV) —np(w)]. (106)
v

Ap BrvCpy

Assume that metal B (the probe) has a spectral density that does not vary strongly with w, this means
>, |TW| A, (w) ~ const., and also assumed that |7, W]2 does not vary strongly with p. Show that
: 7%

t (——6‘/),

CApCH,,

at low temperature the differential conductance dI/dV = G(V') is proportional to 3, A

i.e. the spectral density of metal A that we measure. This is the theory of tunneling spectroscopy.
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Exercise 4.3. Hubbard atom: Spectral density and occupation

Consider a localized electronic orbital where an interaction U > 0 occurs in the case of double occupation with
two electrons of opposite spin. The Hamiltonian is

H = Uiy — p(ng +1ny) (107)

with 7, = ¢l ¢, the occupation operator, ¢, fermionic annihilation operators (for spin ¢ =t, ), and assume
thermal equilibrium at temperature 7. Note: This “Hubbard atom” is the local limit of the famous Hubbard
model which in addition considers hopping —tc;r- »Cio between neighboring sites (4, j) in a lattice of such Hubbard
atoms.

Diagonalize the Hamiltonian and use the Lehmann representation to find the spectral density A i (w). Does

CoC,
it depend on o? Calculate the occupation n = (fiy + 7 ) directly from the eigenstates and from the spectral
density (c.f. Ex. 4.2). Plot n as a function of p/U for T/U = {0.01,0.1,0.5} and discuss your results. In the
special case u = U/2, you should find n = 1 independent of T'. Explain this observation in terms of a symmetry

of H.
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5 Equilibrium GF': Imaginary time and Matsubara formalism

Idea:

Imaginary time formalism only for equilibrium, so H is always time-independent.

+itH with thermal state p ~ e A1

In definition of GF: Compare time evolution e

Transform to imaginary time it = 7 € R to treat both exp on equal footing. Related concept: imag. freq. iw,

This is just a mathematical trick without physical content!

Pro: Resulting formalism is simple, in particular for perturbation theory (— Feynman diagrams)

Con: Real-time/freq. quantities [e.g. A(w)] obtain from analytical continuation which is difficult.

5.1 Imaginary time

We want:

— exponentials appearing in Gp(t) ~ (A(t)B) ~ Tr {e“HAe*itH B e*BH} to be real

+itH

— avoid to expand e ## and e when doing perturbation theory

In the complex plane, we rotate t — —i7 (with 7 € R), see Fig. 5(a).

For the time-evolution operator we get e (‘") H = [/ (¢, ty) — U(r,79) = e~ (T~ (“delete the i”).
The U(,7p) is no longer unitary, but the group properties remain.

Define the Heisenberg- and interaction picture in imaginary time, just copy from above.

We use a Greek letter 7 to indicate imaginary time evolved operators O(7). A roman letter stands for
real-time Heisenberg picture, O(t) = e Qe=#H

Heisenberg picture: O(7) = efITOe™H7™ and the EoM is 9,0(7) = [H, O()).

Interaction picture (H = Hp + V):
— Operators: O;(7) = ef070e=H07 and the EoM is 9,0;(7) = [Ho, O;(7)].
— States |17(7)) = Ur(r, 7) [¢1 (7)) with Uz (7, 7') = eHo=U (7, 7') and 8, U; (1, 7') = Vi (1)U (7, 7")

— Formal solution for U (7, 7') with imaginary time ordering operator T

Ur(r,7) = Ty exp {— /IT d?VI(f')] (108)

T

e Main result: Express thermal density matrix (state) in terms of evolution operator (both in Heisenberg
and interaction picture)

Zp =P =U(8,0) = e PMoU;(B,0) (109)

5.2 Imaginary time ordered GF

» We use the time ordering operator for imaginary times 71 » and consider operators in Heisenberg picture:

Gars (r1, ) = — (Tw A(m)B(m)) = — Tr [ 1T A(n) B(r)] (110)
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Figure 5: (a) Real and imaginary time (b) Sketch of the imaginary time ordered GF G,,+(7) for H = £afa for bosons
(red), fermions (blue) and £8 = 0.5. (c) Integration path to connect G(7) and GF(w). (d) G(c) with complex frequency
argument c.

Relation to perturbation theory

o Use Eq. (109) to write Gap (11, 72) for H = Hy 4+ V in a compact way that is the basis of perturbation
theory in V.

o Assume 71 > 79 and work with interaction picture A(7y) = Ur(0,71)Ar(11)Ur(11,0):
1
(TAM)B(r)) = T [e™MUr(0,m) Ar(r1)Us(m1,72) Bi (72)Us (72,0)]

20 T [e P OUL(8,7) A (n)Us (i, m2) Bi () Us (72, 0)]

T, Ur(8,0)Ar(m1)Br(72)

and a similar calculation holds for 71 < 7 so that we can conclude for all 7 »:

Tr [e‘ﬂHOTT (Ur(p, O)AI(Tl)BI(TQ))}

<T7—A(7'1)B(7'2)> = Tr [6_5H0U[(ﬂ,0)] (111)

The time-ordering puts the parts of Ur(3,0) = Ur(5, 1)U (71, 72)Ur(72,0) at their correct positions.

« We divide both numerator and denominator by 1/Zy and use “simple” averages with respect to e=#H0
which are defined as (...), = Z; 'Tr {e*ﬁHO...}:

(T7UL(B,0)Ar(11)Bi(12))o
<UI(/87 0))0

<T7—A(T1)B<T2)> - (112)

o Observation: The perturbation V sits only in U;(5,0) and not in Aj(7)Br(72) so that no separate
expansions of state and time-evolution needs to be performed.

 Before we embark in performing expansion in V' (— Sec. (7)), we first consider the relation of G4 g (71, 72)

to real-time GF (or rather real-frequency GF).

Matsubara frequencies

 Properties of G4 p (proof — Ex. 5.1):

— translation invariance in 7:
Gap (11,72) = Gap (11 — 12,0) = Gap (11 — 72) (113)

— for G4p(7) to be well-defined (not divergent), the argument needs to be restricted to 7 € (=2, 3).
Here it is assumed that the (many-body) spectrum E,, is bounded from below, but not necessarily
from above.
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Figure 6: Sketches for reminders on complex analysis.

— (anti-)periodic boundary conditions: For 0 < 7 < 3, we have

Ga (1) =C-Gap (T —pB). (114)

o The boundary condition (114) means Gap (7) is fully determined by its behavior for 7 € [0, 3). However,

generalizing Eq. (114), one can extend Gap (7) to 7 on the whole real axis, 7 € R to obtain a function
periodic in 2/.

As an example, the G,,i(7) for free bosons or fermions is shown in Fig. 5(b), for details see Sec. 5.5.

It is useful to represent the periodic function Gap (7) as a Fourier series with discrete coefficients that
can be obtained from G(7) on 7 € [0, B):

Gap (1) =T e ™" TGap (iwy) (115)

B .
Gap (iwy) = / dre*“""Gap (1) (116)
0

where for n € Z the Matsubara frequencies are:

o = {27[‘T7’L : bosons (117)

27T(n+1/2) : fermions

This ensures [-(anti)-periodicity.

The Gap(iw,) is known as the Matsubara GF and the complex argument is a convention. Sometimes
also Gap(wy) is used in the literature.

5.3 Reminders on complex analysis

Before we can embark on showing the relation between Matsubara GF Gap (iw,) and real-frequency GFs, we
need the following facts from complex analysis.

(1)

Residue theorem: Consider f: C — C, z — f(z) a complex function which is analytic on C (locally
expandable in power series) except at the points a1 . ,. Then we have for the aj o j inside a
closed path ~:

k
&lgdzf(z) :2m’ZRes (f,aj) (118)
g j=1
where Res (f, a;) is the residue of f at a;. If a; is a pole of n-th order of f(z):

1 ) dn—l
(n— 1)!zll>r{llj dzn—1

Res (f,a;) = (= — aj]" £()) (119)
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(2) Cauchy’s integral formula (follows from residue theorem): If f is analytic on C, then for a path

f(20) = L %dz S (120)

211 Z— 20

enclosing zo:

(3) Identity theorem for complex functions: Let f,g : D — C be two complex functions analytic on
the domain D C C and consider a, € D, n € N a series of complex numbers with li_>m an =a € D.
n oo

Theorem: If f(a,) = g(a,) for all n = 1,2, ..., then f(z) = g(z) for all z € D.
Consequence: If we know a function f(z) for a series of points, we can continue it analytically to a
larger region of the complex plane in a unique way.

5.4 Connection between Matsubara and retarded GF

o Consider the integrand in Eq. (116) but replace 7 — = (complex argument) e™“"*G4p () and integrate
along closed path C' = C_, + C}y + C= + C| in Fig. 5(c). Assume w,, > 0 and use residue theorem (1).

e The integrand has no singularities in C, thus
0 = ygdzei“”:gAB(z):I_>+IT+L_+I¢ (121)
C

We calculate the different line integrals on the rhs separately:

— C,: z=171 € R, dz = d7: The integral is just the definition of the Matsubara GF, I_, = Gap (iwy,)

— Cy: z=f+it, t € [0,00), dz = idt: The convergence of this integral requires w, > 0. We use the
important identity e®n? = (.

L= _1/00 idt eon (BHit) Ty (efﬂHe(ﬂ+it)HAef(BJrit)HB)
Z Jo

1 [ . .
= —= / idt et ¢ Tr | e PH Bt AetH
7o A)

= — /0 dte “nti (BA(t))

— C: We have I, =0 to due to e“"* — 0 if w,, > 0 and Imz — co.

— C}: Similar to C4, we find with z = it, t € (00, 0], dz = idt,
1 [0 o . .
I, = —/ idte™r Ty (e_ﬂHe”HAe_”HB)
Z o0

= + /0 dte=“nti (A(t)B)

« We insert in Eq. (121) and convert [;°dt = [ dtO(t):

Gap (iwn) = /°° dte="1(t) (=i (A(t)B) + Ci (BA(1))) (wm > 0) (122)

—00
Gip®)

Note: On the rhs, this is not the usual FT of Eq. (86) because of the missing imaginary unit in the
exponent.

e What about w,, < 0?7 We need flip the path C to negative side of the complex plane. Similar steps lead
to:

Gap (iwy,) = /Oo dt et G45(t) (wm < 0) (123)

—0o0
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To complete the argument, we need to extend defintion of FT, GF/4(w) = [*_dte™'GR/A(t) [Eq. (86)]
to complex frequency variable ¢ = w + iv with w,v € R.

G A c=w+iv)= / dt et e=™ GRIA(®t) (124)

—00

What values can v take for convergence? Due to the 6(=£t) in GI/4(t), we restrict to v > 0 for GF(w +iv)
and v < 0 for GA(w + iv).

It follows:

— G®(c) is an analytic function on the upper half plane Imc = v > 0

— G*4(c) is an analytic function on the lower half plane Imc = v < 0

Relation between Matsubara GF and response functions: With the definition Eq. (124) and Eqns. (122),
(123) from contour integration of Gap (T — z), we have

GBy (iwy) wyp >0

125
G4 (iwp) w, <0 (125)

gAB (an) = {

Remark: The special case w, = 0 (only for bosonic Matsubara frequencies!) will be considered in Ex. 5.2
and interpreted in Sec. 6.

Analytic continuation

5.5

Usually Gap (iw,) is easier to calculate than other GF — assume we know Gap (¢ = iw,) where c is
complex frequency argument. See Fig. 5(d).

Use identity theorem (3) from complex analysis and the fact that Eq. (125) holds for infinite number of
(either positive or negative) Matsubara frequencies. We conclude that there is a function G4p(c) which

is analytic for ¢ ¢ R which coincides with the Matsubara GF at ¢ = iw,, and is identical to GigA (w) for
¢ = w % in just above or below the real axis.

Analytic continuation:

GRIA () = 71711;% Gap (iwp, — w £ in) (126)

Remarks:

— For straightforward analytic continuation by simply replacing iw,, — w =+ in, need Gap (iwy) in the
form of a rational function analytic in the upper/lower half plane.
E.g.: One cannot replace iw,, — w = in in the defining FT integral (116), the T-integration must be
performed first because we need discrete Fourier coefficients.

— Gag (c) has a discontinuity on the real axis, ¢ € R, this is evident as G% 5 (w) # G4 (w). See also
Ex. 5.2 where Gap (¢) is expressed using the Lehmann representation.

— For numerical data, only a finite number of Matsubara frequencies is known and there might be
error bars. Then analytic continuation is not well defined.

Example: Matsubara GF for non-interacting particles

Consider non-interacting particles described by Hy = }_, fua);au where for bosons §, > 0 for finite
occupation. We want to find the Matsubara GF G +(7) = G, (1) and G, (iwy).

We have similar to the real-time case Eq. (81), a,(7) = e™H0q,e ™0 = ¢=87¢q, and af, (1) = e™&7af.
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Figure 7: (a) Matsubara sum S(7) =T )", g(iwp)e™"™ in two cases for function g(2), (a) with known simple poles and
(b) with a non-analyticity along the real axis.

o Insert into the definition of G +(7) =G, (7) in Eq. (110),

Gu(1) = - {9(7’) <al,aj,> +CO(—7) <a
= —[0(r) (14 ¢ (M) +CO(=7) (An)] e o7

T —+
S

AN

~_—

—
ml
m
<
3

with (f,) = n, = 1/(e% — () the occupation function for bosons (¢ = +1) or fermions (¢ = —1). See
Fig. (5)(b) for a sketch of G, (1) for &, 5 = 0.5.

o We perform the FT (116) to find G, (iw,) = foﬁ dre™n7G, (7). It is crucial that £, > 0 for the bosonic

case and iw, # 0 for the fermionic case so that foﬁ dr elwn=8)7 — % We then use e™nf = ¢
and obtain after a cancellation with 1 + ¢ (7, ).

(127)

o Analytic continuation:

1

pr— (128)

GR/A (w) = 113(1)@, (twy, = w tin) =
g

For the bosonic case, the G®/4(w) has already been found in the Ex. (4.1) on the real-time GF of the
harmonic oscillator.

5.6 Evaluation of Matsubara sums

o When working with Matsubara GFs, we will often encounter generic sums [for 7 € (0, 5)]

S(r) = TZg(iwn)ei“’"T (129)

and w, are either bosonic or fermionic Matsubara frequencies and g(iw,) is a Matsubara GF or products
thereof. Goal: Calculate S(7).

o Trick: Use Cauchy’s integral formula (120) backwards, f(iw,) = 5 gﬁydz f(2)/(z — iwy). Write the rhs

2mi
of S(7) as an integral of the complex variable z.

o Start with rewriting a single term in the sum, g(iw,)e™"7. See the red contour in Fig. 7(a).

e We need a function that has simple poles at iw,, but for all n. Since ¢”®» = ¢ this function is the
fermionic or bosonic distribution function:

1

1 , . . :
ne(z) = e — Res (n¢(2),iw,) = Zgrlgn([z - an]ﬂ) = %1;1% P T CB (130)
)
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o For a contour integral that encloses the point iw,, but no singularity of g(z), we have according to Cauchy’s

5.7

formula
1

Bg(iwn) (131)

yg dz g(2)n¢(z) = 2mi¢

Yiwn

Generalize to contour v which encloses all iw,, but no singularities of g(z), then

S(r) = % 7dz ne(z)g(z)e*” (132)

Special case (a) (perturbation theory): Function g(z) with simple poles that are known, g(z) = II; 1.

. ZT]

Use contour 7 : z = Re®, § € [0,27] and R — oo, see Fig. 7(a). The integrand contains n¢(z)e*” = eEZ—g
which vanishes in the R — oo limit and hence
1

0=—Pd =T 133

o P denc(lg(a)e (133)

v

The poles of n¢(z) give rise to (S(7), the (few and known) poles of g(z) which are also enclosed provide
the rhs:

S(r) = —(ZRes (9(2),zj) ne(z)e ™ (134)

Special case (b) (full GF, fermionic ¢ = —1): Assume the poles of g(z) = G, (%) are not known, but we
know that it is analytic for z not on the real axis [follows for G, (iw, — z) from Lehmann representation].
Enclose all z = iw,, by contours 71 2 shown in Fig. 7(b). Again, the part |z| — co does not contribute to
the integral. We have from Eq. (132)

S0) = g [ QenelE) G+ i) G (e — i)
1 [+oo
(anal. cont.) = i) dSnF(g)[GiT(S)_Gif(e)}es’r
—iAct (6)
1 [Foo
= 5 - denp(e)Aqt(e)e”

Application: Occupation number

(cle) = ~(Tre(—n)et(0)) L G (r = —) = T3 €4m1G, ; (itwn) = S(n) 2 = / " denp(E) A ()
(135)

This relation between occupation and spectral density was already derived by other means in Ex. 4.2.

Wick’s theorem

n-particle imaginary time ordered GF: We specialize to creation and operators A, B = al,j,alj but gen-
eralize from the single-particle imaginary time ordered GF to n-particle (=2n-point)

G (T, s Vs T ) = (1) <T7-a,,1 (11)...ay, (Tn)(l;‘//,] (’T,/,)...(z;;;, (1] ‘)> (136)

1

Note the order of the creation operators and the leading sign which might differ from author to author.

hz(/[?,)yal’ ay

Wick’s theorem applies to G only if the average (...) is with respect to a Hamiltonian Hy = >

/
vy

which is quadratic in a,a’. We denote this case by subscript 0: g — gé”) .
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o We abbreviate j = (v;,7;). The theorem states that Q(()n) factorizes into a sum of n products of single-
particle (n = 1) imaginary time ordered non-interacting GFs

Go(3.") = ~(Traw, (7)al, (1) (137)

in the following way;

GV (1,2, 000y 1,2 ) = 3 PG, (1,p(1)) Go (2,0(2)) -+ Go (n, p(n')) (138)

/’Esn

e Remarks:

P(p) = [1 — sgn(p)]/2 where sgn(p) = £1 is the sign of permutation p — ¢F”) = 1 except for an
odd permutation of fermions where it is —1

— essential: (i) fermionic or bosonic operator algebra and (ii) non-interacting Hy

— if we consider the matrix M with elements M;; = Go (j,7'), the rhs of Eq. (138) is the determinant
of M (for fermions, ( = —1) or the permanent of M (for bosons, ( = +1)

Wick’s theorem and the interaction picture representation of the full G in Eq. (112) are the basis of
perturbation theory and Feynman diagrams

Preparation for proof: EoM for Gy = gé”

o Apply O to (compare to Ex. 4.1 for real-time GF):

_ _ T _ _ T
Go (7) = 9(T)<ay(r)ay,>0 ¢o( T)<ay/ay(7')>0 (139)
o Preparation for EoM in imaginary time Heisenberg picture: 0ra,(7) = [Ho, a,](7):
0 0
o) S0 -Shl  wae, —-Se (00
W W — H

T — T
5H/Vau+4au,a,,au—éu/ya#JraH,aua,,

so that:
0ray(1) = [Ho,a,)(1) = = > h{Va,(7) (141)

o Combine this with the derivatives of the 6(7)-functions
0-Gounr (1) = =6(){avaly) +¢o(r)(abar) > hi)Go s (7)
m
s A _ (0 , _ 1
ZH: ( 8,0~ /z,//,>g0,u,, (1) 6(7‘)< [a,,, aV,L>O (142)
2290, Gogwr (1) = 8(7)
”w

e After a Fourier transform, {QO_ 1(7)} = —0u,0; — hl(,(B is consistent with our finding for the non-
v
interacting GF in Eq. (127), 1/G, (iwy,) = iwy, — & (here, h(y(,)) was diagonalized before).

14

o Generalize to two time arguments 7 — 7 — 7'

> (=00 = B0 )Golur, V') = (7 = 1), =1 (143)
w

Gy vyt )
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Proof via EoM

e Define operator

aV'(Tj) :j:1,2,...,n
di(o) = @i\ 144
) { (Tpry) d=ntlnt2,..2n e

2n—+1 7

so that oj = 7; for j = 1,2,..,n and 0j = 75, ;_; for j =n+1,...,2n. We then have
G\ (1,2, ;1,2 ) = (= 1) (Tydydy...dpd, 1oy - (145)

o Idea: Rewrite 7-ordering 7’- by summing over all possible orders of d; (— permutations p) and pick the
correct one (determined by the actual values of 7;) by product of f-functions:

Qé") (1,2, ey 1 1/,2/, ...,n') = (—1)“ Z CPO))@ <O'p(1) - Up(Z)) 0 (UP(Q) - O'p(3)> .0 (O'p(anl) - O'p(gn)>

pESQn
X (dy1) (1)) dyam) (Tpam)) ),

o Take 0,,-derivative with ¢ € {2,...,n} (if n = 1 there is nothing to prove): The derivative acts on o; which
occurs at two positions: (I) Act on d;(o;) which produces the Gy ! as in the preparation. (IT) Act on the
two 6(...) with o; in their arguments.

Got -G = —al0g " (146)

e For the rhs, consider the two permutations which put o; = 7; together with T]’- in a f-function (neighboring
in permutation, either 7; > 7} or 7; < 7}). These contributions are

G = [.0(r; = 7))..] <...a,,z.(n)a1;(7jf.)...>o+g[...e(T;—Ti)...} <...ai;(7]’~)al,i(7'i)...> o (47

0

And the ... are the same strings of #-functions and operators in both cases. Acting with —8((7‘?) we have
analogous to Eq. (142) for the single-particle case from the a-operator algebra:

oG =~ |.o(ri = 7))... <...5W7V;...>0 ¥ .. (148)

o For the other cases where 7; is together with 7; (corresponding to two annihilation operators placed
together), we have [a,,, a,;]c = 0 and the contribution vanishes.

o By taking —8((,?)90") we have deleted one annihilation and one creation operator are thus left with a a

-1
sum over Q(()n ).

QO_’S;Z_ : g(()”) = z": Cj+i5,,i‘yj/(5(ﬂ; — T;)Qénfl) (V17‘1, e s I ooy Un T VU T ooy U s 1/,,7‘,]> (149)
o The sign in Eq. (148) cancels with the relative sign between G () and G~V due to the deliberately chosen
prefactor (—1)" in the definition of G, see Eq. (136).
e The sign ¢/t comes from moving ai/_ (T]/) from position 2n + 1 — j to position ¢ + 1 so that it sits right
of ay,(7;). This causes a sign of C2”_ij_j = ("I,
o In Eq. (149), we now insert the EoM of the single-particle GF, Gy in Eq. 143 and replace:
6(ri — 7;)0,, v ZQO Tivi, Ti) Go (s, Vi) (150)

Multiplying with Go o, from the left yields:

g(()n) (VlTla---aVnTn;l/iri'"" n n ZCJ—HQO ViTi, V )gén_l) (VlTla“wW VnTnal/iTl/ I//;//Z/{]/I/JTI/I)
j=1
(151)
o This is exactly the iteration formula for the determinant (( = —1) or the permanent ({ = 41). Thus, via

the remark below Eq. (138), this proves the theorem.
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Exercises

Exercise 5.1. Properties of imaginary time GF Gap(7)

Consider the imaginary time GF of Eq. (110) and prove the properties (i) of time translation invariance in
Eq. (113), (ii) the restriction 7 € (=4, ) for the argument [Hint: Use Lehmann representation] and (iii) the
boundary condition in Eq. (114).

Exercise 5.2. Lehmann representation of Matsubara GF and anomalous contribution

Starting from the definition in Eq. (116), follow similar steps as in Sec. 4.2 and introduce the Lehmann
representation for the Matsubara Green function (for general ¢ = +1),

, 1 ) 3 i+ By — By = 0,
Gap(iwn) =—— > e PEw (m!|Alm) (m|Bim/Y {5, ,~Ems_ e " (152)
Z ¢e 1
mom! SonFE—Em otherwise.

The upper line is called the “anomalous” contribution (often missing in textbooks!), it can only occur for the
bosonic case (why?) and we will discuss its physical meaning later in Sec. 6. For iw, — z ¢ R, Eq. (152)
confirms that Gap(iw, — z) is analytic. Derive also the Lehmann representation of the (real-frequency)
retarded GF, compare to Eq. (152) and confirm that Gap(iw, — w +in) = G5 (w) as shown in the lecture by
other means.

Exercise 5.3. Polarizability of non-interacting electrons (I): Lindhard function

The polarizability describes how the charge distribution p is modified by a perturbing external electric field.
Let the field be characterized by frequency w and momentum q # 0. In Sec. 6 we will see that under
suitable experimental conditions this response is given by the retarded (real frequency) correlation function
with A = B = p. We consider a spatial Fourier transform to pq and work in a translation invariant electron

system Ho =32, >, 4| §kCIT<aCk0 (a metal, say) and wish to confirm

R _ R 1 —nelék) — nr(kra)
qurp—q(w) = Xo (q,W) - v kzp fk _ gk-‘,—q +w+ ”,, (153)

where V' is the volume and the subscript zero reminds us on the non-interacting nature. This is known as
the Lindhard function. Confirm the expression for xo(q,w). Hint: Define a suitable imaginary time ordered
GF (with n = 2 creation an annihilation operators, respectively). Simplify this GF by using Wick’s theorem,
then change to Matsubara frequency. Perform the resulting Matsubara sum with the techniques developed in
Sec. 5.6 and finally do the necessary analytic continuation.

Exercise 5.4. Polarizability of non-interacting electrons (II): Particle-hole excitations in a metal

In the setting of Ex. 5.3, the perturbing field can cause dissipation in the metal. In general, the dissipation
is proportional to —Imy{(q,w) with x&(q,w) given in Eq. 153. Assume zero temperature and a parabolic
dispersion & = k%/(2m) — Ep filled up to the Fermi energy Er. In a the parameter plane spanned by the axes
q and w > 0, indicate the region where the dissipation is nonzero. Interpret this result in terms of particle-hole
pair creation processes which take up the energy.
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Figure 8: (a) Schematic of linear response of a system to an external perturbation (“field”) F. (b) The situation depends

on the presence of equilibration during the measurement.

6

Idea:

6.1

Measurement: Linear response theory

Define measurement setup with weak probe field.
Define susceptibility as outcome of measurement, connect to correlation function.

Different measurement protocols relate to different correlation functions.

Measurement situations

A system in equilibrium is exposed to a weak external perturbation F' (electric field, magnetic field,
temperature gradient, ...)

Measure average of operator O that depends on F', (O) (F),

The (O) (F) can be expanded in F', we are interested in the linear contribution.

0(0) (F
(0) (F) =(0) + <a;()|F:0 - F 4 O(F?) (154)
The linear response term is also called the susceptibility
9(0) (F)
AN = 1

Goal: Calculate y theoretically. For this, it is crucial to distinguish between two experimental situations.
(there are other more exotic situations)

Isothermal response: The system remains coupled to the bath when F' is applied (or: system that is
always coupled to bath has time to equlibrate), the state is always p ~ e PH (F) with 8 unchanged —
isothermal susceptibility x!.

Isolated (Kubo) response: The system is isolated from the bath when F is applied (or system coupled
to bath has no time to equilibrate), the state is changed psse=?H (F) — Kubo susceptibility xX.

Hamiltonian in the presence of perturbation F":

OH(F)
oF
=H;

H— H(F)=H + |0 F + O(F?) (156)

For linear response it is sufficient to focus on linear part.
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Example: Electrons in B-field

6.2

Consider an electron coupled to a magnetic field B, so that we have a vector F = B. The Hamiltonian
reads H(B) = H — m - B with magnetic moment

m=mg+my; =—H; (157)
which splits into spin (mg) and “orbital” part (mp, due to movement of electron).

Orbital part: m; = —ppL/h with L the angular momentum operator. Here, up = eh/(2m.) is the Bohr
magneton. The orbital part can be understood classically as a ring-current.

Spin part: mg = —g.upS/h with S the spin operator and Landé-factor g, ~ 2.0023 (with QED correction,
we approximate g. = 2). The spin part is of purely quantum nature. The spin part will be considered
further in Ex. 6.1.

Theory of isothermal response

We assumed that the perturbation is slow enough so that the system equilibrates p ~ e #H(F)  the
observable is

(0) (F) = Tr [e*“{ (F >O] (158)

Z(B, F)
with Z(8, F) = Tre PHE),

Naive attempt to susceptibility:

—Be PHE) g H (F)

—B[0pH(F)] e PHE) (159)

Ope PHE) z {
The right hand sides are not the same unless [H(F'),0pH(F')] = 0. Correct way: Series expansion of
e PHE) but this is complicated.
Alternative approach: Use differential equation for auxiliary operator
A(B,F) = ope PHI) (160)

Find S-derivative of A, set OpH(F) = H'(F): 03A(B,F) = —0p [H(F)G_BH(F)]. Express this via
A (B, F):

9sA (B, F) = —H(F)A(B,F) — H'(F)e PHE)  A(8=0,F)=0 (161)

We thus obtained a homogeneous linear first order differential equation.
Solution of homogeneous equation (only first term on rhs): Ay (8, F) = e #H ()
Ansatz for inhomogeneous equation:
A(B,F)=A(B.F)-G(8,F) = e P0G (5, F) (162)

Insert in Eq. (161),

B
893G (B, F) = —PHEV ! (e PHE) 5 G (B, F) =G (0, F) — / dr T O ' (F)e ™) (163)
0

o Insert in A (S, F') and use initial condition:

B
A(B,F) = —e PH(F) / dr e HE) /()¢ H(F) (164)
0
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o Use this result to compute the F-derivative of (O) (F) to linear order:

Op (O} (F) = ap( ﬁ[e—ﬁfﬂF)oD

Z(B,F)
1 _ 1 _
= —m {0rZ(B,F)} Tr {e ﬁH(F)O} + mTr {3}?6 BH(F)O} (165)

— For the curly brackets in the first term, we use:
0rZ(B,F) = TA(S,F)

B
_ _/ dr Tr [e—ﬁH(F)erH(F)H/(F)e—TH(F)}
0

(cycl) = —/BdTTr [efﬁH(F)H’(F)}
0
= —B(H(F))Z(B,F)

— For the second term, we use:

7 Mo 00) = e /06 dr Ty [P ' (e 0]
A(B,F)
— —Z(Blj) /O Car T e IO H'(F)(r)O)]
-~ [(ar ),
where (..} = Tr [e#1(0)_] /Z(8, F).
« Insert in Eq. (165),
or (0) (F) =~ | L4 [(H(F,7)0) . — (H'(F)) 1 (O)] (166)

and set F' =0, use (...) = Tr {e*ﬁH...} /Z and recall H'(F)|p—o = Hi:
Xio = Or{0)(F)lr=o

B
_ /0 dr [(H,(r)0) — (H}) (0)]

e The final result for the isothermal susceptibility is

X0 = G0 (iwn = 0) + B (H1) (O) (167)

e Remarks and interpretation:
— since we set F' = 0, the averages (...) are to be computed with respect to the unperturbed system
(Hy=0)

— the last term on the rhs of Eq. (167) is not substantial: We can redefine O — O — (O) to make it
vanish. This means we only measure the change in the observable

— imaginary time occurs naturally in this context (via differential equation):
The isothermal response of observable O under perturbation H; is given by imaginary time (ordered)
GF of Hi and O averaged over imaginary times 7

— this relates the Matsubara GF at zero Matsubara frequency iw, = 0 to a measurable quantity

— since H; and O are bosonic, we have X.I;ilO = Xé H
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Figure 9: The instantaneous eigenenergies of H(t) = H + F(t) - Hy, the F(t) is switched on slowly starting from

t = —oo. The assumption for the dynamic-isolated (Kubo) response is that only the states change, not the occupations

(line thickness). The occupations are taken to be the initial ones e “## for the duration of the measurement. The pink

arrows indicate the smallest gap which controls the adiabatic time scale.

6.3 Theory of isolated (Kubo) response
o As the system does not equilibrate (on the timescales considered) we treat the perturbation as dynamic
F — F(t).
o Perturbation is absent at t = —oo [F(t — —o0) = 0] and sufficiently slow (see below). Hamiltonian:
H(F)=H+F(t)-H, = H(t) (168)
o To find O(t), we need to know the density matrix which can be always diagonalized,
p(t) = Z )\n(t) |¢n(t)> <wn(t)| ) Z )\n(t) =1 (169)
» Equation of motion: Apply Schrédinger equation, 0, |1, (t)) = H(t) |1, (1)), find
Qep(t) = —i [H(2), p(t)] + D (Oha(t)) [n (1)) (D (t)] (170)
The first term is due to the change of the eigenstates due to the perturbation F(t), the second is due to
the change in occupation numbers.
o As discussed in Sec. 6.1, we start (at ¢ = —o0) in a thermal state
1 _BH eilBEn
p=g = ()
where H = H(t = —o0) and H |n) = E, |n) are eigenstates.
Assumption:

The occupation numbers A, (t) in Eq. (169) do not change with ¢ when the perturbation is switched on:

¢—BEn

An(t) = — Fa(t) =0 (172)

Justification I: Absence of scattering (Fig. 9)

— If the perturbation is slow, F'(t) ~ € with n — 0, then the adiabatic theorem tells us that eigenstate
|n) of H evolve into the continuously deformed eigenstate |n(t)) of H(t) and does not scatter into
other states |m(t)).

— For finite time-scale of the perturbation Tp, the adiabatic theorem still holds for Tp > T,; =
h/(Em — Ey).
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o Justification II: Absence of thermalization

— If the system is strongly coupled to an external bath, then \,(t) = e #E»() /Z(t). To avoid this, we
assumed that the system is isolated.

— If the system is not perfectly isolated, then thermalization only happens after a timescale T},

e In practice, require the perturbatino time scale T to fulfill:
Twa < Tr < Ty (173)

Then we have

Qup(t) = =i [H(t),p(t)], p(t=—0c0)=po=e""/Z (174)

Kubo formula

e« We now use the above assumption to find the “Kubo” susceptibility which tells us about the linear
response of the observable at time ¢ to the perturbation at time ¢':

9(0) ()(F)

8F( ) ‘FZO = Xng (t7t/) (175)

« Expand density matrix p(t) = po + p1(t) + O(F?) with p; of order F and p1(t = —o00) = 0. Insert in
evolution equation

Bip(t) = dpr(t) + O(F?)

—i[H + F(t)Hy, po + p1(t)] + O(F?)
= —i[H,pi(t)] = iF(t) [H1, po] + O(F?)

« We solve the differential equation for py(t) by the ansatz p1(t) = e *G(t)etH (like interaction picture),
find with [H, pg] = O:

e (9,G (1)) eTHE = —iF(t) [Hy, po] — 0G(t) = —iF(t) [e“Hﬂle—“H, po] = —iF(t) [H(1), po]

(176)
where H;(t) is the Heisenberg time evolution of H; with respect to H.
o Integrate to find G(t), use G(t = —c0) =0, G(t) = —i f dt F(f) [H1(f), po] and insert in pi(t):
t ~ ~ ~
pr(t) = i / ai F () [H (I — 1), po] (a77)
e Compute average of observable
O (O), (F)lr=0 = Ora)Tr[0 {po + p1(t)}] |r=0 (178)
= Opw)Tr[Op1(t)] |F=0
Prepare with OF(f)/OF (t') = 6(t — t'),
Opyp1(t) = —i0(t — ') F(t') [Hi(t' — t), po] (179)
and find:
9(0) (t)(F
B tt) = HoEO e

= —if(t —t)Tr {O [Hi(t' 1), p0]} = XO, (t — ')
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o We use Hi(t) = e Hie "H and [H, po] = 0 along with the cyclic property of the trace to obtain the
Kubo formula in its usual form:

Xom, (t =) = —ib(t — ) ([O(t), L (t)]) = GG, (t — ) (180)

e Remarks and interpretation:

— averages and Heisenberg time-evolutions are to be computed with respect to the unperturbed system
(H1=0)

— Kubo response corresponds to the retarded (real-time) GF for operators O and H;

— retardation is encoded in (¢ — t’): No response signal before the perturbation

— the response from the full time-trace F'(t) can be found via a time-integral of Eq. (180):

+oo
O 1) = [ at (e 1) FE) (181)

— 00

Fourier transform of x* (¢) (perturbation with frequency w, c.f. Eq. 86):

[e.9]
X, @) = limy [ de ey, () = Gy (o) (152)
10 ) oo

Conclusion

o The Matsubara GF contains both the static-isothermal (assume (O) = 0) and dynamic-isolated (Kubo)
response

I .
. X tiwp, =0
gOHl (an) — { IO(Hl "

. . (183)
XOHl(W) Diwp = w+in

e Question: What happens to the Kubo response Xng (w) in the limit w — 07 Does it agree to the

static-isothermal response Xé o’
K 2
m X6, (W) = Xon, (184)

o It seems that this should be the case since both sides seem to correspond to Gop, (iw, = z = 0). However,
since Gom, () is not necessarily analytic for z € R, the two expressions might differ:

&, () = lmGow, (i) # Gor, (0) = Xom, (185)

This interesting question is further analyzed in Ex. 6.3.

Exercises
Exercise 6.1. Isothermal response of single quantum spin of length S

Consider a single localized quantum spin of length S in a magnetic field B in z-direction. The Hamiltonian
reads H = hS* where we abbreviate h = 2upB (c.f. Sec. 6.1, no orbital contribution). Assume that the spin is
in equilibrium with a thermal bath at temperature 7' = 1/5. From elementary QM recall the spin algebra for
spin operators S%, SY, S% and that S can be integer or half-integer. Obtain the partition function

Z = sinh [Bh(S + 1/2)] / sinh [Bh/2] . (186)

Use the free energy F' = —TInZ and the appropriate derivative to find the magnetization (S?),

(S7) = —OF = % {coth <g) — (14 28) coth ([S + 1/2] y)} (187)
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where y = Sh. This function is known as the Brillouin function.

Now set h = 0 (such that H = 0) and compute the imaginary time ordered GF nggg) (1) and its Fourier

transform ggigi?) (iwp). Apply linear response theory for the perturbation hS*. Find the isothermal static
susceptibility from Xgﬁf;j()) = gg’zgi’) (iw, = 0) and compare to the linear-in-h term of the series expansion of
the exact result 187 (which holds for any h). What is the physical reason for its divergence as T'— 0?7 Bonus:

Find the Kubo susceptibility Gf;(gjo) (w) and obtain its w — 0 limit. Is it the same as ngigo)?

Exercise 6.2. Kubo formula for electrical conductivity

One of the most important applications of the Kubo formula is the calculation of the electrical conductivity,
o®B(rt,r't') where o, 8 = z,v, z are directions in real space. In the spirit of Eq. (181), the current density in
direction a at space-time point rt is the summed response to fields at space-time points r't’ and in directions
B as follows:

J%(rt) = /dt//dr/Zaaﬁ(rt,r/t/)Eﬁ(r’t') (188)
B

We consider free electrons Hy = 5= >, [ dr ¥ (r) (—ihVy)? U, (r) that are perturbed by the probe electric
field E(rt). We want to find an expression for the temporal Fourier transformed conductivity

oo
o (r,r;w) = / dt et g% (rt,r'0) (189)
0
using the Kubo formula. The electric field is expressed via a vector potential as E = —9; A (we chose a gauge

in which the electric potential vanishes, ¢ = 0). The Hamiltonian including the perturbation is then given by
(electronic charge e < 0, speed of light ¢ = 1)

H = ﬁ ; / dr Ul (r) (—ihV, — eA)? T, (r). (190)

From elementary quantum mechanics recall the current density operator j = jp + jd with paramagnetic and
diamagnetic part

jp:Z

ez

eh

62
o (W) [Vewo ()] = Vel (0)] o)), Ja= A Ul ()W, (x). (191)

m

1. Expand H to first order in A to define H; as in the lecture and use A(r,w) = ffooo dte™ A(r,t). You
should find ]
F(w) -H = —— [ drj’(r) - E(r,w). (192)
iw
2. Compute the observable current j%(rw) = <§a (rw)> in first order of E%(w) and read off 0*?(r,r’, w). You
should find

e riw) = LG ()= L ')00s | (193)

w o agr)an ) wm

The last term with the charge density p.(r) = e <Zg \Il:f,(r)\Ilg(r)> does not come from the Kubo formula

180 as discussed in the lecture. How does it emerge? We will further evaluate ¢®%(r,r’;w) in Sec. 7.
Exercise 6.3. Long-term memory, ergodicity and the difference between x” and x* (w — 0)

TODO
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7 Perturbation theory and Feynman diagrams

Idea:

Evaluate Matsubara GF in perturbation theory making use of a small parameter
Works best with fermions or bosons because we can make use of Wick’s theorem
Introduce diagrammatic language to organize the calculation

Apply to interacting systems and to disordered systems

Explore schemes for infinite-order resummations of subsets of diagrams

General setup for perturbation theory of the imaginary time ordered GF

Assume thermal equilibrium at temperature 7. Split Hamiltonian H = Hy + W where Hy is “simple”
and W is a perturbation.

From Sec. 5 we recall the definition of the imaginary time ordered GF
1
Ga (r) = —(T;A(T)B) = Tr (e7-D" ac=H B) (194)

In Eq. (112) we already found an expression for G4p (7) involving U;(3,0), the imaginary time evolution
operator in the interaction picture:

T.Ur(B,0)Ar(7)B
Gap () = -2 Iﬁ( 5)7 0§>(0) L (195)
Recall the ingredients in this expression (from Sec. 5):

— imaginary time ordering operator 7’
— operator A imaginary time evolved in the interaction picture: A;(r) = 07 Ae=Ho7
— thermal average with respect to the unperturbed Hamiltonian (...), = Zngr [e‘ﬁHO...}
— denominator, see Eq. (109):

(UL(8,0)) = Z5 " Tr [ 001(2,0)] = 25 e [ 1] = 25712 (196)

— imaginary-time evolution operator in the interaction picture

(="
!

n

B B
/ dr... / dry TWi(m).. Wi(m) | (197)
0 0 0

B 00
Ur(B8,0) = Tr exp l—/ dTWI(T)] = Z
n=0

Perturbation theory: Insert this expansion of Uj(/3,0) in Gap (7) and evaluate the sum for n =0,1,..N
up to some tractable order N.

It looks as if we had to expand numerator and denominator separately, but this is not the case if we use
the concept of connected GF, see Ex. 7.1.

So far, this is completely general and not specific to A, B being fermionic or bosonic Fock-space operators.
Exercise 7.2 will explore perturbation theory for quantum Heisenberg spins which is somewhat cumber-
some.

The easiest case for perturbation theory is for A, B = a,a! fermionic or bosonic (or composites of a,a')
and a Hy that is quadratic in the Fock space operators a,a’. Assume that W ~ atalaa is quartic.

— Wick’s theorem can be applied for <TTW1(7'1)...WI(Tn)ai,I(T)aDO ~G-G---G (2n+1 times G)
— Diagrams with simple rules help organize the calculation. Rules depend on the type of the theory.

— Start with pair interactions for fermions.
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7.2 Fermionic pair interactions

o Consider fermionic field annihilation operators ¥(o,r) where o € {1,]} is spin. The Hamiltonian splits
in quadratic and interaction terms as H = Hy + W, with

Hy = Z/dr Ul (0, 1)ho(r)¥(o, 1),

Z /dr12 \IIT 017r1)\I/T(02,r2)W(ag,rg;al,rl) \I’(O'Q,I'g)\I/(Ul,I'l) (198)

0'1 02

e We have assumed that the single-particle Hamiltonian is not spin dependent. Further, we chose the
interaction to be of density-density type so that no spin-flips occur.

« Consider interaction-picture time evolution for operators (e”o7...e=H07) and abbreviate ¥ (o, 1;)(7;) =
¥; along with fj =3, [ dr; foﬁ dr;. We dropped the subscript I since no confusion is possible.

« The Matsubara GF of Eq. (195) reads for A = ¥(oy,1rp) and B = ¥'(o,,1,):

—(TUB,0v ),
G(h:0) = Gutoyn) ¥i(aua) (T 7a) = —— 55

o L fo dry. foﬁ dr,, <TTW(7'1)...W(7-n)\11,,\1;j">0

_ 199
e .foﬁ dr, <TTW(71>'“W(T”)>0 ( )

o The order of the operators in W (7;) is not arbitrary but must be kept as in Eq. (198). For this, use
infinitesimal imaginary-time shifts for the creation operators 7; — 7; + 1. This shift is indicated by
subscript jy = (0j,1;,7; +1):

B 1
/ deW(rj)ZQ// Ul W W (09, 10; 00, 19) 8(75 — 750 )W U (200)
0 Jjvi
Wi

o We insert this in Eq. (199):

—1/2)™ ¥
2 o n/! e Wit W (T (U100, 0091 ) - (W10, 9,9, ) 0,01 )
o Wit W (T (W10, 00,0, ) - (Whw], 0,00, ) )
P T fl Ve Wi W G (0115 011 ..’
Yoo 0( 1/2)n fl Ve Wit ,m/gozn) (117..nn/; 117...nn/)

G (bya) =

and the sign is canceled by the definition of the factor (—1)™ in go’”).

o Apply Wick’s theorem (since all time-evolution and averages are with respect to the non-interacting Hy):

Go (b;a)  Go(b;1)  Go(bs1') -+ Go(byn')
Go(1;0) Go(1;1) Go(1;17) -+ Go(1;n))
.n,n’ Wi . Wi Yo (1,; (’) 9o (1/; 1) Yo (1/; 1,) -+ G (1/; n/)
Go (T.L/;”) Go (7;‘/§1) Go (T.L,; 1/) Go (ﬂ/;n/)
e 201
s Go(1;1) Go(1;1) -+ Go(1;n)) (201)
gO (1/, 1) g() (1’,1/) e gO (1/;n/)

1/2)n f1 o Wi W : : . :
Go(n';1) Go(n517) - Go(n;n)
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e To help with the calculation of the expressions in the numerator and denominator, we represent terms of
each order by a diagram.

o Diagrammatic building blocks (Fig. 10a):

— interaction W;; (wiggly lines)

— fermion propagator Gy (j2; j1+) (directed lines).
The arrow on the fermion line points towards the first entry, 1;,.

— vertices j (dots, ;) where interaction lines and fermion lines connect

o First we treat the diagrammatic expansion in the denominator of Eq. (201).

Feynman rules for the denominator: n-th order “vacuum” diagram See Fig. 10(b) for the diagrams.

1) Draw a set of n wiggly interaction lines W;;, terminating in 2n vertices e;

2) Connect the 2n vertices with 2n (directed) fermion lines = Gy (j2; j1+) so that one line is entering
and one leaving each vertex.
There are (2n)! ways of drawing the fermion lines corresponding to different diagrams for the same
order n. (This corresponds to the (2n)! terms in the determinant of a 2n x 2n matrix.)

3) For each of the diagrams perform the sum over internal variables, at each vertex f] 0 yin gout =
J g
B
Za.]_ 50;7L70.;_)ut fdrj fO dT]

4) Weigh each diagram by Flﬂﬂ(—l)F and sum all diagrams.

Here, F' is the number of fermion loops ( = uninterrupted sequence of fermion lines starting and
ending at the same vertex).

o The sign factor (—1)F comes from the signs in the determinant.

— The product of the diagonals is the diagram with a separate fermion loop at every vertex (F' = 2n),
it has a positive sign which agrees to (—1)f" = (=1)?" = +1.

— All other diagrams can be constructed one by one by exchanging the endpoints of two fermion lines.

— Each exchange gives a factor —1 and at the same time changes the number of fermion loops F', see
Fig. 10.

o The diagrammatic expansion for the denominator yields the partition function (up to a factor Zj) since
(U1(8,0))0 =% ' Z.
Diagrams contributing to these expansion are also called “vacuum diagrams” (no external lines).

Feynman rules for the numerator: n-th order

e The numerator — <TTU (6,0)\111,\1/j;>0 differs from the denominator by the presence of two additional

“external” operators W, V|,

e These are treated as external vertices o, and ;. The space-time-spin points a, b are not summed over in
the diagram evaluation!

e We need to adapt Feynman rules 1 and 2.

1) Draw a set of n wiggly interaction lines Wj; terminating in 2n vertices j o;
and add the two external vertices o, and ;. This makes in total 2n + 2 vertices.
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Interaction line: M Fermion line: ’_(_‘ Go (J2; J1+)

(b) Order n=0: Order n=1: (2n)!=2 Go (1;1')
w R F=1
Go (1'51)

Order n=2: (2n)!'=2

M@@
O O D

Figure 10: (a) Building blocks of Feynman diagrams and (b) vacuum diagrams for the expansion of (U(f,0)), to first

order and second order (partial).

2’) Connect all vertices with 2n 4+ 1 Fermion lines:
One leaving a, one entering b, and one entering and one leaving each internal vertex j. There are
(2n + 1)! diagrams.

o Feynman rules 3) and 4) are unchanged.

e Figure 11 shows the expansion for orders n = 0,1, 2.

Cancellation of disconnected diagram parts

. diagrams: Diagrams, where all internal vertices are connected to external vertices.

e Disconnected diagram: Diagrams that are not connected. They have a connected and one ore more
disconnected parts.

e From the sum of all diagrams for the numerator, factor out the connected diagrams and connected parts,
obtain product of two sums (...) x (...), see Fig. 11(bottom).

— First sum: Connected diagrams.

— Second sum: These are exactly the vacuum diagrams that appear in the expansion of (U(,0)),,.
e The second sum thus cancels with the denominator.

e A formal proof is given in Ex. 7.1.

Simplified Feynman rules for G (b,a): Diagram topology

o It turns out that only the topology of the connected diagrams that sum up to form G (b, a) matters.

o Two diagrams are topological equivalent if they show the same connectivity structure when going through
the diagram from the external vertices a — b.
Example: Topological equivalent pairs of n = 1 diagrams in second line of Fig. 11.

e At order n, out of all the connected diagrams, how many diagrams are topological equivalent at order n?
Answer: 2"n!
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Order n=0: Order n=1: (2n+1)!=6 diagrams
b b

a a a

topologlcally equivalent

b @%@»@

Order n=2: (2n+1)!=120 diagrams

aO\mOa

a

M cancels
M @ denomlnator

in G (b,a)
\/_W

G(b,a) (all )

Figure 11: Building blocks of Feynman diagrams and vacuum diagrams for the expansion of the numerator in G (b, a) to
first and second order (partially).
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— For n interaction lines Wy Waor...W,,,,/, we can associate the label-pairs 11/,22’, ..., nn/ in n! ways.

— Since Wj;s = Wy, we can re-name j <> j' (flip interaction line) — factor of 2" for all interaction
lines.

o The factor 2"n! partially cancels the prefactor in Feynman rule 4). The remaining (—1)" can be absorbed
into interaction line, now —W.

o Final Feynman rules for the expansion of G (b, a):

a) Draw a set of n wiggly interaction lines —Wj,;, terminating in 2n vertices j and add the two external
vertices o, and ep,. This makes in total 2n + 2 vertices.

b) Draw all topologically different and fully connected diagrams with 2n+1 Fermion lines: One leaving
a, one entering b and one entering and one leaving each internal vertex j.

c) For each diagram topology perform the sum over internal variables, at each vertex f] Oyin gout =
J 7
> B
oj 60’;”,0’;?ut fdrj fo dTJ

d) Weigh each diagram by (—1) and sum all diagrams.

7.3 Self-energy and Dyson’s equation
o Idea: Save work by re-using lower-order diagrams as building blocks for higher order diagrams with

certain properties.

Self-energy

o Definition: A diagram for G (b, a) is (1-line) reducible if the external vertices o, and e, can be separated
by cutting a single internal fermion line.
Diagrams that are not reducible are called irreducible. See Fig. 12(a) for some examples.

o Definition: The self energy X (I,7) is the sum of all irreducible diagrams in G (b,a) with the external
fermion lines Gy (j; @) and Gy (b;1) amputated (divided out).
See Fig. 12(b) for the lowest order contribution to X (I, j).

e The self-energy is drawn as a shaded circle. We will motivate the name below.

Dyson’s equation

o We can use the self-energy to find the full GF G (b, a) (from now on denoted by double fermion line). All
reducible diagrams are made by two or more (in the ...) self-energies connected by fermion lines Gy —
Fig. 12(c)

e On the right hand side of this equation, we can identify again the full GF. This leads to Dyson’s
equation which relates X, G, Go:

G(b.0) = Go(bva) + | Gob.)2(1.7)G(70) (202)

e In practice, Gy is known and ¥ is calculated up to some order n or approximated otherwise. Then Dyson’s
equation is used to find G which contains diagrams of infinite order!
Unless ¥ is exact, G from Dyson’s equation is only approximate and will miss diagrams.
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(a)

o b b b
external fermion line
bi\i\f\O b @ ﬁg m
a a
a a a

irreducible irreducible reducible reducible irreducible

(b)

[ [
E(l7])= 'UUU‘ ) +
0L 2%9] +jm ' j% '

(c) irreducible reducible

3
3

Figure 12: (a) Examples for reducible and irreducible diagrams appearing in the expansion of G (b,a). (b) Definition of
self-energy. (¢) Dyson’s equation. (d) Momentum conventions for the FT at a single internal vertex.
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7.4 Feynman rules in momentum and (Matsubara-) frequency representation

+ Assume system is translation invariant — Wj; and G o) (4,7") only depend on coordinate distances rj —rj.

These quantities will also only depend on imaginary time differences 7; — 7 in any case, this is due to
Wijj o 6 (15 — 7j1), see the definition Eq. (200) and for G(g) it was shown in Eq. (113).

We recall the FT convention from Eq. (115) and also add the spatial FT (note the sign-convention!):

G (r7,7'7) Z Go) (k, iwy) e ) —iwn(r=7) (203)

UJn:

Note: One could also start from the FT of the field operators ¥(r, 7).

It is then convenient to also introduce the FT of the interaction line (2,, = bosonic Matsubara frequency,
since W creates/annihilates pairs of fermions):

W (er,x'r) = = > W(g)e'd )= (204)

We assume that W(q) = W(q), i.e. it only depends on magnitude ¢ of spatial momentum q.

Four-momentum notation: k = (k,iwy,), 7 = (r,7) with ik - 7 = ik - r — iw,7.

The arrows on the fermion lines and the newly added one on the interaction line indicate four-momentum.

FT of scattering vertex, see Fig. 12(d):

/ d7Go (2, 7)Go (7, 71 )W (7s,7) = f drg > GolB)Go (k)W (g)elP 2R ) )]
k.p,q
— ilp fz—l”c~f1+qf3]f A7 i[—prthi—g]
e Eﬁquo W(@)e 1Y
Op g,k

Observations:

— The remaining exponential is taken care of by the integrals [ df 23 of the neighboring vertices.

— Four momentum is conserved at each vertex: k = p + ¢ (c.f. Kirchhoff rule).

— The interaction line transfers four-momentum, but does not depend on the transferred (bosonic)
Matsubara frequency.

e Modification of Feynman rules in momentum-frequency space:

— Fermi lines are Gy (k, iw, ), wiggly interaction lines are —W(q) = —W (q)
— At vertex: Four momentum (and spin) is conserved.

.. . . 1
— Sum over remaining internal four-momenta and spin 7> 325>,

— In “same-time” diagrams like the first two at rhs of 12(b): Recall time 7 at creation operator was
shifted by +n, thus Gy (k, iw,) — Go (k,iw,) e“n".
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Dyson’s equation in four-momentum

e Recall form of the non-interacting (“bare”) Matsubara GF from Eq. (127): Go(k) = Go (K, iwy,) = —

iwnffk :
o FT of Dyson’s equation (202) (convolution theorem of FT):
G(k) = Go(k) + Go(k) S (k)G (k) (205)

This is now an algebraic equation which can be solved for the fully interacting GF G(k):

= Go(k) _ 1
G(k) = 1—Go(k)S(k)  iwn — & — 2 (k, iwp) (206)

e Why the name “self-energy”?
— The difference between non-interacting Gy (k, iwy,) and full G (k,iwy,) is the replacement of the “en-
ergy” &k = H07k — H07k + X (k, iwn).

— Thus the (hermitian part of) the self-energy acts like an effective single-particle Hamiltonian (“en-
ergy”) induced by interactions.

— The anti-hermitian part and the iw,-dependence go beyond this picture [— decay time c.f. Ex. 5.6.1(d),
quasiparticle weight,...]

Exercises
Exercise 7.1. Cancellation of disconnected diagrams (general case)

Consider the Hamiltonian H = Hy — V with —V a perturbation and operators A and B which are not
necessarily fermionic or bosonic. The expansion of the imaginary-time ordered GF in —V reads [factors of
(—1)™ are avoided by using —V as the perturbation, c.f. Eq.(199)]

< o & [P A [ dr (T V(1) V(ma) A7) BT )

<TTA1('T)U(T/)> = (207)
< o [P A [V dr (T V(1) V()
Show that this expression can be simplified to
o > 1 [ A o
(T A(T)B(7)) = Z n'/o dTl.../O A7 (T-V (11)..V (m0) A7) B (7 )>07c (208)
n=0 """

with the subscript “c” denoting the connected GF. Here, connectedness of the GF (diagram) is understood
with with respect to external operators A(7), B(7') and the formal definition is as follows:

(T, V(11)..V () 1(7:)U(T/:)>O,C = (T;V(m)..V(mn)- l(:T)U(T/)>0 (209)

n—1
- Z Z <T7—V(Tp(1))V(Tp(]))Al(T)U(T/)>

- <TTV<Tp(j+1))...V(Tp(n))>0 .
pESH j=0

0,c

Hint: Start from the numerator in Eq. (207) and collect all terms of order n > m that contain a connected GF
of order m.

Exercise 7.2. Perturbation theory for Heisenberg spins

Perturbation theory is usually employed for fermions or bosons since the Wick theorem simplifies matters
enormously. Nevertheless, one can also do perturbation theory when Wick’s theorem is not available, like for
quantum spin operators, c.f. Ex. 6.1. This exercise considers the perturbative expansion of the spin Matsubara
GF defined as the temporal Fourier transform [c.f. Eq. (116)] of

Giojo(7) = — (T285,(7)S5, ) - (210)
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Recall that the time-ordering for spin operators works like in the bosonic case. We assume the Heisenberg spin
Hamiltonian on an arbitrary lattice (with lattice sites labeled by j =1,2,...,N),
Z Tinia (S5.85, + S4.S%, + 55,53, (211)

J1 32 J17J2 J17J2
Jlsﬁjz

and the N x N matrix J is real and symmetric. The spin operators fulfill the spin algebra [SJO‘I,SB } =

1041js D ry 60‘675;1 where o, 8,7 € {z,y,z} and sz = S(S + 1) where S is the (integer or half-integer) spin
length. We chose H = Hy — V with Hy = 0 such that the interaction V is the full Heisenberg interaction. This
type of perturbation theory is controlled by the smallness of the parameter gJ, i.e. it should work at large
temperatures.

1. Use Eq. (208) to find the first order (in J) contribution to Gj, j,(iwy) in terms of the free spin GF
Goliwn) = — [ dr eiwn™ <TTS;(T)S;>O — 504, 25(S +1), c.f. Ex. 6.1. Show that

. S 2

Hint: Make use of spin-rotation symmetry which forces many expectation values to vanish, e.g. <Sa>(0) =

0 and <Sj‘; S]’Z >( 0 = 0 for a # B (What is the precise argument?). Can you define a set of diagrammatic

rules?

2. For the second order contribution gjl s (iwy,) specialize to the non-local case j; # jo only (the local case

J1 = Jo is too difficult). You should find

s =2 (3150 [l (55 40) 00 (22 )

(213)

You will have to use the three-point free spin correlators which are non-trivial,
B . 4
Go¥* (wn1,wn2) = / dry et e n2™2 (T S%(11)SY(12)5%),
0

S
= ﬁ (B(S + 1)) (_5wn170Awn2 + 5wn270Awn1 - 5wn2+wn170Awn1) )
where A, = 1/w, if w, # 0 and zero otherwise.
Exercise 7.3. Self-energy diagrams for pair interaction

For the situation of fermionic pair interactions W(q) as in Sec. 7.2, compute the first two self-energy diagrams
Yo (k,iwy) on the rhs of Fig. 12(b), assuming external four momentum (k, iw,). You should find W (0)n (where
n = [Ny + N||/V is the total particle density) and —ﬁ [ dpW (|k — p|)np(&p). For the Matsubara sums,
use Sec. 5.6. Why is the first diagram called “Hartree-diagram”, the second “Fock-diagram”? (Hint: Compare
to the expression for the Hartree-Fock single particle energy in Eq. (63).)

Also compute the pair-bubble diagram which is the third term on the rhs of Fig. 12(b). Show that it can be
expressed as

»P(k, iwy,) TZ /dqW(]q\)QHO (4,i2) Go,o (k — q, iw, — 82y,) (214)

where TI° (q,i€2,) = —2T > (27r)3 f dp ;- +iQ}n_£p+q . iwnl—gp' No further simplifications required here.

Exercise 7.4. General structure of perturbation theory

In this exercise we explore the convergence properties of perturbative expansions. To simplify matters to the
essentials, we disregard quantum mechanics and consider some caricature of a classical toy-model field theory
with an action S(z € R) = 22/2 + ga* so that the integral

oo dr g,
I(g) = 7%6 5
95

(215)



represents the partition function. For g = 0 the integral is Gaussian and exactly solvable, I(g = 0) = 1. This is
the non-interacting case. We consider g > 0 a small interaction parameter that is treated perturbatively. This
means we are interested in the expansion

Ig)= >, g"In (216)

n=0,1,2,...

1) Use Stirling’s formula (n! ~ n"e™") for large n to show ¢"I,, ~ (—1%971)”. Explain why this means that the

perturbative series diverges for any finite g if summed to sufficiently large order n (the convergence radius is
zero). What is the underlying mathematical reason for this behavior? What is the reason from the viewpoint
of Feynman diagrams? Hint: Use the Gaussian integral-version of the Wick theorem where j;o %e‘x2/ 2gdn
is the number of all possible pairings of 4n objects.

2) A partial summation of the series up to order N yields an error Ay = |I(g) — YN, ¢"I,|. Show that for
large N > 1, the error has the upper bound ~ (16gN/e)N. Given g < 1 what is the optimal N = N, for the
smallest error? [Hint: Start from the error bound on the Taylor series in z for the integrand exp (—gx4), that
is [exp (—ga!) = DN o(—ga?)"/n| < (g2)™ /(N + 1)1 .

The moral of this exercise is that general perturbative expansions should not be confused with with rigorous
Taylor expansions. The former are instead asymptotic expansions in the sense that for weaker and weaker
“interaction”, a partial summation of the perturbation series to order N leads to results that improve with
increasing N.
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8 Interacting electron gas: Random-phase approximation and screening

Idea:

e Apply Feynman diagrams for electrons in metals with Coulomb interactions
e Learn strategy to select subclass of diagrams and perform their re-summation

e Application: Ground-state energy up to second-order in perturbation, polarization function, plasmon
excitations

8.1 Setup
e Use framework of fermionic pair interactions from Sec. 7.2.

o Model electrons in a 3d metal (spinful fermions with Fermi energy r), with Coulomb interactions where
e = €%/ (4meo):
0= 0/
4med e?
o W)= —-2=— 217
Lowg=T0- 5 (217)
so that the Hamiltonian H = Hy + W reads:

Hy=> ¥ (0,k)&¥(0,k),
ok

1
W= BYa YooY Wi(g) (o1, ki + q) UM (02, ko — q) (02, ko) ¥ (01, k1)
01,02 k1,k2,q#0

€6

w(r)

e Introduce:

— Bohr radius ag = h?/(me) = 0.053nm as our unit of length
— Rydberg 1Ry = €2/(2ap) = 13.6eV as the unit of energy
— Radius of a sphere rg containing exactly one electron (in units of ag): %71'(7“3(10)3 =1/p=3r?/k}:

or\1/3 1 _
e () L 215)

Electron density p = N/V as a control parameter:

— Non-interacting electrons: Eg/N ~ ep ~ p*/3
— Typical interaction energy: Mean electron-electron distance a = p~/3 — Epot /N ~ ed/a ~ pl/3
— it follows Eppt/Eq ~ p~ /3 — interaction effects are weaker at higher density

— use high density rs — 0 as control limit for perturbation theory

Recall Ex. 1.5: Found ground-state energy in first order (non-diagrammatic) perturbation theory:

EY 221
N T}

EW 0.916
R; 0~ R 219
Y N Ry (219)

Fact: E(()z) obtained naively would diverge! Problem: Singularity of W(q) for ¢ — 0.

Trick:

1. Introduce screening parameter o by hand (deforms Coulomb- to Yukawa-potential)

2 4 2
Do or & W(g) = o0 (220)

wir) = r q?o?

2. Diagrammatic calculation with finite « yields “self-screening” that survives for a — 0.
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8.2 Self-energy in random-phase approximation (RPA)
o Self-energy diagrams up to order n = 3 (partially) are shown in Fig. 13(a).

o The first Hartree (also “tadpole”) diagram has been calculated in Ex. 7.3 and it was found

YH (K, iw,) = W(g=0)p = p/dr3W(r) (221)

This constant cancels the positive smeared-out background charge +|eg|p of the ions — drop the Hartree
diagram and higher order diagrams where it appears as a building block.

e Above we estimated that interactions are less important for high density r; o k;l — 0. Check if
self-energy diagrams of lower order dominate in this case.

o Consider value of generic n-th order self-energy diagram:

S0 (k, iwn) /dk1 /dk W) oo W) X Golr) oo Gol..)) (222)

n interaction lines 2n—1 propagators

n 1nterna1 momenta

Make integrals dimensionless:

— measure momenta in units of kp (i.e. replace k = xkp with x a number) and temperature 7' in units
of ep ox k%
/ dky =

— for interaction lines W (q) o< 1/(¢? +a?) o ki? and for propagators Go(iwy, k) = 1/(iwy, — ex) o kjp>

Kk
5 o kpk} = ki (223)

o It follows -
0 iwn) o (KE)" x (k72)" x (kp2)" = kgt o2 (224)

which indeed means that higher-order diagrams are suppressed for high-density rs — 0.

e At a given order n, which diagrams are dominant?

— Consider interactions line W (|q|) “= 01 /% where q is a momentum that is summed over.

— In general the interaction lines have different momenta, e.g. W(|q|)W (|q + p|) *=" W'

— The contribution from interaction lines is maximized for the single diagram where all n interaction
lines are forced to the same loop momentum, W(|q|) - ... - W(|q|).

o RPA self-energy EPA(k,iw,): The infinite sum of all diagrams containing W(|q|)™ at order n, see
Fig. 13(b).

Renormalized interaction in RPA

e The RPA self-energy can be formally written as a Fock diagram with a single renormalized interaction
line —WRPA(q,iQ,) defined in Fig. 13(c).
Note: We now expect also a non-trivial frequency dependence!

o Ingredient for —WRPA(q,iQ,): Fermion pair bubble already calculated in Ex. 7.3.

1 _ l nr(§qip) — nr(ép)
" (@) TZ Z < it + ’LQ —Cprq dom—&p  V pz; farp — &p — i (225)

The Matsubara sum was performed in Ex. 5.3.
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effective
RPA
interaction
line

—x" (q, i€2,,) pair-bubble

Figure 13: (a) Self-energy diagrams for Coulomb interaction up to order n = 3. (b) RPA diagrams with effective
interaction line —W P4, (c) Self-consistency equation for —WRP4,
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« Find —WFRPA(q,i0Q,) from a Dyson-like equation, see rightmost expression in Fig. 13(c):

~WHPA (q,i02,) = =W (a) + [-W(@)] [-X° (a,i2)| [~ (q,i0,)] (226)

« We solve for WRPA and insert the explicit Yukawa form of W (q) = 4me?/(¢> +”) from Eq. (220):

. W(q) 4e? a—0 4re?
WERPA (¢ i0),) = — _ 0 = 0 227
(q, #2n) 1—W(q)x®(q,iQ,) ¢*+a” —4medx®(q,i,) q? — 4med X (q,iQ,) (227)

In the last step we have taken the limit &« — 0, we don’t need it any longer from here on.

e Observation: From the form of WHRPA (q,i€2,), we see that the system has created “its own” screening
+a? — —4redx® (q,i).

o The screening in the static (i€, — 0) and long-wavelength limit (¢ — 0) is known as Thomas-Fermi
screening, it is parameterized by the wavevector ks (~ inverse screening length):
S

k2 = lim — 4redx (q, i, = 0)

2 1 Z (qurp - gp)agpnF(fp)

0 4 p,c §q+p - fp

= Are} / d¢ D(&) [~ Oenp(€)]
—8(6)

= —4me

If T < ep, the —0enp(€) is sharply peaked and the integral is just the density of states at the Fermi
surface &, = e — p = 0 which we denote by D(er) = mkpr/(7?h?). We obtain with ag = h?/(me3):

4k
k2 = dne2D(ep) = ;a—s (228)

« In ordinary metals, we have k;! ~ 0.1nm.

Recap: Density of states D(E) (DOS)

o For a general non-interacting dispersion {x = €y — p, the density of states D(FE) at energy E is defined as

D(E) =, St E) = R > JECe (229)

o The DOS is helpful for momentum sums over functions f(x) that depend on momentum only through
the dispersion

égf(ﬁk) =/dE5(§k—E)‘1/§f(E) :/dED(E)f(E) (230)

« Example: For a parabolic dispersion, e, = k%/(2m) one finds in d = 3 dimensions

21.2 m
D(E) = (272T)3/dk5 (i;f; —E) _ WT;; (231)
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8.3

Dielectric function and screening of external potentials

We found that the effective (RPA-) interaction between two electrons is a screened Coulomb interaction,
. dmel . o .

WRPA (q,iQ,) = Wiﬁ(qmn). In the static and long-wavelength limit WRPA (q — 0,iQ, =0) =

471'6

e (Thomas-Fermi screening.)

Q: Is there a similar screening of external potentials ¢eyt, induced e.g. by an external point-charge as in
Fig. 14(a)? Will electrons gather around this external charge to screen its bare Coulomb potential?

To adapt to a general experimental situation, generalize from the static point charge to a generic weak
external potential ¢ext(r,t) with arbitrary dependence on r and t¢.

Use linear response theory in the Kubo formalism, Eq. ( 0), for the susceptibility. Setup:

— Perturbation in Hamiltonian: F - Hy = [ dr [—en(r)]¢ext(r,t) where n is the electron density. The
“.” now stands for an integral — coupling operator Hy = —en(r).

— Observable: Induced charge O(r,t) = pina(r,t) = —e[n(r,t) — ng] = —edn(r,t) where we subtracted
the charge of the background ion density ng = (n)

— Kubo formula: x&, (q,w) = G&y (q,w) — Xién’_en(q,w) = G565n7_6n(q,w) so that after a FT:
—epind(a,w) = X (A W) bext(q, w) (232)
— The subscript ¢ stands for connected, X,Ifmc =xB - <n> <n>
Experiment: Instead of the induced charge, it is easier to measure the total potential
Prot (A W) = Pext(Qy W) + Pina(q, w) (233)
that differs from the external potential by the induced potential ¢inq(q,w), see Fig. 14(a).

The induced potential is caused by the induced charge —eping(q,w). Since the effect of the electrons have
been already taken into account above via linear response, this happens via the bare (and instantenous)
Coulomb interaction W (r) = —eping/(4dmweor)

in 1
¢1Hd /d — d v t) — ¢ind(qaw) = _EW(q)pind(qaw) (234)

4meg|r — /|

Combine Eqns. (232) and (234) to find relation induced and external potential:

Gind (q, w) = W(q)Xgn,c(q7 w)¢ext <q7 w) (235)
or between total and external potential
Dot (A, w) = [1+ W (@)X, (0 @) | st (1, ) (236)
e~ Haw)

Recall from EM in materials the distinction between electric and electric displacement fields E, D. They
obey the two Maxwell relations that state that E has total charge as source whereas D only changes with
external (or “free”) charges:

ar':E = &0pPtot
ar'D = &0Pext

Relation D(q,w) = ¢(q,w)E(q,w) defines the dielectric function ¢(q,w). From Eq. (236), we have

=1+ W(q)x/,(q,w) (237)

£(q,w)
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(blnd r t) l~€
%Xt 9 —x(q) = d{ S } q
Prot (7, 1) P+ q k+4q

O DD D

Figure 14: (a) External charge in an interacting electron gas. (b) The external vertices for the density-density correlation

function. (c) Feynman diagrams for this function. (d) Irreducible part with respect to cutting interaction lines.
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Calculation of x[, .(q,w)

o We calculate the retarded density-density correlator (with respect to the interacting but unperturbed
electron gas).

o Use analytical continuation from the imaginary time correlator

Xr?n,c(qa T) = _% <T7n(q7 T)n(—q, 0))(: - _% Z <TTCI)O'/(T =+ n)cp-i-qa’ (T)CTk+qg(77)ck0> (238)

(&
!
p,k,O’,O’

A(T) B

where we used n(q) = dopo cl,gcp+qg . We drop the subscripts nn, ¢ from now on.

e We draw Feynman diagrams for x(q,i€2,,) = x(§), the external vertices corresponding to operators A, B
now have two Fermion lines to connect to, see Fig. 14(b).

o A low order expansion is shown in Fig. 14(c).

e In analogy to the Dyson’s equation, we collect all diagrams that are irreducible with respect to cutting
a single interaction line —W (not Fermion line) and call this x'™(§), see Fig. 14(d). We abbreviate this
as a diagram with a hatched box.

o We express x(§) by x**(§) in analogy to Dyson’s equation:

(@) = —X"@+ [X"@] W (@] [~ @] + X @] W (@] [-x@)] W (@] [ @] + -
= —X"(@) — xX"(@W(@)x(d)
. I S ()
D= W @@ 12
o We use this in the dielectric function (in Matsubara frequency!):
~ 1 irr/~\ _ 62 irr / ~
e(q) = TEW Q@) 1-=W(a)x"(q) =1- 2 (q) (240)

« In RPA (valid at high electron densities!), approximate '™ (§) by the empty fermion pair-bubble, i.e. the
first diagram in Fig. 14(d): x&%, () = x0(g)-

o Dielectric function in RPA (now back to real frequency)

2

e
6RPA(qa(“)) =1- @XOR(q’w) (241)

e Conclusion: External potentials treated in linear response are screened in the same way as the internal
Coulomb interactions between the electrons:

¢tot(qaw) = 1 ) ! ¢ext(q7w) (242)

=X (a,w)

Application: Collective plasma oscillations

o Consider external potential with frequency w, focus on high-frequency and long-wavelength perturbations
vpq < w and q < kp.

« Recall the analysis of the imaginary part of x5 (q,w) in Ex. 5.4, see shaded region in Fig. 15. For the
high-frequency limit in the lower left corner above the orange line, we have Imx{(q,w) = 0.
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« Work at low temperature, T < ep, and use results for Rex? (q,w) from Ex. 8.1 [where z = ¢/(2kr),

2o = w/(4ep) and f(z,z0) = [1 —(z— %0)2} -ln %fﬁi;ig :

1 flz,mo) + f( _x0)> T<Lg0 z? at
R 0 —_D - ) ? D 243
ox” (@) = ~Der) (5 + - = D(er) | + 5o (243

e Re-insert ¢,w and use D(er) = ™52 and 3720 = k% and vp = kp/m. We obtain
w? 3 (qup\? e*n

~1- L2142 (— 2= — 244
6RPA(Cl?("J) w2 [ + 5 ( w ) y Wy com ( )

where w), is the characteristic “electronic plasma frequency”. It is typically in the UV part of the spectrum
wp ~ 10'6Hz corresponding to energy ~ 10eV, so wp is on the same order as €.

e Recall relation between external “drive” potential and the induced potential:

(btot (qa w) = E]F_{IIDA(qv w)¢ext(q7 CU). (245)
If egrpa(q,w) — 0 for a certain (q,w), we obtain a response even if ¢eyt(q,w) — 0. In other words, the
relation
! 2 2 3 (qup 2
erpA(q,w) = 0 & w” = w, 1—1-5 o (246)

defines self-oscillations (an eigenmode) of the interacting electron gas. Note that there is no damping
in the ¢ — w - regime considered (Imy%(q,w) = 0 = Imegrpa (q,w)).

o The dispersion w(q) of these plasma oscillations (“plasmons”) is found as (recall vpg < w!)

2 2
3 [ qup 3 (qur
~ 1+=-(—] = — | — 24
w(9) wp\l +5<wp> wp+10<wp> (247)

In Fig. 15(a) we show w(q).
o Remarks:

— For larger ¢ when the w(q) enter the shaded region with finite Imx{¥(q, w), plasmons are damped by
formation of particle-hole pairs (“Landau damping”).

— Experimentally, one or more plasmons can be excited when shooting high-energy electrons through
a metal foil (spectroscopy of energy of transmitted electrons). See Fig. 15(b) for experimental data.

— The existence of plasmons (but not the damping) can also be understood classically, see Ex. 8.3.

Exercises

Exercise 8.1. Evaluation of fermionic pair bubble: Real part

The pair-bubble in Eq. (225) describes the polarizability of a non-interacting electron gas & = h*k?/(2m) —
erp (— see Ex. 5.3 and Ex. 5.4) but also plays an important role in the RPA for the interacting electron
gas. Consider its analytically continued (retarded) version x° (q, i€, — w +1in) = X" (q,w) and work at zero
temperature:

0( O(§q+k) — O(&k)
__~ 248
X Zw Eqtk + &k + 11 (248)
For the real part, perform the summation over p and show that
1 x,x9) + fla, —x
Rex” (q,w) = —D(er) ( 4 &) + 7 O)> (249)
2 S8z
with = q/(2kp), 0 = w/(4ep) and f(z,x0) = [1 — (z— %0)2} In ;’f%ﬁ;ig’ The imaginary part is more

complicated and you don’t need to compute it here. However, recall that the region in the ¢ — w - plane where
it is non-zero has been already identified in Ex. 5.4.
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Figure 15: (a) Typical plasmon dispersion (thick line) and the region of damped charge susceptibility from Ex. 5.4. (b)
Experimental observation of plasmon excitations in high-energy electron transmission through a thin aluminum foil. The
peaks correspond to one or multiple plasmon excitations, AE = 14.8eV [from Marton et al., Phys. Rev. 126, 182 (1962)].

Exercise 8.2. Ground state energy of interacting electron gas from self-energy

Here we show that the RPA self-energy is sufficient to (approximately) calculate the ground-state energy Ej of

the interacting electron gas with Hamiltonian H = Hy+ W beyond the first-order approximation of Eq. (219).

This is nontrivial in sofar that naively calculating Fy = %imo (Hy + W) would involve the (perturbative) evalu-
—

ation of the four-fermion average of the interaction W.

1) Show that by defining a deformed system H(\) = Hy+ AW (X € [0, 1]) the following relation holds between
the free energy F' = U —T'S = —T In Z of the fully interacting system and the free energy of the non-interacting
system F(O) = —T'1n Z(©):

1
F—FO :/ % W), . (250)
0

Taking the limit T' — 0, in which F' = Fj is the ground-state energy it then follows Fy = E(SO) +,}in% fol % (AW) .
—>

Here, (...), is a thermal average with respect to the state py ~ exp[—SH ()\)].

2) Use the equation of motion —0,G2 (k,7) = ... to show that the expression for Ey from 1) can be evaluated

based only on the self-energy,

W), = g >N T80 (kiwn) G2 (K, dwy) €0, (251)

iwn K,o

and draw the (vacuum-)diagrams corresponding to this expression up to second order in W. Use renormalized
interaction lines when necessary for diagram convergence. You don’t need to evaluate these diagrams, but the
answer for Fy (after performing the A-integral and adding E(()O)) is Eg/N = (% — 0‘3516 +0.0622 Inr; — 0.094) Ry.

Exercise 8.3. Plasma oscillation - classical picture

It is possible to find the plasma frequency w, from classical considerations. Consider an electron gas (metal)
of length L (in x-direction) and cross-section A. The electron “liquid” can move as a whole but the ions are
spatially fixed. Set the electrons in motion by moving it a distance dx in the x-direction so that they feel a
restoring force from the ions. Show that the frequency of the ensuing spatial oscillation is exactly wy,.

Exercise 8.4. Coulomb interaction for electrons confined in two dimensions

Consider a translation invariant interacting electron gas confined two effectively two dimensions with parabolic
dispersion &, = h?k?/(2m) — ep. This happens for example in a semiconductor hetero-structure. The non-
interacting plane-wave eigenstates for k = (k;, ky) and r = (z,y) are

1
T.L

Yk o(r,2) = eir'kg“o(z) (252)

<

65



where (p(z) is the lowest eigenstate in the z-direction (e.g. 1D potential-well eigenstates). In the following,
assume the extreme 2D limit [((2)|* =~ §(2).

1) Show that the Coulomb interaction matrix element is Wap(q) = €2/(2¢,€0q) where €. ~ 10 is the relative
dielectric constant of the semiconductor material.

2) Find the static RPA interaction at small wavevectors and show W4 (q, i€, = 0) = Wikzzﬂ' What is
the screening wavevector ks 2p? ’
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9 Disordered metals and their conductivity

Idea:

9.1

Apply perturbation theory (Feynman diagrams) for electrons in metals with impurities (potential scat-
tering)

Start with single impurity (foreign atom etc.) for warm-up, then consider many impurities = disorder
Breaking of translation invariance breaks (crystal-) momentum conservation (# Coulomb interactions)
Disordered systems: Non-interacting but still rich and difficult

Statistical analysis: Disorder average

Applications: Friedel oscillations of density n(r) close to impurity, conductivity in the presence of disorder

Single impurity and Friedel oscillations

Problem setup [Fig. 16(a)]: Local impurity potential in 3d metal, H = p2/(2m) + U(r). Could also be
treated with scattering theory (diagrams etc. not strictly required).

Work with spin-less fermions for simplicity in this chapter.

Rewrite with field operators, regard impurity potential as perturbation

H=——— [ W) (Vi) + / Ui (e)U(r)¥(r) = Hy + H, (253)

r r

Plane-wave basis [y = ﬁ [, e W (r)] in which Hy is diagonal. We use Uq = - [, e *97U(r).

Ho=Y(ex — wdpvn, Hi=> v, Uqtp (254)
' P.q

k &k
Note:

—U(r) eR = Uqg =Ux,.
— Clean or “bare” GF for Hy (without the impurity)

1

Wn_gk

Gie e (iwn) = 5k,k’i = Oy G (iwn) (255)

— H; is non-diagonal in (crystal-)momentum k. This is due to the breaking of the (discrete-) transla-
tional invariance.

Observables of interest: Electronic Matsubara GF, Gy /(1) = — <T¢k(7)¢£/> and r-dependent density:

1

72 kKN TG (= —n) (256)

kK

n(r) =
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= k—qg
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Figure 16: Single impurity in metal: (a) Impurity potential U(r) and sketch of Friedel oscillations of density. (b)
Diagrammatic perturbation theory for the electronic Matsubara GF.

Perturbation theory

o Use Eq. (208) for the perturbative evaluation of Gy y/(7):

Giege (7) = = (T () ) = = / dry.. / A (T Hy(m) - H (ma) () ) (257)

nD

o Insert Hi(1) =22, 4 ¢L+q(7' + M Uqtp(T)

gk7k’(7—) = gﬁ’k/ + Z UCII / dTl <TT'¢I)1+q1 (Tl + 7))¢p1 (Tl)wk(T)qblT(’>ch

P1,q1

Z UCll qu / dTl ,2 Twp1+q1 (7-1 + 77)¢p1 (Tl)wngqu (7—2 =+ 77)¢p2 (7-2)1/)1(( )¢k’>

P1,2,91,2

o Evaluate the higher-order non-interacting correlators using Wick’s theorem (138). Recall that no diagrams
with vacuum parts are allowed (subscript ¢ for connected).

gk,k’ (7’) = gl(z,k’ + Z Uq1 / dTlgl(;pl_‘_ql (7' - Tl)ggl’k/ (T]_)

P1,91

b S Ul [ i, (0B~ )

P1,2,91,2

The prefactor 1/2 (and more generally the 1/n!) is canceled by the n! possibilities to do the connected
contraction.

« Expose the dx 1 in the clean GF (255) and use the convolution theorem in the FT to dw,,:

G (iwn) = Sk G (iwn) + G (iwn ) Uk G (i) + > Gy (iwn ) Uq G g (iwn ) U1 —q G (iwn) + .. (258)
q

o The corresponding Feynman diagrams are shown in Fig. 16(b). Interpretation:

— Single string of clean propagator lines gg(iwn) changing momentum q with impurity (star).

— Frequency iw, is conserved < elastic scattering

« Express series as a self-consistency equation for Gy ys(iw,) [Dyson’s equation, Fig. 16(b)]:

G (iwn) = Ok i G (iwn) + Gy (iwn) D Uk—qGqx (iwn) (259)
q

For general U(r), this would have to be solved numerically.
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Point scatterer at origin and Friedel oscillations of density

o We now consider a point-scatterer, U(r) = ud(r) so that Uy = u/V does not depend on q. After a sum

9.2

over k, Eq. (259) simplifies to

. gO/(an)
G (iwn) = —— % . (260)
; 1-— VvV Zk gg(lwn)
and we re-insert his on the rhs of Eq. (259)
U 1
G x (twn) = 6 GY iwy,) + —gY Wy, — gy Wy, 261
) = e Glion) + GG i) sl i) (261)

GOiwy,) = %Zgﬁ(iwn)
Kk

We are interested in the impurity-induced modifications of the electron density n(r), see Eq. (256). The
first step is to compute the temporal FT using the recipes of Sec. 5.6 [+ Ex. 9.2]

Grpe (T=—1) =T > “Gy 1 (iw)

+1 oo ewn 1 1 1
ek Gk(7=—7) VZ_L: ori) | T+ 6B Wk in — & 1—uGO(w £ 4n) wEin— & (262)

In a second step, perform the spatial FT to find n(r) from Gy (7 = —n) and find in the limit of 7" — 0
and for large distances from the impurity r > kp,

o _ sin[do]
T 423

cos [2kpr + o] (263)

where g = do(w = 0) and dp(w) € R is the scattering-phase shift of electron waves at the energy w
determined by exp (2idp(w)) = {1 —uGO(w — zn)} / {1 — uGO(w + m)} The calculation is done in Ex. 9.2.

Discussion:

Impurity potential (at » = 0) perturbs the homogeneous electronic ground state of clean system

— Impurity causes “Friedel” oscillations in the electronic density with half the Fermi wavelength and
a 1/r% decay, see Fig. 16(a)

— Oscillations can be measured with scanning tunneling microscopy and are a characteristic feature of
a Fermi surface. They also happen close to sharp edges.

— Our calculation is non-perturbative in u!

— One could also find the linear response o u from the knowledge of the polarizability (real part of
X% (q,w) — Ex. 8.1)
Many impurities (disorder)
Above the GF in the presence of a single impurity was found exactly.

Many impurities — extended potential:
Nimp
U(r) = Z u(r —rj) (264)
j=1

Finding the GF is not possible analytically (though numerically it is).

However: Full disorder potential in a realistic sample is unknown (i.e. impurity positions r; and impurity
types unknown)
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o Idea of disorder average: Work with statistical model for U(r) and average over different realizations
of disorder (e.g. many samples)

— notation: (...) 4

— disorder average recovers translational invariance <Gfr,>d. depends only on r — r’/
’ 15
e Disorder average in experiment:

— measure many samples (a single large sample is enough if the observable is “self-averaging”)

— thermal cycle of one sample (measure, warm up, impurities move, cool down, repeat)

Statistical disorder model: Gaussian white noise (GWN)

o Consider U(r) a random function with the properties

— (U(r))4;s = 0 (this is not really a restriction, any non-zero (U(r)) 4, could be added to )

— Disorder correlator: .

2w Dot

(UE)U(r)) 4 = 5(r —1') (265)

where Dy = mkp/(272) the (spin-less) density of states at the Fermi level and 7 is a parameter with
units of a time, its meaning will become clear soon.

— All higher-order disorder correlators follow from the application of (bosonic) Wick’s theorem valid
for a Gaussian probability distribution (hence the name “Gaussian” white noise):

<U(I‘)U(1‘/)U(r”)>dis
<U(1')U(1'/)U(r”)U(rm)>dis

0
<U(r)U(r')>diS <U(r”)U(r’”)>diS + <U(r)U(r”)>diS <U(r’)U(r"’)>dis
+ (U @)U (")) 41 (UEHU (")) 4is (266)

« For the FT of the disorder potential Uq = & [ e™*4TU(r), one has

1
Ua)gis =0, (UqUq') g3 = W‘Sqmao (267)

e« GWN is an oversimplified model that facilitates calculations. However, if the right parameter 7 is inserted
(from more elaborate microscopic calculation), it can give meaningful results.

Disorder self-energy in Born approximation

« We perform the perturbative diagrammatic treatment of Gy y (iwy) and copy from Sec. 9.1, see Fig. 17(a).
Formally, it makes no difference if U(r) corresponds to a single impurity or one realization of a GWN
potential. Each star corresponds to Ug.

o We take the disorder average using the GWN, see Fig. 17(b) to find (Gk(iwy))g;- All diagrams with an
odd number of Uq vanish.

 In diagrams with more than two Uq the disorder potentials can be paired in multiple ways for the average,
c.f. Eq. (266).

o Like in the case of interactions, we introduce the disorder self-energy ¥y (iw,). It is defined as the sum
over all one-fermion irreducible diagrams with external fermion lines amputated. The Dyson equation
connects the disorder averaged GF, self-energy and clean GF:

| G _ L
(G (iwn)) gis = 1— gﬁ(iwn)zk(iwn) iwn — & — S (iwn) (268)
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Figure 17: (a) Perturbative expansion of electronic Matsubara GF in the presence of disorder potential Uq. (b) Disorder
averaged GF (G (iwp)) ;s assuming Gaussian white noise disorder. (c) Disorder self-energy up to fourth order in Ug.

o Calculation of ¥ (iwy,) in lowest order in U [“Born approximation”, first diagram on rhs of Fig. 17(c)].

Sy (i) = — 0 (i, _ dp —— 269
k(iwn) Vv ; Gic—alte )27TD()T 2w Dot (2m)3 / P iwn — &p 209

We perform the analytic continuation iw, — w + in. We disregard the real part as this can be absorbed
into the Fermi energy and obtain for the imaginary part of the retarded or advanced self energy

, 1 1 1 7D (w) 1
ImX + = I d = ~ F— 270
m(w £ i) 2w Dot o (2m)3 / Pox in—&p :F27TD07' Tor (270)

where we assumed w ~ 0. The corresponding expression for the Matsubara self-energy is Yy (iw,) =~
—5-5gn(wp,) which is not analytic at the real axis of the imaginary plane.

o We insert the above Im¥y(w + in) in the Dyson Eq. (268) and find the disorder averaged retarded
propagator

1 dw e—t(w+in)
<G£(w)>dis T wtin— & +i/(27) - <GE(t)>diS N / 21 w — & +1/(27) 1)

where we can drop the infinitesimal in in the denominator due to the presence of the finite i/(27).

e The pole of Gﬁ’o(w) is shifted from infinitesimally close to the imaginary axis to a finite value in the
lower half-plane by the disorder. Using contour integration, we obtain

<G£(t)>dis = —if(t) e Kbt/ = GRO() L o=t/ (27) (272)
and the spectral density is a Lorentzian of width 27

1/7

(Ak(w))gis = —2Im <GE(M)>dis = (W — &)2 + 1/(472) (273)

o Interpretation — Fig. 18(a,b):

— plane-wave states |k) are no longer eigenstates of the system with disorder

— microscopically, an electron injected with wavevector |k) is scattered into a different momentum
state |k’) after a typical time 7 and thus leaves the state |k)
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Figure 18: (a) Interpretation of the disorder averaged propagator (b) Disorder broadening of the spectral density. (c)
Self-consistent Born approximation. (d) Ratio of missing and contained diagram in the self-consistent Born approximation.

— in the disorder averaged propagator <G§k'(t)>d. o Ok k’ only the latter information is encoded —
’ 18
exponential decay in time (with rate 1/27)
— for momenta around the Fermi surface, the distance an electron travels before scattering is the mean
free path, | = Tvp.

— due to the Heisenberg uncertainty relation, the finite lifetime of an electron in state |k) corresponds
to the broadening of the energy resolution of this state in the spectral density (Ay(w)) ;s

Self-consistent Born approximation and its validity in weakly disordered metals

o In the last paragraph, we approximated the full disorder self energy ¥y (iw,) in Fig. 17(c) by the first
diagram (Born approximation).

o The self-consistent Born approximation (SCBA) in Fig. 18(c) contains the diagram of the Born approxi-
mation and all other diagrams with non-crossing impurity lines, such as the third diagram in Fig. 17(c).

o For weakly disordered metals (defined as Ep7 > 1) the SCBA and the Born approximation yield similar
results.
Reason: We use Eq. (273) to write

ImEPCBA (w +in) = —1/2 1 /dp <AR(w)>

p (274)

dis

and we find that the integral does not vary when in in the Born approximation is replaced with i/27 in
the SCBA, as long as 1/7 is small compared to the scale on which the density of states D(w) varies.

e Q: Do the crossing diagrams missing in SCBA change this picture?

o We show by a phase space argument that the crossing diagrams are suppressed relative to the non-crossing
diagrams of the same order by a factor 1/(kpl), see Fig. 17(d).
We do this explicitly for the diagrams with two disorder lines exposed:

— Non-crossing diagram (left): The 3d momentum integrals fqp roam freely over the Fermi surface
which is broadened by disorder by an amount 1/1,

/ ~ [4mk} /z]2 ~ kL1 (275)
q,p
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— Crossing diagram (right):
x There is an additional restriction because the leftmost propagator comes with momentum k —
q + p which must also lie on the (disorder broadened) Fermi surface.

x If k is at the Fermi surface (left grey ring), and —q roams freely over the Fermi surface (right
ring), we have only restricted configurations of p with length kr that places k — q + p on the
Fermi surface, i.e. back on the left ring.

* This means the phase-space volume for the p-integration is just the darker shaded regions which
in 3d form a ring with cross-section volume 1/l and radius kp, in total

[Amk2 /1) x 2nkp /12 ~ k)13 (276)
— The ratio between the phase space volumes of the two diagrams is

4 /12
Unon—cross __ kF/l
Ucross k%‘/lg

=kpl = kpvpT = 2EpT (277)
which in weakly disordered metals is a number much larger than one.

Electrical conductivity of disordered metal (via Kubo formula)

e We compute the electrical conductivity using the Kubo formula. Recall from Ex. 6.2 where we prepared:

i epe(r
S @) — ) 5(r — t)ds (278)

je(r iwm

o (r,r;w) =

o 2mi

where j(r) =Y, 5% (\Ilj,(r) ViU, (r)] — {Vr\Ill(r)} \Ilg(r)) is the (paramagnetic) current density vector.

« Recall: The non-local conductivity tensor o®?(r,r’;w) (o, B = x,7, ) gives the linear relation between
perturbing electric field Eg(r’, w) and resulting electronic current density jq(r,w):

a(r,w) = /dr’ Zao‘ﬁ(r, r';w)Ez(r', w) (279)
B

o In a translation invariant system (after disorder average) one has ¢®’(r,r’;w) = 0®’(r — r';w) and we
use momentum: j,(q,w) = [dre "1 j,(r,w) and

lo} —iq T __o €Pe
o (q;w) :/dre are(p; ) = G o (a)g® (—q) (@) — ,L(Sag (280)

wm

with the current operator

Z (2k +q wk o Vktqo (281)
k

« Order of limits for the arguments of 0®%(q;w):

— We are interested in the DC conductivity, i.e. w — 0.

— The conductivity should be defined with respect to the internal electric field in the conductor (c.f. 4-
point measurement)

— The internal field might differ from the external field E(r/,w) that the calculation is done for by
induced fields generated by (i) screening charges and (ii) fields generated by time-dependent currents
(for w # 0, these currents generate magnetic fields which generate their own electric fields).

— Claim: Induced fields are negligible for the precise order of limits hrr%) hII(l)
w—0g—

— Why? (i) No screening charges build up because the there is no time to redistribute charge in ~ 1/w
over diverging distance ~ 1/q. (ii) No magnetic fields are generated because frequency is too low.
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Figure 19: Electrical (Kubo-)conductivity for a disordered metal (GWN disorder). (a) Example for a term in the
diagrammatic expansion on the rhs of Eq. 19

k'+q <k +q

e« We now do a calculation using a disorder average withing the GWN model and analytic continuation.
We start from

Gl (@), () (@) = Gja(q) 38(—q) (i — w +in) (282)

o Fig. 19(a) shows a typical diagram for perturbation theory in U(r) after the disorder average has been
taken.

— The fermionic backbone would also contain two disconnected diagrams, but they would only give
rise to a contribution d;q, which is not relevant for analytical continuation.
e(2ka+qa)

— The empty circles are the (bare) current vertices T'O(k, iwp; k + q, iwp, + iy,) = o

— The disorder average is already taken, all types of connections (within one of the two legs and
intra-leg) are allowed.

e We neglect any crossed impurity lines due to a phase space argument similar to the one above.
o Thus obtain the approximate “ladder” diagram in Fig. 19(b) with full fermionic propagator lines.

o Fig. 19(c): All the ladder rungs can be associated to the left current vertex which then becomes a full
dot 'y, (“vertex correction”).

o The definition of the full vertex is shown in Fig. 19(d). We also find a self-consistency equation for I'y, :

Lo (kyiwm; k + q,iwy, +1iQ,) = Fg (k, iwm; k + q, iwp, + i2y,)
1 ‘ . ) ‘ . )
+727TD07’V Yk (G (iwm)) gis (Gir+q(iwm +120)) 4 Ta (K, iwm; K + q,iwn, + i82,)

o« We multiply with (Gy (iwm)) gis (Gk+q(iwm + i€4)) 4, and sum over k. Then we re-insert the last equation.
This yields a self-consistency condition:

S (2k5 + o) (G (iwm»dis <gk’+q(iwm + iQ”)>dis
27 DoV — 304 (G (iwm»dis <gk’+q(iwm + iQn)>dis

. . . (&
PN (ka iwm; K+ q, twm + ZQn) = % 2ka + qa +

e Anticipate the limit q — 0, then the numerator of the large fraction goes to zero by symmetry since the
terms o< +k/, cancel. This means lir% [, =T'% there is no vertex correction.
q—

¢ Remarks:

— The absence of vertex correction is only true for the simple dispersion that we considered and for
GWN disorder. It is not expected on general grounds.
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— A finite vertex correction leads to a difference between impurity scattering lifetime 7 (time to scat-
tering even) and the transport mean-free time 74, (time to change direction appreciably).

o We return to the evaluation of the Matsubara current-current correlator from diagram Fig. 19(c). We
already take the limit @ — 0 and get a factor of two from the spin-sum:

Gop(il) = lmGjo(q) 5 (~q) (i)

_ % S (G (i0m)) ais (G (iwm + 120) s

k,wm

e The Matsubara sum is done in the standard way, but now there is a branch-cut in the complex plane
both at z € R and at z 4+ i€),, € R. This yields in total four real-frequency integrals. After analytical
continuation €Y, — w + in (and dropping the infinitesimal in against the i/27 in the disorder-averaged
propagators) we find

GaRﬁ(w) = Gap(iQy — w+1in)

e /m? §—p
= h
S zk:kakﬁ / d¢ tan 7 X
< 1 1 1 1
E—ex+i/21 E+w—ex+i/2T1 {—ex—1/2T {+w—ex+1i/2T
n 1 1 1 1

g—w—sk—z’/%'g—sk+z'/2¢_g—w—sk—i/zr'g—sk—i/zr]

e We perform a partial integration to obtain a sharp spike as T' — 0,

R 2 m? o (§—p\ (1 1 1 (£ —ew)? — (w+i/2r)°
Gap(w) = 1T d¢ cosh <2T> (w W+ z/7’> Vv zk:kakﬁ = (€ —ex)® + 1/472

o The k-integral brings a factor d,3 by symmetry and we can use isotropy k:i — %kQ = % X 2meg. Then
we can change to a an energy integral and obtain

R _ Pe€dag

o We substitute this into the final expression for the conductivity (280) and obtain

) e 5& e e
0 (q = 0,w) = ——LeCaB___ e PT_5 (284)

w(l —iwr)m  iwm m (1 —iwT)

In the limit w — 0 this yields the well-known Drude formula o” = 2’7 from elementary solid-state
physics. Recall that the Drude formula is a purely classical result which does not even take into account
the concept of Fermi surface.

e This course has to end here, but the virtue of the formalism developed is that quantum corrections to
the Drude conductivity can be treated. A famous example is the weak localization correction which is
rooted in quantum interference and reduces the conductivity. It can be seen as the precursor for Anderson
localization (o7—9 = 0) which in 3d only happens for very strong disorder.

Exercises

Exercise 9.1. Clean retarded and advanced propagators in real space
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Consider a metal with clean dispersion &, = ¢?/(2m) — p. In the presence of impurities where translational
invariance is broken it is often required to use the real-space representation of the clean retarded propagator.
Show via explicit momentum space integration that

GOR(w,r #0) = = Y ¢far ! __me™ (285)
“ Y% o ¢ wHin—qg/2m)+pu 27 7

where k is the solution of w + in — k?/(2m) + p = 0 with Imk > 0. In the advanced case (n — —7), one has
GO (w) = [G*F(w)]*. Hint: Replace the momentum sum by an integration and use spherical coordinates and
the residue theorem for the final radial integral.

Exercise 9.2. Friedel oscillations

1) Derive Eq. (262) from Eq. (261) using the techniques for Matsubara summation of Sec. 5.6.

2) Derive Eq. (263) from a spatial FT of Eq. (262), n(r) = Grr(7 = —n). Use a linearized spectrum around
kp, & = vp(k — kp) with vp = kp/m. Perform the following steps:

o Recall that ImG%(w +in) = —7wD(w) with D(w) the (spin-less) density of states at energy w and also

show )
u _ _sin do(w) oido(w) (256)
1 — uG%w +in) TD(w)

o Insert this and the propagators of Ex. 9.1 into Eq. (262) and perform the sum.

o Use partial integration to expose —0,nr(w) and assume dp(w) and D(w) vary slowly with w compared
to wr/vp.

e Take the limit T — 0.
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